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EMBEDDING PROBLEMS AND EQUIVALENCE OF
QUADRATIC FORMS

ARNE LEDET*

Abstract

If the obstruction to a Galois theoretical embedding problem with kernel of order 2 is the product
of two quaternion classes, the criterion for solvability can be reformulated as an equivalence of
quadratic forms. In some cases the solutions to the embedding problem can be constructed directly
from a matrix expressing this equivalence.

0. Introduction

Let M /K be a finite Galois extension with Galois group G = Gal(M/K), and
let

(%) l>N—->E—G-—1

be a short exact sequence of finite groups. We then have a Galois theoretical
embedding problem givenby M /K and (x): Does there exist a Galois extension
N/K containing M /K, together with an isomorphism ¢: Gal(N/K) ~ E,
such that 7 o p: Gal(N/K) — G is the restriction map? If so, the problem
is said to be solvable, and the extension N/K is called a solution. If the
embedding problem is solvable, the next problem is of course to determine all
the solutions.

We will consider only a very special type of embedding problems, namely
non-split embedding problem with cyclic kernel of order 2, i.e., N is cyclic of
order 2 and the extension (x) is not split-exact. If the fields have characteristic
2, such embedding problems are always solvable, cf. [16]. Hence, we will
make the additional assumption that all fields have characteristic # 2, and we
will identify the kernel N of the embedding problem with the group u, =
{£1} € K* =K\ {0}.

These somewhat special embedding problems are particularly nice because
of
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THEOREM 0.1. Let M /K be a finite Galois extension with Galois group
G = Gal(M/K), and let

(k) l>u—>E—->GC—1

be a non-split group extension with characteristic class y € H?*(G, ;).
Also, let i: H*(G, t2) — H?*(G, M*) be the homomorphism induced by
the inclusion , C M*. Then the embedding problem given by M /K and
(%) is solvable, if and only if i(y) = 1 € H*(G, M*). Furthermore, if
N/K = M(Jw)/K, w € M*, is a solution to the embedding problem, all the
solutions are M (\/rw)/K, where r runs through K*.

Theorem 0.1 is proved in [13] and (for an arbitrary prime instead of just 2)
in [8].

For later use we will need the ‘if” part of the proof of Theorem 0.1. It
goes as follows: Let ¢ € Z%(G, u,) represent y. Then i(y) = 1 means that
c € B*(G, M*), i.e., that there exists a map a: G — M?*, such that

. _ -1
VYo,7 € Gicor =as0ara_,.

Since ¢, ; € U, itfollowsthato +— ag is a crossed homomorphism G — M*,

and so, by Hilbert 90, there exists an w € M* with
ow 5

Vo e G:— =a

w o

Then M (y/w)/K is a solution.

By [11, §30 Satz 2] or [6, Thm. 8.11], H*(G, M*) is isomorphic to the
relative Brauer group Br(M/K) of M/K by [c] — [M, G, c], where [c] €
H*(G, M*)isthe cohomology class containing ¢ € Z*(G, M*),and [M, G, ]
€ Br(M/K) is the equivalence class of the crossed product algebra (M, G, ¢),
ie., (M, G, c) is the K-algebra generated by M and elements u,, 0 € G,
with relations u; = ¢y 1, UgU; = Co Uy ANd Usx = OX U, foro, v € G and
x eM.

In particular, ¢ is split, i.e., in B2(G, M*), if and only if (M, G,c) ~
(M, G, 1).If c € Z*(G, j1») represents the extension (xx), the elements %u,,
o € G, constitute a subgroup of GL(M, G, ¢) isomorphic to E, such that
the elements of E operate on M as their images in G. This makes the al-
gebra (M, G, c¢) easy to describe, and it also makes it easy to recognise split-
ting factors: If ¢: (M, G, ¢) >~ (M, G, 1) is an isomorphism, we may assume
¢(x) = x forx € M by Skolem-Noether, cf. [11, §29 Satz 20] or [6, Thm. 4.9].
Then ¢(u,) = a, u, forsomea, € M*. The a,’s are splitting factors for c. On
the other hand, if we have splitting factors a,, the map given by u, — a, s
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is an isomorphism (M, G, c¢) >~ (M, G, 1). Hence, the elements *a, u, in
(M, G, 1) constitute a subgroup as above. It follows that we only need to
verify that these elements satisfy the relations defining £, and that we only
need to do this for a, u, in a generating set for E, i.e., for o in a generating
set for G. Also, since we only need a,’s for o in a generating set for G in
order to find w, we really only have to consider generating sets. This makes
life somewhat easier.

The element in Br(M/K) corresponding to i(y) € H*(G, M*) is called
the obstruction to the embedding problem.

0.2. THE cYcLIC GROUP Cy. Let M/K = K (\/a)/K, a € K*, be a quad-
ratic extension. Then the embedding problem given by M /K and

1—)/,L2—)C4—)C2—>1
is solvable, if and only if a is a normin M /K, i.e., if and only if
Jo, B € K:a? —ap* =a.

In that case, all the solutions to the embedding problem are
K(\/r(a +ﬂﬁ))/K, reK*.

PRrROOF. Leto be the generator of C; = Gal(M/K). The crossed product al-
gebrarepresenting the obstruction is M [u, ], where ui =—landu,x = oxu,
for x € M. Thus, the condition on a, is a, ca, = —1, i.e., the embedding
problem is solvable, if and only if —1 is anorm in M /K. Since —a is a norm,
this is equivalent to a being a norm.

Now, if o> — aB? = a, the element a, = /a/(a + B+/a) has norm —1,
and we get o (o + B+/a)/(a + B/a) = a2. Hence, K (/o + B/a) /K isa

solution.

That a is a norm in K (4/a)/K is equivalent to a being a sum of two
squares in K. This is the criterion generally given, and the C4-extensions are
then constructed accordingly. See for instance [7, Prop. (II.1.2)] or [1, IX. §6
Ex. 1]. Our reason for preferring the norm criterion is the similarity between
the C4-extensions in 0.2 and the D4-extensions in 0.4 below.

Fora, b € K*, the quaternion algebra (a, b/ K) is the K -algebra generated
by elements i and j with relations i> = a, j> = b and ji = —ij. It is a four-
dimensional central simple algebra, and so defines an element in the Brauer
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group Br(K) of K, which we denote (a, b) and call a quaternion class.' The
map (—, —): K* x K* — Br(K) is then a symmetric bilinear map defined
on the square classes of K, i.e., (ax?, by*) = (a, b). In particular, (a, b) has
order < 2 in Br(K).

To the quaternion algebra (a, b/ K) we associate the quadratic form (a, b,
—ab),i.e.,themap K* — K givenby (x, y, z) — ax>+by> —abz?, cf. [11,
§30]. It is then easy to see that (a, b/K) is split, if and only if {(a, b — ab)
is isotropic, if and only if b is a norm in K (,/a)/K, and that two quaternion
algebras (a, b/K) and (c, d/K) are isomorphic, if and only if the quadratic
forms (a, b — ab) and {(c, d, —cd) are equivalent. Thus, the equivalence class
of (a, b, —ab) is an invariant of (a, b) € Br(K).

A little more notation: That quadratic forms (ay, ..., a,) and (by, ..., b,)
are equivalent (over K) means that

a by
Pt .. ) P —
an bﬂ
for some non-singular n x n matrix P over K. Of course, if a4, ..., a,, by,
..., b, are non-zero, P is necessarily non-singular. We say that P expresses
the equivalence of {(ay, ..., a,) and (b, ..., b,). For convenience, we will let
aj
<al,---7an>: )
an
allowing us to write

P’(al, .. .,Cln)P = (bl, ey bn)

Now back to embedding problems: In order to treat more complicated cases
than 0.2 we need

THEOREM 0.3. [6, Thm. 4.7], [9, Cor. 1.7] Let 2 be a finite-dimensional
central simple K -algebra, and let ¥ be a central simple subalgebra. Then the
centraliser

Cy(D)={x eWA|Vy e B:yx =xy}
is a central simple subalgebra of |, and
A~ VB Rk Cy (V).

I'The notation (a, b) is a little unfortunate, since many things in mathematics are denoted (a, b),
but it is traditional.
21e., other cases.
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Hence, [A] = [B][Cy(B)] in Br(K).

Using Theorem 0.3, we can hope to ‘decompose’ the obstruction as a product
of quaternion algebras in the following way: We find a quaternion subalgebra
Qof'=(M,G,c),and getI" ~ Q Qg I'", where I'" = Cr(Q). The process
can then be repeated on I'". Of course, finding Q involves some guesswork,
and for large obstructions this method may not be practicable, but for a number
of embedding problems, including the ones we consider in this paper, it works
fine.

The simplest example is the dihedral group of order 8, the group D4 gener-
ated by elements o and T with relations 0% = 72> = 1 and 70 = o>1. We let

V4 be the Klein Vierergruppe C, x Cs.

0.4. THE DIHEDRAL GROUP Dy. Let M/K = K (\/a, «/Z)/K, a,b € K*,
be a Vy-extension, and let o, Tt € V4 = Gal(M/K) be given by

o Jar —Ja, b /b,
1. JJar JJ/a, Vb +— —+/b.
Then the embedding problem given by M /K and

l—>M2—>D4W>V4—)1
T

is solvable, if and only if ab is a norm in K (\/a)/K, i.e., if and only if
Jo, B € K:a? — ap? = ab.

In that case, all the solutions to the embedding problem are

K( ra +ﬁﬁ),¢l3)/K, reK*

PrOOF. The algebra representing the obstruction is M[u,, u- ], where u2 =
—1, u% =1, uuy = —Uglty, UsXx = 0xu, and u,x = txu, forx € M.
Obviously, Q = K[+/a, Vbuylisa subalgebra isomorphic to (a, —b/K), and
it is easily seen that the centraliseris R = K [\/E, u.] ~ (b, 1/K). Hence, the
obstruction is

(a,=b)(b, 1) = (a, —b) = (a, ab) € Br(K).

This gives the criterion. Now, letting w = o + f/a, a, = /ax/b/(a +p/a)
and a, = 1, it is straightforward to check that K (\/w, v/b)/K is a solution.
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Dy-extensions are well covered in the literature, and the result of 0.4 is
virtually folklore. See for instance [7], [8], [12] or [5].
A more general application of Theorem 0.3 is to central products: Let

l—> > E—G—1

and
1—>,u2—>F7>H—>1

be group extensions. The central product is then the extension

1—>,u2—>EFn—p>GxH—>1,

where EF = E x F/{(1,1),(—1,—1)} and 7p is given by mp(e, f) =
((e), p(f)).

In referring to central products, we will follow the notation indicated above,
with the letters C and D denoting the groups C4 and D4. Q will refer to the
quaternion group of order 8§, i.e., the group Qg with generators i and j and
relations i> = j2 and ji = i®j. Also, for lack of a better term, x will denote a
generator of Cy4. The central product E F is generated by copies of the groups
E and F'. If the groups E and F happen to be the same, we will add a prime
(a’) to the elements from the second copy to distinguish them.

The connection between Theorem 0.3 and central products is

ProPOSITION 0.5. Let L/ K and M /K be linearly disjoint Galois extensions
with Galois groups G = Gal(L/K) and H = Gal(M /K). Let N /K = LM /K
be the composite, and identify Gal(N / K) with G x H in the obvious way. Also,
let y; € Br(K) be the obstruction to the embedding problem given by L /K
and the non-split group extension

1—)/_,L2—>ET>G—)1,

and let yy € Br(K) be the obstruction to the embedding problem given by
M /K and the group extension

1> pu,—> F - H— 1.
Then the obstruction to the embedding problem given by N /K and
1—>,u2—>EFn—p>GxH—>l

is
YN = vLYm € Br(K).
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Proor. Let I'z, I'yy and I'y be the crossed product algebras representing
vr, Ym and yy. Then 'y, 'y, € I'y and ' centralises I'y;. For dimensional
reasons, ", is the centraliserof 'y, andso 'y = I';, Qx 'y

Proposition 0.5 is a special case of [10, Prop. 2.3].

In this paper, we will consider various embedding problems where the
obstruction is a product of two quaternion classes, and where the criterion for
equivalence is an equivalence of quadratic forms. More specifically, we will
construct solutions to these embedding problems from matrices expressing
the equivalence. In section 1 below, we look at some cases where the group E
has exponent 4, and where the embedding problem is essentially reduced to
embedding a quadratic extension in a C4-extension. In section 2 we cite Witt’s
criterion for embedding a Vj-extension in a Qg-extension, where Qg is the
quaternion group of order 8, and solve three related embedding problems. In
section 3 we look at cases where the group E has exponent 8, first solving the
problem of embedding a C4-extension in a Cg-extension, and then reducing
the others to this case.

In the case, where the group extension () is obtained from the double
cover of a symmetric group S, by embedding G transitively into S, Crespo
([2], elaborated in [3]) has produced methods for getting from equivalences of
quadratic forms to solutions. This approach is much more powerful than the one
used in this paper, but also much less straightforward, relying on isomorphisms
between Clifford algebras. Among other things, it covers the case of Qg, and
gives a very elegant derivation of Witt’s description of Qg-extensions.

1. Groups of exponent 4
1.1. THE QUATERNION GROUP Qg. Let M/K = K (\/a, \/5)/1(, a,b e K*,
be a Vy-extension. Then the embedding problem given by M /K and

I = p—> Qg —> Vy— 1

is solvable, if and only if the quadratic forms {(a, —b, ab) and (b, —1, b) are
equivalent over K. If P is a 3 x 3 matrix over K expressing this equivalence,
ie., if

P'(a, —b,ab)P = (b, —1, b),
the solutions are

M\ro)/K =K\ro)/K, reKk?*,

where

1 Ja
® = py + puva+ pr—= + pu Ve
P2+ pava+ pa 7; P33 NG



286 ARNE LEDET

PROOF. Let 0, 7 € V4 = Gal(M/K) be given by o\/a = —/a, o/b =
Vb, 1 /a = Ja and 1+/b = —+/b. Then the obstruction to the embedding

2

problem is represented by the algebra M[u,, u.], where u; = —1, u% =—1,

Uy = —UgUy, UsX = 0X Uy and u.x = txu, forx € M. Clearly, Q =
K[+ /a, Vb U] is a quaternion subalgebra ~ (a, —b/K), and the centraliser
is R = K[+b,u,] ~ (b, —1/K). Hence, the obstruction to the embedding

problem is
(a, =b)(b, —1) € Br(K),

cf. also [4, (7.6)], [10, Cor. 2.6] or [12, Thm. 1.2]. This gives us the criterion.
To prove that M (\/w)/K is a solution, we let
B cw~b
- (P12 + pi3/vb)Ja’
tw~/b
= pa + pava

With (x, y,2)' = P(0, 1, 1/v/b)', wehave x, z # O and ax® —by? +abz?> = 0
and get

ay

ow ow? ow? ow?b
—_— = = = = a
1) wow  y?—az? ax? “
Similarly, we get Tw/w = af. Also, a, 0a, = a, ta; = —1, and by using the

equalities ap?, — bp3, +abp?, = ab and p?, /b — p, — p}/b = 1/a, we get
Ta,/a, = —oa./a,. Hence, M (/w)/K is in fact a Qg-extension.

The quaternion group Qg as Galois group is considered in [8] and [12]. The
classical description is Witt’s from [16], cf. section 2 below.
In essentially the same way we prove

1.2. THE CENTRAL PRODUCT DC. Let M/K = K (\/a, /b, \/c)/K, a, b,
c € K*, be a V4 x Cy-extension, and let o, T, v € Gal(M/K) be given by
o: Jar —Ja, Vb Vb, o /e,
. Jar Ja, b —Jb, Jc— o,
v: Jar Ja, b— b, Jcr —/.

Then the embedding problem given by M /K and

1—),LL2—>DCF>V4XC2—>1

T—>T
X—v
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is solvable, if and only if the quadratic forms {(a, —b, ab) and (c, —1, c) are
equivalent over K. If P is a 3 x 3 matrix over K expressing this equivalence,

ie,if
P'(a, —b,ab)P = (c, —1, ¢),

the solutions are

Mrw)/K = K(«/ra), \/Z)/K, reK*,

where
1 a
W = p» +P32\/E+P23% + P33%-

DC-extensions are considered in [12, Cor. 1.3.(iv) + Thm. A.2] and in [15,
Prop. p. 1050]. Both papers provide a description of the solutions. The one
given in [15] is similar to 2.3 below.

Inside M (y/rw)/K, the fixed field of 7 is K (,/w ). It follows that
M (\/rw)/K is the Galois closure of K (\/rw)/K.

1.3. THE CENTRAL PRODUCT DD. Let M/K = K (\/a, Vb, /¢, Vd)/K,
a,b,c,d € K*, be a V4 x Vy-extension, and let p,o,t,v € Gal(M/K) be
given by

Var —Ja, Nb— b, Jer o, Vde— AV,
o: JJar \/a, Vb —Jb, Jc— \/c, Jd v /d,
t: Jar Ja, Vb Vb, Jors —Je, Vd Vd,
v: Jar Ja, b b, Jer Je, NVd— —/d.

Then the embedding problem given by M /K and

1_>M2_>DDU—r—>/t))V4XV4_)1
T—0
a/’»—)r
T v
is solvable, if and only if the quadratic forms (a, —b, ab) and {c, —d, cd) are
equivalent over K. If P is a 3 x 3 matrix over K expressing this equivalence,

ie, if
P'(a, —b,ab)P = (c, —d, cd),

the solutions are

M(Jro)/K = K(Vro,vb,Vd) /K, reK"
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where 1 \/E
w = pn+ pnva+ P23% + Pasﬁ-

D D-extensions are considered in [14, Thm. 3.1], and a description of the
solutions is given.

The fixed fieldof r and T/ in M (\/rw) /K is K (\/rw)/K . Thus, M (\/rw)/ K
is the Galois closure of K (y/rw)/K.

REMARK. The description of D D-extensions given in [14] is similar to the
description of DC-extensions given in [12], in the same way 1.2 and 1.3 are
similar. Also, it is possible to apply the approach of [12] and [14] to QOg.

2. Witt’s criterion
In [16], we find

THEOREM 2.1. (Witt, 1936) Let M/K = K ({/a, \/l—l)/K, a,be K* bea
biquadratic extension. Then M /K can be embedded in a Qg-extension, if and
only if the quadratic forms (a, b, ab) and (1, 1, 1) are equivalent over K. If P
is a 3 x 3 matrix over K expressing this equivalence, i.e., if

P'{a,b,ab)P = (1,1, 1),

we may assume detP = 1/ab and get the solutions

K(\/”(l +P11«/5+P22«/Z+P33«/5\/5))/K7 rek”.

Witt’s criterion is easily obtained from the obstruction given in 1.1, since
(a,=b)(b, =) =(—a, —=b)(=1, =b)(b, =1) =(—a, —D)(—1, —1) € Br(K).

That the extensions given are actually the solutions is proven in [16], as well
asin [7, Thm. (I.1.1)]. Also, the proof of 2.2 below is easily modified to prove
Theorem 2.1. In fact, the proof of 2.2 is inspired by the proof of Theorem 2.1
given in [7].

It is not hard to see that Witt’s result can also be formulated as follows: If S
is a 3 x 3 matrix over K expressing the equivalence of (1, 1, 1) and (a, b, ab),
ie., if

S'S = (a, b, ab),

we can assume det S = ab, and the extension

((IEEETE e
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will be a Qg-extension containing K (v/a, v/b)/K . In fact, we only have to
notice that we can let P = S~! = (1/a, 1/b, 1/ab)S'.
These two versions of the result inspire the following:
Let M = K (J/a, /b, \/c, /d ) be a V, x Vy-extension, and let p, o, T and
vin Gal(M/K) = V4 x V4 be given by
p: Jar —a, b /b, Je = J/c, Jd — /d,
o: Jar Ja, b Vb, Jo o, Vde Jd,
T: Jaw— Ja, Vb /b, Ve —Je, Ndw— d,
v WJar JJa, Vb /b, Je = J/c, Jd — —A/d.

Then the obstruction to the embedding problem given by M /K and

1—>M2—>QQTV4XV4—>1
j/n—)(r
I'—>T
ju
18
(=1, =D(=a, =b)(—1, =1)(—c, =d) = (—a, —b)(—c, —d) € Br(K),

i.e., the embedding problem is solvable, if and only if the quadratic forms
(a,b,ab) and (c, d, cd) are equivalent.

2.2. THE CENTRAL PRODUCT Q Q. Let M/K be a V4 x Vy-extension as
above, and consider the embedding problem given by M /K and

1> ) —> 00 = Vyax Vy— 1.

This embedding problem is solvable, if and only ifthe quadratic forms {(a, b, ab)
and (c, d, cd) are equivalent over K. Furthermore, if P is a 3 x 3 matrix over
K with determinant cd /ab expressing this equivalence, i.e.,

P'(a,b,ab)P = (c,d, cd),

the solutions are

M(\/r(l +p11%+p22%+p33££>)/K, reK*.

ProOOF. Assume {(a, b, ab) ~ {c, d, cd). This means that

P'(a,b,ab)P = (c,d, cd)



290 ARNE LEDET

for some 3 x 3 matrix P with determinant cd /ab. From this we get the additional
equations (1/c, 1/d, 1/cd)P'{a, b,ab) = P~! and P(1/c, 1/d, 1/cd)P" =
(1/a, 1/b, 1/ab), and thus (calculating the diagonal elements)
api + bpy; +abp3, = c,
apt, + bpy, + abp, = d,
ap% + bp§3 + abp%3 = cd,
pu =b/d (pnp3 — pupxn),
p2 =a/c(puips — p13ps1),
P33 = p11p2 — P2pa,
ph/c+ pio/d + piy/cd = 1/a,
pa/c+ py/d + py/cd = 1/b,
and  p3 /c+ p3/d + p3yed = 1/ab.
Now, let
w=1+ Pnﬁ + Pzzﬁ + P33M-
Ve Vd Vevd
Then
wpWw =0T
=1+ Pzz\/z/\/g)z—a/c(lm + 11733\/3/\/3)2
(1 +b/d p%z —alc p%l —ab/cd p§3) + 2(1)22 —ajc p11p33)\/5/\/3
= (b/c p},+ab/c p}+b/d p3, —abjcd p2) — 2a/c pi3pyVb/Vd
= (1 —b/cd p§3 +ab/c pgl —ab/cd p§3) —2a/c p13p31\/3/x/c_i
= (a/cd pty + ab/c p3y) = 2a/c pispsiV'b/Vd
= a/C(P13/*/3 - P31\/E)2-

Hence, with
a, =a; = va PB_ puvb
14 T a)\/E \/E 9
we get T ) ,
W e ST
Clearly,

a, pa, = a, pay = ar Ta, = ar Tdy = —1.
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Similarly, 2
Wow=wUw = b/d(ng,/«/_ - p32\/5) )
and we get ocw v
w 1)
by letting

ay = Ay = i\/—(% _P32\/¢_1>.

We then have
Uy 00y = Ay 0dy, = Ay, Vg = Ay, Vd, = —1.

Also,

a,0a, ~Nbyco(pn/ve— pnva)vavd po(pi/Vd + pavb)

appas — Javdo(pis/Nd — psiv/b)Vby/cow(prn/ e + pna)

291

a/c(pi3/vd — P31~/E)2(P23/«/_ — pnva)(pi3/v/e+ paiv/b)

b/d(Pza/«/_—P32x/5)2(1713/~/3—P31~/l;)(1?23/x/5—P32«/5)

_ %P%/d — pib _ apiy — abdp3,
bc p§3/d — pgzb bp%3 — abcp%2

_ (ed —bp3, — abp}) — (ed —abepl —abpk)
bp%3 — abcp§2 ’

from which it easily follows that

appay _ appds _ |
ayva,  a,oa,
4y 0ar _ d;0ap _
a.ta,  a,pd,

ond acta, _ artds _
a, va, 4y 0a;

Consequently,

M(\/a)/K:M<\/1+P11§+P22:;§+P32:j_—§)/[(

is a solution to the embedding problem.
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It should be noted that the groups Q Q and D D are in fact isomorphic, and
that 2.2 and 1.3 are therefore simply different ways of expressing and solving
the same embedding problem.

We also note that K (w) = K (/a//c,vb/~/d), from which it easily
follows that M (\/w)/K is the Galois closure of K (\/w)/K.

The proof of 2.2 is easily changed to give

2.3. THE CENTRAL PRODUCT QC. Let M/K = K (\/a, /b, \/c)/K, a, b,
¢ € K*, be a V4 x Cy-extension, and let o, T, v € Gal(M/K) be given by
o: Jar —a, b /b, Je = J/c,
T Jar Ja, b —Jb, Jc— |,
v: Jar Ja, b b, Jcr — /.

Then the embedding problem given by M /K and

1—)“2—)QCﬁV4XC2—)1

T—>T
XU

is solvable, if and only if the quadratic forms (a, b, ab) and (1, c, c) are equi-
valent over K. If P is a 3 x 3 matrix over K expressing this equivalence, i.e.,

if
P'(a, b,ab)P = (1, c, c),

we can assume det P = c/ab, and the solutions are then

M<\/”(1+Pu\/5+l?22«/7§+1933\/\5/%/5>>, reKk*.

The groups QC and DC are isomorphic, and so 2.3 and 1.2 really deal with
the same embedding problem.

It is fairly obvious that M (,/rw)/K is the Galois closure of K (\/rw)/K.
A more direct use of Witt’s result is the following: Let M/ K = K (\/5 b )/K,
0 = r(a+pB+/a)bea Dy-extension asin 0.4, and let Q Dg be the quasi-dihedral
group of order 16, i.e., O Dy is generated by elements # and v with relations
u* = v? and vu = u3v. We then have an embedding problem given by M /K

and
1—)/1,2-) QDSWD4—>1

V=T

By [10, Prop. 4.2], the obstruction to this embedding problem is
(=b, —2ra)(—a, —2) € Br(K).
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Assuming o # 0, the embedding problem is thus solvable, if and only if the
quadratic forms (b, 2rw, 2bra) and (a, 2, 2a) are equivalent over K, i.e., if
and only if there exists a matrix P over K, such that

P (b, 2ra, 2bra)P = (a, 2, 2a).

We may assume det P = a/bra.
Now, the subgroup of Q Dg generated by u? and v is isomorphic to Qg, and
so we get the restricted embedding problem given by M /K (/a ) and

1> pur —> Qg — Vy — 1.

We have M = K(ﬁ)(ﬁ, a\/a) and 6 60 = r2ab. Hence, to solve the
restricted embedding problem by Witt’s Theorem, we must find a matrix S with
determinant 1/r2ab expressing the equivalence of <r2ab, 0, a@) and (1,1, 1)
over K (4/a ).} This is done by letting

1/rva o 0 1/Ja 0 0
S=| 0 1 oo/rda|P| O 1/2 1/2

0 1 —0/rJa 0 1/2Ja —1/2a

Hence, a solution to the restricted embedding problem is obtained by adjoining

/@, where
=1+ s1;7/avb + s1v/0 + 53300
=1+ puvb/va+ (pn + pis/va)+(ps2 + ps3/Na) o0 /ra]Vo
+ (22 — p3/va) — (p2 — p3/va)0/raloo
=14 puvb/Ja+ i[pn + pu/va— ppvVb+ puavb/Ja Ve
+ 3[p22 — ps/va + puvb + puvb/Ja]ovVe.

Asort(o \/5) = 0,010 = w,and so M (\/w)/K is Galois. Furthermore, the
pre-images of ot in Gal(M (\/w)/K) have order 2, and so the Galois group
is the quasi-dihedral group. Hence, M (\/w)/K is a solution to the embedding
problem.

We summarise:

3 By Theorem 2.1, it should of course be (9, o0, rzab) and (1, 1, 1). However, this makes no
difference: Permuting the rows and columns of S cyclically will not change the determinant.
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2.4. THE QUASI-DIHEDRAL GROUP () Dg, GENERAL CASE. Let M/K =
K (\/5, «/E) /K be a Dy-extension as above, and assume o # 0. Then the
embedding problem given by M /K and

]_)M2_>QD8—L{;;_>D4_>1

V=T

is solvable, if and only if the quadratic forms (b, 2ra, 2bra) and (a, 2, 2a) are
equivalent over K. If this equivalence is expressed by the matrix P, i.e., if

P (b, 2ra, 2bra)P = (a, 2, 2a),
we may assume det P = a/bra and get the solutions
M(J/sw)/K = K(V/sw,vJa)/K, seK*,

where

w=1+puvb/Ja+ 5[ P22 + pos/va — pavb + P33\/l;/\/5]\/§

+ 3[p22 — p23/va + pavb + p3vb//a ] a\;a—ﬂ\/—f\/g-

J/sw is not a primitive element of M (y/sw)/K, since w has degree 4 over
K. However, it is clear that M /K is the Galois closure of K (w)/K, and hence
that M (\/sw)/K is the Galois closure of K (\/sw)/K.

Q Dg as Galois group is considered in [8] and [5].

EXampPLE. Let K = Q,a =3,b =2, =3,8 =1andr = 1. The

D,-extension is then Q(\/ 3443, \/5) /Q, and the quadratic forms (3, 2, 6)
are (2, 6, 12) are obviously equivalent. We can let

010
r=(0 0 1)
100

1 1 1
w:1+<2ﬁ+2ﬁ_zﬁ)‘/3+ﬁ‘

Thus, the Q Dg-extensions containing Q(\/ 34+4/3,42 ) /Q are

Q(\/r(l + (2\1@ - 2\1/6 — 2%)/%7) ﬁ)/a, re Q.

and get
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Now, if @ = 0, we may assume b = —1 and B = 1, replace a by r*a and
get M = K ({/a,i)fori = ~/—1.We can thenleto, T € Dy = Gal(M/K) be
given by o (¥/a) =ii/fa,oi =i, t3/a = iaand ti = —i. The obstruction
is as above, except that (—b, —2ra) = 1, and so the embedding problem is
solvable, if and only if

Ap,q € K: p* + aq® = -2.

Let o = (1 +i)(p +qia)ifa, a, = (1 —i)/(p + qgiJa) and a, =
(14+i)/(p+ qis/a). Then cw/w = a2 and tw/w = a2, i.e., M(Jw)/K is
Galois. And since

Ay 0dy azag a3a(, =—-1, a;ta, =-1, asoa, aza(, o3af =a,; Td,,

M (\/w)/K is a solution to the embedding problem.
Hence, we have

2.5. THE QUASI-DIHEDRAL GROUP () Dy, SPECIAL CASE. Let M /K =
K (i/a,i)/K be a Dy-extension. Then the embedding problem given by M /K

and
1—)[1,2—)QD8WD4—)1

V=T

is solvable, if and only if
3p,q € K: p*> +aq® = -2.

The solutions are then

M<\/r(1 +i)(p+qiﬁ)</5)/K
— K<\/r(1 +i)(p +qiva)a, i)/K, reK*

3. Groups of exponent 8

In 2.4, the D4-extension M of K is a C4-extension of K (\/E). Also, the Q Dg-
extension is Cg over K (\/Z—J). Thus, we have in particular embedded a Cy-
extension in a Cg-extension. We remember from section O that a C4-extension
is, loosely speaking, just a D4-extension with b = 1. It is therefore plausible
that we might solve the problem of embedding a C4-extension in a Cs-extension
by ‘letting » = 1’ in 2.4. And in fact we can:

Let M/K = K(V0)/K, 0 = r(a + B+/a), be a C4-extension as in 0.2.
The obstruction to embedding M /K in a Cg-extension is represented by the
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cyclic algebra I' = M[u,], where uﬁ = —land u,x = oxu, forx € M.

Letting Q = K[u, +u’, Jau>land R = K[u?, /O u, + /0 u’] we see
that ' = Q ®x R, Q ~ (-2, —a/K) and R ~ (-1, 2ra/K). Hence, the

obstruction is
(=2, —a)(—1, —2ra) € Br(K).

3.1. THE cycLIC GROUP Cy, GENERAL CASE. Let M/K = K(v/0)/K be
a Cy-extension as above, and assume o # 0. Then the embedding problem
given by M/ K and
Il =y —> Cg—> Cqy—> 1

is solvable, if and only if the quadratic forms (1, 2ra, 2ra) and {(a, 2, 2a) are
equivalent over K. If the equivalence is expressed by the matrix P, i.e., if

P (1, 2ra, 2ra)P = (a, 2, 2a),
we may assume det P = a/ra and get the solutions
M(/sw)/K = K(/sw)/K,  5€K,
where

=1+ pi/va+3[(pn — p»)+ (ps+ p33)/vVa Vo

a=-pva 5

+ 3[(p22 + p32) — (P23 — P33)/«/_] 7

PrOOF. We derive S from P as in the proof of 2.4 to get
S'(r’a,0,00)S=E
and detS = 1/r2%a. Also,
o =1+ s11rv/a + 50V + s330V/0.
Noting that s33 = 0522, We get
cw=1—s1rvad — 50V + 53300,
and by using various equalities (as in the proof of 2.2), we get
wow = rza(slz — s21/a\/§)2,
Hence, M (\/w)/K is Galois. Also,
wolw = (S23\/§ — 8§32 0\/5)2,
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and letting

_ 52370 — s3204/0

w

we get 0’w/w = x* and x 0°x = —1. Hence, M (/o )/K (/a) is C4, and it
follows that M (,/w)/K is Cs.

Cyclic extensions of degree 8 are considered in [8].

If « = 0, we must have i € K*, and can assume M/K = K(i/a)/K
and o ({/a) = ii/a. The quaternion factor (—1, —2ra) disappears, and so
the obstruction is (—2, —a) = (2, a) € Br(K), and the embedding problem is
solvable, if and only if

Ap,q € K: p* —ag* =2.

We let
w=(p+gva)Va
and 1+i
Ay = —————
p+aqva
and get cw/w = a? and a, 0a, 0%a, 0’a, = —1. Thus, M(J/w)/K is a

solution, and we have

3.2. THE cYcLIC GROUP Cg, SPECIAL CASE. Assumei € K*, andlet M/K =
K (i/a)/K be a Cy-extension. Then the embedding problem given by M /K
and
1= puy—> Cg— Cy— 1
is solvable, if and only if
dp,q € K:pz—aq2 =2,

and the solutions are then

M(\/r(p+q\/5)i/a>/l(=K(\/r(p+q\/5)i/a)/l(, reK*.

We can now use reduction to 3.2 on other embedding problem in the same
way we reduced Q Dg to Qg in 2.4:
Let Dg be the dihedral group of order 16, i.e., Dg is generated by elements

o and t with relations 6® = 12 = 1 and to = o71.
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3.3. THE DIHEDRAL GROUP Dg, GENERAL CASE. Let M /K=K (\/5, «/E)/K
be a Dy-extension as in 0.4 and 2.4, and assume a # 0. Then the embedding
problem given by M /K and

11— up)—> Dg— Dy — 1

is solvable, if and only if the quadratic forms (b, ra, bra) and {(ab,2b, 2a)
are equivalent over K. If this equivalence is expressed by the matrix P, i.e., if

P (b, ra, bra)P = (ab, 2a, 2b),
we may assume detP = 2a/ro and get the solutions

M(/s0)/K = K (Vso,Vb) /K,  seK*,

where

w= 1—P11/\/5+%(P32+p23/\/5)\/5+%(Pzz/b—l?w/ﬁ)%a\@-

Dsg as Galois group is considered in [8] and [5].

Proor. By [10, Prop. 4.2], the obstruction to the embedding problem is
(—ab, —2a)(—b, —ra) € Br(K).

This gives the criterion.
We now restrict ourselves to the embedding problem given by M /K (v/b)

and
1—)“2—>C8—>C4—>1.

M/K(\/l—)) has the form required in 3.1, if we replace r, « and S by r’ = r/b,
o = a/v/band B’ = B/+/b. Also, letting

1 0 0
P’=( 0 12 1/2><~/13,1,~/13>P(1/\/Z,1/\/E,1)
0 1/2 —1/2

we get
P (1, 2ra, 2ra)P = {(a, 2, 2a)

and det P’ = a/ra. The w given above is then exactly the one from 3.1, and
so M (\/w)/K (+/b) is Cg. Furthermore, M (\/w )/K is Galois, since t® = w,
and it is not hard to see that the Galois group is in fact Dyg.



EMBEDDING PROBLEMS AND EQUIVALENCE OF QUADRATIC FORMS 299

A/Sw isnota primitive element of M (\/sw )/ K, butitis clear that M (\/sw )/ K
is the Galois closure of K (4/sw)/K.

3.4. THE DIHEDRAL GROUP Dg, SPECIAL CASE. Let M/K = K(i/a,i)/K
be a Dy-extension as in 2.5. Then the embedding problem given by M /K and

1—> uy—> Dg— Dy — 1
is solvable, if and only if
Ap,q € K: p* —aqg® =2.

In that case, the solutions are

M(\/r(p +qﬁ)f/5)/K - K<\/r(p +qv/a) Y, i>/K, reK*.

Now, let M/K = K(«/@, \/Z)/K be a C4 x Cy-extension, i.e., K(«/@)/K
is a C4-extension as above, K(\/E)/K is a C,-extension, and Vb ¢ K(«/@)
As generators for C4 x C, = Gal(M/K) we choose ¢ and t, given by

o \/éHafﬁaﬁ\/g, Vb /b,
1 /0 /0, Vb —+/b.

We then have an embedding problem given by M /K and

1—>,U¢2—>M16W>C4XC2—>1,

V=T

where Mg is the modular group of order 16, i.e., Mg is generated by elements
u and v with relations u® = v> = 1 and vu = u’v.

By [10, Prop. 3.2], the obstruction to this embedding problem is
(-2, —a)(—1, =2ra)(a, b) = (=2b, —a)(—1, —2bra) € Br(K).
3.5. THE MODULAR GROUP M6, GENERAL CASE. Let M/K=K (v/0,4/b)/K

be a C4 x Cy-extension as above, and assume o # 0. Then the embedding
problem given by M /K and

1—)/,L2—>M16—T_>;—>C4XC2—>1

V=T
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is solvable if and only if the quadratic forms (1, 2bro, 2bra) and {(a, 2b, 2ab)
are equivalent over K. If this equivalence is expressed by the matrix P, i.e., if

P'(1, 2bra, 2bra)P = (a, 2b, 2ab),
we may assume det P = a/ra and get the solutions

Mro)/K = K(vsw,Vb) /K, €K,

where
w =1+ pi/Ja+ i[pn+ pn/Ja— pn+ pu/Ja]vo

+2lp2 = pu/Vat pn+ pu/va] #x/@,

ProoF. The criterion comes directly from the obstruction. Now, letting
P = (1, Vb, Vb)P(1,1/3/b, 1/3/b),

we have
P (1, 2ra, 2ra)P = {(a, 2, 2a)

and detP’ = a/ra. Thus, by 3.1, M(ﬂ)/K(«/E) is a Cg-extension, and
ow/w = a?, where

0 — ry/a(si —S21/0x/§)
g — a) £

P12+ piz/va
2r\/5«/5

S12 =

’

\/l; o6
and $21 = _<p21 + pSI_)-

Ja rya
Witha, =1 we get tw/w = af. Also, a, o0ay 0a, 03a, = —1, a, ta; = 1
and a, o0a, = —a, ta,. Hence, M (\/w)/K is a solution.

M ¢ as Galois group is also considered in [5].
If « = 0, we must have i € K*, and can thus assume M = K(W, \/E)
The elements o and 7 in C4 x C, are then given by
o: Yarila, b b,
. Yaw Ya, b —/b,
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and the obstruction to the embedding problem is (—2a, —a) = (a,2b) €
Br(K).

3.6. THE MODULAR GROUP Mg, SPECIAL CASE. Assume i € K*, and let
M/K = K(Q/E, «/E)/K be a C4 x Cy-extension as above. Then the embed-
ding problem given by M /K and

L= py = Mg —— Cy xCy— 1

V=T

is solvable, if and only if
3p,q € K: p* —aq® = 2b.

In this case the solutions are

M(\/r(p+q«/5)i/ﬁ>/l( :K(\/r(p+q«/5)</5,x/5>/l(, reK*

ProOF. We leta, = (1 +i)/a/(p + q+/a) and a, = 1.
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