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STABLE VECTOR BUNDLES ON CURVES:
NUMERICAL INVARIANTS OF THEIR EXTREMAL

SUBBUNDLES

E. BALLICO

Abstract

LetX be a smooth projective curve of genus g ≥ 2 andE a rank r vector bundle onX. If 1 ≤ t < r

set st (E) := sup{t (deg(E)) − r(deg(F )), where F is a rank t subsheaf of E}. Here we construct
rank r stable vector bundles E on X such that the sequence {st (E)}1≤t<r has a prescribed value
and the set of all subsheaves of E with maximal degree may be explicitely described.

Introduction

LetX be a smooth projective curve of genus g ≥ 2 andE a rank r vector bundle
on X. For every integer t with 1 ≤ t < r , set st (E) := sup{t (deg(E)) −
r(deg(F )), where F is a rank t subsheaf of E}. These integers are usually
called the Lange invariants of E, since their use in [6]. They are important
invariants of a stable vector bundle and give a stratification of the moduli
scheme M(X; r, d) of all rank r stable vector bundles on X with degree d

(see [6] and [4]). The affermative solution of the so-called Lange conjecture
proved in [10] or [3] or, under certain assumptions on r and g, in [4], shows
that all these strata, for fixed t , are non-empty (at least in characteristic 0).
However, there should be further constraints on the orderered set of r − 1
integers (s1(E), . . . , sr−1(E)) for E ∈ M(X; r, d). The aim of this paper is
the construction of stable bundles with suitable Lange invariants. For a rank
r vector bundle E we will consider related invariants dt (E), 1 ≤ i ≤ r − 1,
with d1(E) = s1(E) and

∑
1≤i≤t di(E) ≤ st (E) for every t (see Definition

1.1). The same construction will give the existence of stable bundles with
suitable (s1(E), . . . , sr−1(E)). For a “general” member, E, of each strata of
M(X; r, d) (or of each “good component of each strata”) there is a unique
rank t subbundle F of E with st (E) = t (deg(E)) − r(deg(F )) (see [4], [11]
and [10]). Sometimes, our examples will have a unique such F ; sometimes
such F will not be unique and we will describe explicitly all of them (see
Remark 2.4). Our construction is characteristic free. It uses as an essential
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tool elementary transformations of vector bundles. A key ingredient is an idea
contained in [10] (see Lemma 1.2). In this way it is easy to construct stable
vector bundles with suitable filtrations or with high degree saturated subbundles
which are direct sums of preassigned line bundles and hence with prescribed
numerical properties (see the statements of Theorems 2.2, 2.5, 2.6, 2.7, 2.8,
2.9 and 2.10). We obtain in this way also stable extensions, F , of two very
particular vector bundles G and H (even unstable ones) (see Theorem 1.9).

The author was partially supported by MURST and GNSAGA of CNR
(Italy).

1. Definitions and tools

We work over an algebraically closed field K. We are interested in smooth
projective curves, but we state the main definitions for any integral projective
curve. For every integral projective curve X let M(X; r, d) be the moduli
scheme of stable torsion free sheaves,E, onXwith rank(E) = r and deg(E) =
d. If X is smooth of genus g ≥ 2; then for all r, d the scheme M(X; r, d) is
smooth, connected and of dimension r2(g−1)+1 ([9]). At least if char(K) = 0
for every smooth curve X of genus g and for all integers r, d, t with 1 ≤ t ≤
r − 1 the Lange invariant st (E) of a general E ∈ M(X; r, d) is known and
depends only on r , t and g: we have st (E) = t (r− t)(g−1)+ε, where ε is the
unique integer with 0 ≤ ε ≤ r−1 and ε+t (r−t)(g−1) ≡ td mod(r) (see [5],
4.6, or [7], Remark 3.14); we will call st (r, d, g) this integer. In particular
s1(r, d, g) := s1(E) is the unique integer s with (r−1)(g−1) ≤ s ≤ (r−1)g
and s ≡ d mod(r). For the case char(K) > 0, see Remark 2.11. In [2], Def.
2.1, the following definition was introduced.

Definition 1.1. LetX be an integral projective curve andE a rank r torsion
free sheaf onX. Assume r ≥ 2. Fix a rank 1 subsheafL ofE computing s1(E),
i.e. such that deg(L) is the maximal degree of a rank 1 saturated subsheaf of E.
If r = 2 we stop. Assume r ≥ 3. Since deg(L) is maximal, E/L is torsion free
and rank(E/L) = r − 1 ≥ 2. Let L2 be a rank 1 subsheaf of E/L computing
s1(E/L). Equivalently, let M2 be a rank 2 subsheaf of E containing L and
with deg(M2) = deg(L) + deg(L2) maximal for all rank 2 subsheaves of E
containing L. Unfortunately, a priori the integer deg(L2) may depend on the
choice of L. However there is a unique integer, t , such that t is the maximum
of the integers deg(L2) when L vary among the saturated rank 1 subsheaves
of E with maximal degree. If r = 3 we stop. Assume r ≥ 4. We fix one
such L and one such L2 = M2/L with (deg(L), deg(M2/L)) maximal in the
lexicographic order. Then consider a maximal degree rank 1 subsheaf, T , of
E/M2 with maximal degree; we choose (L1,M2) such that deg(T ) is maximal.
And so on. At the end we obtain r −1 integers (deg(M1), . . . , deg(Mr−1)) and
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an increasing filtration {Mi}0≤i≤r of E with M0 = {0}, Mr = E, each Mi ,
1 ≤ i ≤r−1, saturated in Mi+1, rank(Mi) = i, and such that the ordered set
of r − 1 integers (deg(M1), . . . , deg(Mr−1)) is maximal in the lexicographic
order among all ordered set of r − 1 integers obtained from such filtrations.
We set di(E) := deg(Mi+1) − deg(Mi), 1 ≤ i ≤ r − 1. By semicontinuity
there is a Zariski open dense subset of M(X; r, d) on which the value di(E)

is constant and the (r − 1)-ple of integers (d1(E), . . . , dr−1(E)) is minimal
with respect to the lexicographic order. Set di(r, d, g) := di(E) for general
E ∈ M(X; r, d). For the value of di(r, d, g) see the statement of Theorem
2.11. Notice that the integer di(r, d, g) depends only on r , d, g and i but not
on X. The integer si(d, r, g) depends only on r , d, g and i but not on X. Just
by their definitions d1(E) and s1(E) are equivalent invariants computed by
the same subbundles of E, but this is usually not the case for di(E) and si(E)

for i ≥ 2, even for general E (compare the values of
∑

1≤i≤t di(r, d, g) and
st (r, d, g)).

The idea of the following key lemma is contained in [10], Prop. 1.11.

Lemma 1.2. Let X be a reduced projective curve and Q ∈ Xreg. Let

(1) 0 → H → F → G → 0

be an exact sequence of torsion free sheaves on X. Let G′ (resp. H ′) be ob-
tained from G making a positive (resp. negative) elementary transformation
supported by Q. Then there exists a flat family {Fu}u∈T of torsion free sheaves
on X with T integral quasi-projective curve and o ∈ T such that Fo

∼= F and
for every u ∈ (T \ {0}) Fu fits in an exact sequence

(2) 0 → H ′ → Fu → G′ → 0

and Fu is obtained from F making a negative elementary transformation sup-
ported by Q and a positive elementary transformation supported by Q.

Proof. Let r (resp. k) be the rank of the restriction of F (resp. H ) to the
unique irreducible component of X containing Q, i.e. set r := dimK(F |{Q})
(resp. k := dimK(H |{Q})). There is a unique negative elementary transform-
ation f : F → KQ of F inducing the negative elementary transformation of
H which gives H ′. Set F ′ := Ker(f ). Hence F ′ fits in an exact sequence

(3) 0 → H ′ → F ′ → G → 0

We may obtain F ′ from F making a positive elementary transformation sup-
ported by Q: just make the inverse of f . Let v ∈ (H ′|{Q}), v �= 0, be a
generator of the kernel of the linear map H ′|{Q} → H |{Q}. Notice that v is
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a generator of the kernel of the linear map F ′|{Q} → F |{Q}. Since G′ is ob-
tained from G making a positive elementary transformation supported by Q,
the linear map G|{Q} → G′|{Q} has kernel of dimension 1. Call z ∈ G|{Q}
a generator of this kernel. By the exact sequence (3) there is w ∈ (F ′|{Q})
whose image in G|{Q} is z. Since z �= 0, we have w /∈ (H ′|{Q}). We will take
as parameter space T the affine lineK and as o ∈ T the origin. For every t ∈ K
set vt := v + tw ∈ F ′|{Q}. Since v ∈ H ′|{Q} and w /∈ H ′|{Q}, vt ∈ H ′|{Q}
if and only if t = 0 and vt �= 0 for every t ∈ K. Let F ′

t be the sheaf obtained
from F ′ making the positive elementary transformation supported by Q and
such that the kernel of the linear map F ′|{Q} → F ′t |{Q} is generated by vt .
By construction F ′

0 = F . If t �= 0, H ′ is saturated in F ′
t because vt /∈ H ′|{Q}.

Since for every t �= 0 the image of vt in F ′|{Q}/H ′|{Q} is w, for every t �= 0
we have F ′

t /H
′ ∼= G′, i.e. if t �= 0 F ′

t fits in an exact sequence (2), as wanted.

Lemma 1.3. LetX be an integral projective curve of arithmetic genus g ≥ 2.
Let (1) be a non-splitted exact sequence of torsion free sheaves on X with
deg(H) = 0, deg(G) = 1, H semistable and G stable. Then E is stable.

Proof. In order to obtain a contradiction we assume the existence of a pro-
per saturated subsheaf F of E with µ(F)≥µ(E). Since µ(E)=1/rank(E)>0,
we have deg(F ) > 0. HenceF is not contained in the semistable sheafH , i.e. ,
callingπ : E → H the quotient map, we haveF/(F ∩H) ∼= π(F ) �= 0. Since
F is stable of degree 1 and slope 1/ rank(G), either π(F ) = G (and hence
deg(π(F )) = 1) or deg(π(F )) ≤ 0. Since H is stable and deg(H) = 0, either
H ⊆ F or deg(H ∩F) < 0 or H ∩F = {0}. If H ∩F = {0} and π(F ) = G,
then (1) splits. Since F �= E and deg(F ) > 0, we obtain a contradiction.

Definition 1.4. Let X be an integral projective curve, Q ∈ Xreg and E

a rank r torsion free sheaf on X. Set t (E,Q) := inf{t ∈ Z, t ≥ 0 : there
exists a stable rank r sheaf F obtained from E making t positive elementary
transformations supported by Q}, t (E,Q,+) := inf{t ∈ Z, t ≥ 0 : for every
integer u ≥ t there exists a stable rank r sheaf F obtained from E making
u positive elementary transformations supported by Q}, t (E) := inf{t ∈
Z, t ≥ 0 : there exists a stable rank r sheaf F obtained from E making t

positive elementary transformations supported by smooth points of X} and
t (E,+) := inf{t ∈ Z, t ≥ 0 : for every integer u ≥ t there exists a stable
rank r sheaf F obtained from E making t positive elementary transformations
supported by smooth points of X}.

Definition 1.5. Make the same definition as in 1.4 just taking negative
elementary transformations instead of positive elementary transformations and
call t (E,Q)′, t (E,Q,+)′, t (E)′ and t (E,+)′ the corresponding integers.
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Remark 1.6. Assume that X is Gorenstein. A torsion free sheaf E is stable
if and only if E∗ is stable (see e.g. [2]). Hence if X is Gorenstein we have
t (E,Q)′ = t (E∗,Q), t (E,Q,+)′ = t (E∗,Q,+), t (E)′ = t (E∗) and
t (E,+)′ = t (E∗,+).

Remark 1.7. By the openness of stability in the definitions of the integers
t (E,Q), t (E,Q,+), t (E) and t (E,+) made in 1.4 we may assume that the
corresponding positive elementary transformations are general.

Remark 1.8. If in the definition of the integers t (E,Q), t (E,Q,+), t (E)

and t (E,+) made in 1.4 we use the word “semistable” instead of the word
“stable” we obtain certain integers, say t (E,Q)′′, t (E,Q,+)′′, t (E)′′ and
t (E,+)′′. Using these integers it is obvious how to modify the statements
of 1.2 and 1.9 to obtain semistable sheaves instead of stable sheaves. For
semistability we have also a modification of 1.10 below in which we as-
sume deg(H) = − deg(G) (using instead of 1.3 the obvious fact that for
two semistable sheaves, say H ′′ and G′′, with deg(H ′′) = deg(G′′) = 0, the
sheaf H ′′ ⊕ G′′ is semistable).

Remark 1.9. Note that for every L ∈ Pic(X) and any E we have t (E ⊗
L,Q) = t (E,Q), t (E ⊗ L,Q,+) = t (E,Q+), t (E ⊗ L) = t (E) and
t (E ⊗ L,+) = t (E,+).

Theorem 1.10. Fix integers r , k, t with r > k > 0 and t ≥ 0. Let X be
an integral projective curve. Let H and G be torsion free sheaves on X with
rank(H) = k, rank(G) = r−k, deg(H) = −t , deg(G) = t +1, t (H,+) ≤ t ,
t (G,+)′ ≤ t . Then there is an exact sequence (1) with E stable.

Proof. By the assumptions on t (H,+) and t (G,+)′ and Remark 1.7 there
exists a stable sheaf H ′′ (resp. G′′) of degree 0 (resp. 1) obtained from H (resp.
G) making t positive (resp. negative) elementary transformations supported
by general Q1, . . . ,Qt ∈ Xreg. By Remark 1.7 the same set {Q1, . . . ,Qt }
may be used both by the positive and negative elementary transformations. By
Lemma 1.3 there is an exact sequence

(4) 0 → H ′′ → E′′ → G′′ → 0

with E′′ stable. We apply Lemma 1.2 t times to (4) and use the choice of H ′′
and G′′ to conclude.
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2. The main results

In the first part of this section we start with a direct sum of r − 1 line bundles
to obtain rank r stable vector bundles, E, with suitable st (E) and dt (E) and
for which we may control the set of rank t subbundles of E computing st (E)

and dt (E) (see Theorems 2.2 and 2.5). Then we consider the same problem
starting from an extension of a general vector bundle G by a general vector
bundle H (see Theorems 2.6, 2.7, 2.8 and 2.9).

Theorem 2.1. Let X be a smooth curve of genus g ≥ 2. Fix an integer
r ≥ 2 and integers a(i), 1 ≤ i ≤ r; set z := max1≤j≤r−1{a(j)} and assume
a(r) > − ∑

1≤j≤r−1 a(j) + (r − 1)z. Fix Lj ∈ Pica(j)(X), 1 ≤ j ≤ r − 1;
assume that no two among the line bundlesLj ’s with a(j) = z are isomorphic;
set F := ⊕

1≤j≤r−1 Lj . Then for a general Lr ∈ P ica(r)(X) the general
extension of Lr by F is stable.

Proof. Take R ∈ Picz(X) with R not isomorphic to any line bundle Lj ,
1 ≤ j ≤ r − 1, with a(j) = z. Set U := F ⊕ R. It is sufficient to prove that
the general bundle obtained from U making t elementary transformations is
stable. By the openness of stability it is sufficient to prove this assertion when
the first − ∑

1≤j≤r−1 a(j) + (r − 1)z positive elementary transformations of
U are very particular. For each integer j with 1 ≤ j ≤ r − 1 and a(j) < z

we will do z − a(j) positive elementary transformations of U which increase
the degree of the factor Lj of U . Since g > 0 we may do this and arrive at a
bundle, R ⊕F ′, F ′ ∼= ⊕

1≤j≤r−1 L
′′
j with L′′

j ∈ P icz(X) and such that no two
among the line bundles L′′

j are isomorphic or isomorphic to R, i.e. we may
reduce to the case in which a(j) = 0 for every j with 1 ≤ j ≤ r − 1. This
case is a particular case of Lemma 1.3 (or see [1], Prop. 2.3).

Theorem 2.2. LetX be a smooth curve of genus g ≥ 2. Fix an integer r ≥ 2
and integersa(i), 1 ≤ i ≤ r , witha(i) ≤ a(j) for 1 ≤ i ≤ j ≤ s, a(r−1) ≤ 0,
a(r) > − ∑

1≤j≤r−1 a(j) + (r − 1)a(r − 1) and a(r) − a(1) ≤ g − 2. Fix

general Li ∈ Pica(i)(X), 1 ≤ i ≤ r and set F := ⊕
1≤j≤r−1 Lj . Let E be

the general extension of Lr by F . Then E is stable and for every integer k

with 1 ≤ j ≤ k we have sk(E) = − ∑
r−k≤j≤r−1 a(j). Furthermore, for

every integer k with 1 ≤ k ≤ r − 1 every rank k subbundle of E computing
sk(E) is the direct product of k of the line bundles Lj , 1 ≤ j ≤ r − 1,
with degrees a(r − k), . . . , a(r − 1); in particular if either k = r − 1 or
a(r − k − 1) < a(r − k), then

⊕
r−k≤j≤r−1 Lj is the unique rank k subbundle

of E which computes sk(E).

Proof. The stability of E was proved in 2.1. We divide the proof of the
other assertions into 4 steps. Set F ′ := ⊕

2≤j≤r−1 Lj .
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Step 1. We claim that for every integer x with 1 ≤ x ≤ r − 2 we have
sx(F ) = − ∑

r−x≤j≤r−1 a(j) and that every rank x subbundle of F which
compute sx(F ) is the direct sum of x line bundles Lj , 1 ≤ j ≤ r − 1, of
degrees a(r − x), . . . , a(r − 1); in particular we claim that if a(r − x −
1) < a(r − x), then

⊕
r−x≤j≤r−1 Lj is the unique rank x subbundle of F

which computes sx(F ). Let T be a subsheaf of F which computes sx(F ).
Since every Lj is general and | deg(Li) − deg(Lj )| ≤ g − 2 for all i, j ,
we have h0(X,Hom(Li, Lj )) = 0 for all pairs i, j with i �= j . Hence
H 0(X,End(F )) ∼= ⊕

1≤j≤r−1H
0(X,End(Lj )) ∼= K⊕(r−1) and Aut(F ) ∼=

(K∗)⊕(r−1) is represented by the diagonal matrices. For every vector bundle
A on X and for every integer x with 1 ≤ x < rank(A) the set Mx(A) of all
rank x subsheaves of A with maximal degree is a complete subscheme of the
Quot-scheme Quot(A) of A. Hence, taking a one-parameter subgroup {tλ}λ∈K∗

of Aut(F ), and taking a limit inside Quot(F ) of the flat family {tλ(T )}λ∈K∗

for λ going to 0, we reduce to the case in which either T ∩ L1 = {0} or L1 is
a direct factor of T . First assume T ∩ L1 = {0}. Hence T has a isomorphic
image, T ′, under the projection F → F ′. If x = r − 2, we have T ∼= F ′.
Since h0(X,Hom(F ′, L1)) = h0(X,Hom(L1, F

′)) = 0 we obtain T = F ′,
as wanted. If x ≤ r − 3, we apply induction on r to the pair (F ′, T ′) and
conclude. Now assume that L1 is a direct factor of T , say T = L1 ⊕ T ′. We
apply the inductive assumption on r to the pair (F ′, T ′).

Step 2. Fix an integer k with 1 ≤ k ≤ r−1 and a rank k subbundle, H , of E
computing sk(E). By the claim proved in Step 1 it is sufficient to check that H
is a subsheaf of F . From now on, we assume that this is not true and call L ∼=
H/(H∩F) the image ofH inLr = E/F . By assumptionL ∈ Pic(X) and there
is an effective Cartier divisorD such thatL ∼= Lr(−D). Set d := deg(D) ≥ 0.
Sincea(r)−a(1) ≤ g−2 and deg(H) = deg(H∩F)+deg(L), we may assume
d ≤ g−2. Since g ≥ 2 we have dim(W 1

d (X)) ≤ d−1 and hence, for fixed Lr ,
the set of all possible D depends on at most d parameters. By Riemann-Roch
and Serre duality we have dim(Ext1(X,Lr, F )) = ∑

1≤j≤r−1(a(r)− a(j))+
(r − 1)(g − 1).

Step 3. Here we assume x = 1, i.e. H ∼= L. SetT := {rank r vector bundles,
M , on X such that deg(M) = deg(E), M containg F ⊕L, F is saturated in M

and M/F ∼= Lr}. If d = 0, then L = Lr and T = {F ⊕L}. If d > 0 the set T
is parametrized by an irreducible variety of dimension rd−1. For fixedLr , the
set of possible divisors D and hence the set of possible isomorphism classes
of line bundles L ∼= Lr(−D) depends on at most d parameters. Note that for
every E there is at most an embedding of F in E (up to an element of Aut(F ))
(use for instance that h0(X,Hom(F, Lr)) = 0). Since d ≤ a(r) − a(r − 1),
we obtain a contradiction.

Step 4. From now on, we assume x ≥ 2. The vector space Ext1(X,Lr, F
′)
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is a direct factor of the vector space Ext1(X,Lr, F ). Hence every extension
of Lr by F ′ lifts to an extension of Lr by F . Call π : Ext1(X,Lr, F ) →
Ext1(X,Lr, F

′) the corresponding surjection. Fix e ∈ Ext1(X,Lr, F ) and
call E its middle term. The middle term, E′, of π(e) is obtained from the
extension e by the map F → F ′. Hence e and π(e) fit in a commutative
diagram of short exact sequences and by the snake lemma the induced map
f : E → E′ is surjective. Set H ′ := f (H) ⊂ E′. If H ∩ L1 = {0}, we have
H ′ ∼= H and we conclude by induction on r because π is surjective and hence
π(e) is general if e is general. If H ∩ L1 �= ∅, by the inductive assumption
on r applied to the data (F ′, Lr) we have deg(H ′) ≥ − ∑

x<j≤r−1 a(j). Since
deg(H ∩ L1) ≤ a(1) with strict inequality unless H ∩ L1 = L1, we obtain
deg(H) < deg

(⊕
r−k≤j≤r−1 Lj

)
(and hence a contradiction), unless a(1) =

a(r − x) and H contains L1. We need to check that if this is the case, then
H ∼= L1 ⊕H ′ or that one of the previous assumptions leads to a contradiction.
By the inductive assumption H ′ is a direct sum of x − 1 line bundles Lj with
j > 1 and it is contained in F ′. Hence H is contained in F , contradiction.

Remark 2.3. If some of the line bundles Lj , 1 ≤ j ≤ r − 1, have the
same degree but are not isomorphic we obtain a stable bundle E which has,
for a certain integer t , a perfectly described set, S, of maximal degree rank
t subbundles with card(S) > 1 and dim(S) = 0. Now assume that a of the
line bundles Lj are isomorphic; we obtain a vector bundle E such that the
corresponding set S is perfectly described and dim(S) ≥ 1. We need to show
that such bundle E is stable. For the stability of E we add the condition a(r) >

− ∑
1≤j≤r−1 a(j)+(r−1)a(r−1)+a to be able to quote [1], Cor. 2.4, instead

of [1], Prop. 2.3, at the end of the proof of Theorem 2.1. The same observation
works for the integers dt (E) in the set-up of Theorem 2.5 below.

Theorem 2.4. Let X be a smooth curve of genus g ≥ 2. Fix an integer
r ≥ 2 and integers a(i), 1 ≤ i ≤ r , with a(i) ≤ a(j) for 1 ≤ i ≤ j ≤ s,
a(r − 1) ≤ 0, a(r) > −(r − 1)a(r − 1) and a(r) − a(1) ≤ g − 2. Fix
general Li ∈ Pica(i)(X), 1 ≤ i ≤ r and set F := ⊕

1≤j≤r−1 Lj . Let E be the
general extension of Lr by F . Then for every integer k with 1 ≤ j ≤ k we have
dk(E) = − ∑

r−k≤j≤r−1 a(j). For every integer k with 1 ≤ k ≤ r−2 and such
that a(r − k − 1) < a(r − k) the bundle

⊕
r−k≤j≤r−1 Lj is the unique rank k

subbundle of E which computes dk(E). F is the unique rank r − 1 subbundle
of E which computes dr−1(E). If we assume a(r) > − ∑

1≤j≤r−1 a(j)+ (r −
1)a(r − 1), then E is stable.

Proof. The last assertion is a particular case of Theorem 2.1. To prove the
first assertion we use induction on r , the case r = 2 being [8], Prop. 3.3.
Assume r ≥ 3 and let L be a rank 1 subbundle of E computing d1(E).
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Notice that deg(L) ≥ a(r − 1). We have to check that L is one of the
direct factors of F , i.e. that L is contained in F . Assume that this is not
true. Then we obtain a non-zero map L → Lr , i.e. an effective divisor D

with d := deg(D) = a(r) − d1(E) ≤ a(r) − a(1). Since g ≥ 2 we have
dim(W 1

d (X)) ≤ d − 1 and hence, for fixed Lr , the set of all possible D de-
pends on at most d parameters. By Riemann-Roch and Serre duality we have
dim(Ext1(X,Lr, F )) = ∑

1≤j≤r−1(a(r) − a(j)) + (r − 1)(g − 1). Now we
copy verbatim Step 3 of the proof of 2.2.

We will use the “generic values” st (x, y, g) of the Lange invariants to com-
pute the Lange invariants of certain stable vector bundles. Here we would like
to compute the Lange invariants of the middle term of an exact sequence (1).

Theorem 2.5. Assume char(K) = 0. Fix integers g, r , k, t , a, b with g ≥ 2,
1 ≤ t < k < r/2, a/k < b/(r − k) and st (k, a, g) < st (r − k, b, g). Let
(1) be the general extension of a general G ∈ M(X; r − k, b) by a general
H ∈ M(X; k, a). Then F is stable and st (F ) = st (k, a, g). Furthermore,
every rank t subbundle of F computing st (F ) is contained in H .

Proof. The stability of F was proved in [10]. Since H is general, we have
st (H) = st (k, a, g) and hence it is sufficient to prove the last assertion. Assume
the existence of a rank k subbundle M of F computing st (F ) but not contained
in H . Let N �= 0 be the saturation of the image of M in G = F/H . First
assume M ∩ H = {0}. Hence rank(N) = t and deg(N) ≥ deg(M). Since
tb − (r − k) deg(N) ≤ st (r − k, b, g) < st (k, a, g) = st (H), we obtain a
contradiction. Now assume N ∩ H �= {0} and set ρ := rank(M ∩ H). Hence
1 ≤ ρ < t and rank(N) = t − ρ. Since deg(M) ≤ deg(N) + deg(M ∩ H),
ρa − k(deg(M ∩ H)) ≥ sr (k, ρ, g) and (t − ρ)b − (r − k)(deg(N)) ≥
st−r (r − k, b, g), we obtain a contradiction.

Theorem 2.6. Assume char(K) = 0. Fix integers g, r , a, b with g ≥ 2,
r ≥ 3, a < b/(r−1) and (r−1)a < b+ (r−2)(g−1). Let (1) be the general
extension of a general G ∈ M(X; r − 1, b) by a general H ∈ P ica(X). Then
F is stable and s1(F ) = a. Furthermore, H is the unique rank 1 subbundle of
F computing s1(F ).

Proof. The stability ofF is a very particular case of the main result of [10].
Assume the existence of a rank 1 subsheaf L of F with deg(L) ≥ a and
L �= H . Hence the saturation, L′, of the image of L in G := F/H is a
rank 1 subbundle of degree ≥ deg(L) ≥ a. Since G is general, we have
µ(L′) ≤ µ(G/L′)−(g−1) and hence a ≤ b/(r−2)−(g−1), contradiction.

The same proof gives the following two results.
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Theorem 2.7. Assume char(K) = 0. Fix integers g, r , k, a, b with g ≥ 2,
1 ≤ t < k < r/2, a/k < b/(r − k) and a < sk(r − k, b, g) . Let (1)
be the general extension of a general G ∈ M(X; r − k, b) by a general
H ∈ M(X; k, a). Then F is stable and sk(F ) = a. Furthermore, H is the
unique rank k subbundle of F computing sk(F ) is contained in H .

Theorem 2.8. Assume char(K) = 0. Fix integers g, r , k, t , a, b with g ≥ 2,
1 ≤ k ≤ r − 1, 1 ≤ t < k < r/2, a/k < b/(r − k) and dt (k, a, g) > dt (r −
k, b, g). Let (1) be the general extension of a general G ∈ M(X; r−k, b) by a
general H ∈ M(X; k, a). Then F is stable and dt (F ) = dt (k, a, g) = dt (H).
Furthermore, every rank t subbundle of F computing dt (F ) is contained in H .

Theorem 2.9. Fix integers g, r , d with g ≥ 2 and r ≥ 2. Define the
integers dk(r, g), 1 ≤ k ≤ r − 1, in the following way. Let d1(r, d, g) be the
unique integer s with (r − 1)(g − 1) ≤ s ≤ (r − 1)g and s ≡ d mod(r).
Set D1(r, d, g) := d − d1(r, d, g). Assume 2 ≤ k ≤ r − 1 and that we have
defined inductively the integers dj (u, x, g) and Dj(r, d, g) for all integers j

with 1 ≤ j ≤ k − 1, all integers u with j < u ≤ r and all integers s. Set
dk(r, d, g) := d1(r−k+1,Dk−1(r, d, g), g)+dk−1(r, d, g) andDk(r, d, g) :=
Dk−1(r, d, g)− d1(r − k + 1,Dk−1(r, d, g), g). Let X be a smooth projective
curve of genus g. Then for a general E ∈ M(X; r, d) we have dk(E) =
dk(r, d, g) for every integer k with 1 ≤ k ≤ r − 1.

Proof. The value of d1(r, d, g) is just the value of s1(E) = d1(E) by [7],
Cor. 3.13 and the discussion between 3.13 and 3.14. If r = 2, we have finished;
anyway, in this case the result was very well-known ([8]). Assume r ≥ 3. Take
a rank 1 subbundle L of E with deg(E) = d1(r, d, g) and set A := E/L. We
have rank(A) = r − 1 and deg(A) = d − d1(r, d, g) = D1(r, d, g). We claim
that for general E, A is general. This follows from the main result of [10]
and the discussion made in [6] of the conjecture solved in [10]. Note that,
for suitable L, we have d2(E) = d1(A). To obtain d2(E) = d2(r, d, g) it is
sufficient to use the claim, the definitions of the integer D1(r, d, g) and apply
the case k = 1 proved at the beginning to the vector bundle A. If r = 3, we
have finished. If r > 3 the same inductive proof and the inductive definitions
of the integers dk(E) and dk(r, d, g) give the result for all values of k.

Remark 2.10. Assume char(K) > 0. To have 2.6, 2.7, 2.8 and 2.9 it is
sufficient to obtain for all r , d and t the same values for the integers st (E),
E general in M(X; r, d) as in the characteristic 0 case and to be able to use
freely [10]. It seems that the proof given in [10], Th. 1.2, of the unpublished
result [5], works in any characteristic, modulo the quotation of [6], 2.1 and
2.2. Using the main result of [10] for lower ranks, it seems possible to cover
everything in positive characteristic, but we do not have checked it.
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