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CHARACTERISATION OF STRONG SMOOTH
STABILITY

ANDREW DU PLESSIS and HENRIK VOSEGAARD

0. Introduction

We begin by recalling Mather’s results on C*°-stability ([5] and [6]). Discus-
sion of stability assumes a topology on C* (N, P); Mather’s results use the
topology introduced by him in [5] as the Whitney C*-topology. Following
[8], we will denote it T W,

THEOREM 0.1. Let N, P be smooth manifolds (without boundary), f: N— P
a proper smooth map. Equip all mapping-spaces with the topology t W™. Then
the following are equivalent.

(1) f is strongly C*°-stable.
(2) f is C*°-stable.

(3) f islocally C*™-stable.
(4) f is infinitesimally stable.

Precise definitions of the stability notions mentioned above are given in
section 4.

Our aim in this paper is to discuss what can be said when f is not proper.
Now 0.1 certainly does not hold without some condition on the behaviour of f
“at infinity”, as Mather was well aware; his counter-examples are to be found
in [5] and [6].

We will be concerned with a condition of this kind rather weaker than
properness. A smooth map f : N — P is quasi-proper if there is an open
neighbourhood V' of its discriminant A(f) = f(X(f)) such that f|p-1y :
f~'V — V is proper. (As usual, £(f) C N is the set of points at which
the tangent map of f is not of rank dim P. In particular, then, X(f) = N
if dim N < dim P.) The notion of quasi-properness is introduced in [8]; its
interest for us stems from the following result, which is a special case of [8],
4.3.2:

PrROPOSITION 0.2. Let N, P be smooth manifolds (without boundary), f :
N — P a smooth map. If f is strongly C*-stable, then f is quasi-proper.
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We give a proof in 6.3.
Thus f quasi-proper is necessary for the statements of 0.1 to be equivalent;
it is, however, not sufficient, for we have:

ProprosiTION 0.3.

(1) f is infinitesimally stable if, and only if, f is locally stable and f|sy) :
Y(f) — P is proper. In particular, if [ is infinitesimally stable, A(f)
is closed.

(2) Suppose that f is quasi-proper. Then f is infinitesimally stable if, and
only if, fis locally stable and A(f) is closed.

(1) is proved in [6], 5.1. For (2), see 7.1.

ProposiTiON 0.4. Let N, P be smooth manifolds, f : N — P a smooth
map. The conditions (1)—(4) of 0.1 all hold if, and only if, one of them does,
and f is quasi-proper with closed discriminant.

0.2 and 0.3 yield “only if”; for “if” see [8], 4.3.7.

The condition that the discriminant be closed seems rather unnatural; for
example, if f is quasi-proper and locally stable, f is strongly C”-stable for
all r < oo ([8], 4.3.8). On the other hand, it seems likely that a smooth map
with discriminant of positive dimension cannot be C°-stable unless the dis-
criminant is closed. Thus many maps which our intuition would suggest are
C°-stable, are not, according to the definition. It appears, however, that the
difficulty lies not so much in our understanding of C*°-stability as in the to-
pology used.

A rather simple example illustrates this (see also 5.1). Let f : R, < R?
be the embedding of the positive half-line into R* given by f(¢) = (¢, 0) for
t € Ry = (0,1). f is quasi-proper and locally stable, but its discriminant
(which is its image here) is not closed. Neither is f C*-stable. For although
any map sufficiently near to f in the topology T W has as image a non-closed
manifold close to the image of f, such images are not necessarily contained
in a closed 1-submanifold, whilst the image of f is. The reason for this is that
any T W*-neighbourhood of f controls only finitely many of the derivatives
— say k — of the maps g it contains. Thus such a neighbourhood contains, for
example, the graphs of smooth functions on R; whose first k£ derivatives at
t € Ry all tend to 0 as t — 0, but whose (k + 1)-st derivative at t € R,
has no limit as # — 0. Such a function does not extend smoothly to [0, c0);
equivalently its graph does not extend smoothly.

It appears that the topology T W™ of C*(R,., R?) is not sufficiently com-
patible with the smooth structure. We need a topology on the space of smooth
maps which gives a generalisation of the following result for C"-maps:
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ProposiTION 0.5. Let r € N and let N and P be r-manifolds. Let
J € C"(N,P)and let U C N be an open subset. For h : U — P define
h:N — PasequaltohonU andas f on N — U. Then

U ={heC' (U, P):heC(N,P))

is TW"-open in C"(N,P), and the map h > h is tW’-continuous
% — C"(N, P).

The t W” are the Whitney C”-topologies, implicitly introduced by Whitney
in [10], pp. 652-653; their definitions are given in 1.1. Tt W is the union of
the relative topologies they induce on C*°(N, P). Proposition 0.5 is contained
in [1], [.4.3.4.4, but see also [8], 3.4.18, for a more detailed proof.

0.5 is definitely false in general if r is replaced by oo; we will see in 5.2,
for example, that

{h € C*(R4, R) : h does not extend to a smooth map R — R}

is open and dense in C*° (R, R) with respect to t W™

We thus need to change topology. An appropriate topology is what we term
the very strong topology, and denote TV *°. This topology was introduced by
Cerf ([1], 1.4.3.1) in 1962 (it was already implicitly defined by Whitney in
[10], p. 654, 1I. -10, -9) and was used extensively by Cerf and others (see
e.g. the articles in the volume containing [7] and [2]) prior to Mather’s work,
after which it fell into disuse. This topology gives control “at infinity” of all
derivatives. Cerf proved the C*°-version of 0.5 (see 1.2.2) with respect to the
topology TV .

From another result (I.2.2, Théoréme 5) in the same paper of Cerf’s we
also see that our example above is strongly stable with respect to 7V *°. In fact,
ifi : N < P is a proper embedding (i.e. i (V) is a closed submanifold of P),
then the map

i*:C®(P,P)— C®°(N,P);gr>goi

is a locally trivial topological fibration. This implies that there is a continuous
section k from a neighbourhood % of i in C*° (N, P) into the diffeomorphisms
of P, such that i*k(g) = g for g € % . If i is non-proper, as in our example,
then i* is no longer continuous, but we still have a continuous section k as
above ([1], I1.2.2.2, Corollaire 1).

Reintroduction of the topology 7V *° is decisive. We will prove:

THEOREM 0.6. Let f € C®(N, P). Then the following conditions are equi-
valent.
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(1) f is tV>®-strongly tV*°-stable.

(2) f is quasi-proper and tV *°-stable.

(3) f is quasi-proper and locally stable.

(4) f is quasi-proper and TtV *°-quasi-infinitesimally stable.

Here t V*°-stable is “C°°-stable relative to the topology tV>°” (since we
only consider smooth stability, we suppress the prefix C*°). To make the nota-
tion uniform, we should replace C*°-stable with t W -stable in 0.1 and 0.2,
since TW is the relevant topology there. We will use this notation in the
remainder of the paper.

The notion of 7V *°-quasi-infinitesimal stability for f is a weakening of
infinitesimal stability, demanding only that smooth vector fields along f near
0 in the TV°-sense (and not necessarily every vector field along f, as in
infinitesimal stability) can be split into vector fields on N and P (see Defini-
tion 4.2). Indeed, (4) is equivalent to a stronger version, in which the splitting
is performed 7 V *°-continuously.

The statement (1) = (2) is essentially a TV *°-version of 0.2, which is
presented in 6.3. For the implications (2) = (3), 3) = 4), (4) = (3), (3)
= (1), see 8.1, 7.9, 7.2, 8.9 respectively.

Observe that our theorem also shows that the embedding f : R, < R? dis-
cussed above is TV *°-strongly t V *°-stable — for it is, as previously observed,
quasi-proper and locally stable.

To get this far, we study the topology TV in some detail. Amongst other
things, we will prove (in 3.1.3) that C*° (N, P) is a Baire space with respect to
T V. Also, in order to be able to use Mather’s results from [5] and [6] rather
than reproving everything in the 7V °°-context, we will describe (rather tech-
nical) methods to detect TV *°-continuity of maps of mapping-spaces known
to be T W-continuous.

1. Mapping-space topologies

In this section we will work in the category of smooth manifolds with boundary,
following [5], Ch. 1.; N and P will be such manifolds throughout.

Let P’ be a smooth manifold without boundary containing P as a closed
subset. Letx € N and y € P. Anr-jetover (x, y) is a class of (smooth) germs
(N, x) — (P’, y) with the same derivatives up to order r in x. The space of
r-jets J"(N, P) is a fiber-bundle over N x P whose typical fiber is the set of
r-jets over (x, y); it is clear that the definition is independent of the choice of
P’. Observe that over boundary points of P we have included jets that cannot
be represented as germs of maps N — P.
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1.1. Definitions of the mapping-space topologies. Let f € C*(N, P), let
k € N, and let D be a closed subset of N. The sets

Onp(W) = {g € C*W., P): j*g(D) c W},

where W runs through the open neighbourhoods in J¥(N, P) of j*f (D), form
a neighbourhood basis for f in a topology on C*°(N, P); we denote this
topology 5.

Since 7§ C 7}, the union over k € N of the topologies 7§, may be formed
and provide the basis of a topology; this will be denoted 7).

The union of the topologies 7g°, where K runs through all compact subsets
of N, forms a basis for the so called Thom topology, tC°.

For k = 0,1, ..., 00, the topologies t,’j, are known as the Whitney k-
topologies. They will be denoted T W* in the sequel.

We have another way of describing the Whitney k-topologies for k£ € N.
Let {K,},en be a locally finite compact covering of N. For any k € N a basis
for T W* is given by sets of the form (), Y, wWhere 7, is a le(a -open subset of
C*®(N, P).

For k = oo this method does not produce the topology T W but a stronger
topology which we will call the Very Strong Topology, TV *°. To be precise, it
has a basis given by (), %, where ¥, is a Tg.-open subset of C*(N, P).

Lemma 1.1.1 If {Dﬂ}ﬁeN is a locally finite family of closed subsets of N,
then ﬂﬁ Vg is TV -openif V3 is IB‘; -open for all B. In particular the definition
of TV is independent of the choice of locally finite compact covering of N.

Proor. For f € s Vg, each ¥ contains an f-neighbourhood of the form

ﬂaeAﬂ Upo, where Ag = {a eN: K,NDg # (7J} and the %, ’s are II]Z—open
for some kg € N. Each o will be a member of only a finite number of Ag’s,
since {D,g}ﬂeN is locally finite. Hence %, = ﬂﬁ,aeAﬁ Upa 1s T -open for all
o, and (,cy %o C 7 is a TV >°-neighbourhood of f.

el

Similarly, when & is finite, [ s VB 18 tWk-open if 75 is ‘Egﬂ -open for all 8.

1.1.2. The topology ¢* introduced by Cerf in [1], 1.4.3.5, coincides for
k € N with t WX, while for k = oo it is the same as the very strong topology,
T V. The topology t W was introduced by Mather in [5], Section 2.

Notice that the topologies TC* and t° for any compact subset K of N
have countable base. This is not the case for t W and 7 V> when N is non-
compact (see e.g. [3], p. 44). For N compact the topologies tC*°, t W and
TV coincide.
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We will not be much concerned with the Thom topology in this paper. Most
(if not all) of the maps of mapping-spaces treated in the following are T C*°-
continuous but, as 6.1 will show, this topology is of little interest in itself in
questions of stability of maps with non-compact source. It is included in this
exposition to standardize the statements and proofs in Section 3.1.

1.1.3. If ¥ is t;7-open and f, g € C*(N, P) have the same germ at D,
then f € ¥ <= g € ¥.Indeed, if f € ¥ there exists an open subset W
of some jet space J¥(N, P), such that f € Oy p(W) C ¥.But j*kg = jkf
along D so also g € Oy p(W). Hence f € ¥ => g € ¥ and vice versa.

1.2. Extensions of smooth maps. Let wy : J" (N, P) — N be the natural
projection and let M be a submanifold of N of codimension 0. Then, by
the above construction, J" (M, P) is isomorphic as fiber-bundle over M to
an'M.Lets : my~'(M) — J"(M, P) be the diffeomorphism of the total
spaces inducing the isomorphism.

LEMma 1.2.1.

(1) Let M C N be a closed submanifold of N of codimension 0. Then the
restriction map

Ay : C®(N,P) > C®(M,P); gr—>glu=¢g:M—> P

IS Ty -CONtinUOus.
(2) Let f € C*(N, P) and let D be a closed subset of N. Define

Fp=1{g€C®(IN,P):gln-p= fln-pn}-

Then

(@) the relative TW™-topology on .Zp coincides with the relative T3°-
topology for any closed subset C of N containing D.
(b) If D is compact, the relative TV *°-topology coincides with the relative
T W>-topology.
(3) In addition to the assumptions in (2), let M be a (not necessarily closed)
submanifold of N of codimension 0, such that D is contained in the
interior of M as subset of N. Define

Fp = {h € C®(M, P) :hly-p =f|M—D}-

Then restriction to M gives a homeomorphism Fp v, g 1, in each of

the topologies t°, TW™ or tV™.
Proor. (1): Let f € C®(N, P), and let W C J*(M, P) be open such
that fly € Oy.y(W). Let W = s~ 'W Uy~ '(N — M). Then W’ is open
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in JX(N, P). Clearly f € Oy y(W') and if g € Oy (W), then gly €
Owm,m(W). This proves the 7,7 -continuity.

(2): (a) Let W be an open subset of J¥(N, P) for some k. Then, for g € .Zp,
geOypW)if,andonly if, g € Oy c(W U mn~ (N — D)) for any closed
subset C of N containing D. Hence 7° coincides with 72° and (let C=N) with
TW> on .%p.

(b) If D is compact, only finitely many sets from a locally finite cover of
N will intersect D non-trivially. If K is a compact subset of N not meeting
D then the relative 7°-topology on .%p, is trivial. Hence any basis set in the
relative 7;°-topology on .%)p is a finite intersection of T W>-open sets, and the
two relative topologies are equal.

(3): Clearly |y maps .%p into .%},. Let h € %, and define h:N— Pto
be the extension of 4 by f outside M. Since D lies in the interior of M, any
point on the boundary of M in N will be isolated from D, so & equals f in
a neighbourhood of such at point. Hence / is smooth, so belongs to .%), and
h|y = h. Thus |y is surjective. That it is a homeomorphism is now obvious
from the previous arguments.

The inverse of the restriction -] in 1.2.1(3) extends any mapping it is
applied to smoothly by f. The existence of such an extension is due to the
(extremely) good control at infinity of M. As mentioned in the introduction,
we cannot replace .%, by any t W>-neighbourhood of f in C*°(M, P) and
still expect to extend any map smoothly by f. This, on the contrary, is the main
feature of V> as the following result due to Cerf ([1], .4.3.4.4) shows.

PROPOSITION 1.2.2. Let f € C*®(N, P), and let U be an open subset of N.
Forh:U — Pdefineh: N — PashonU andas f on N — U.
(1) The set % = {h € C®(U, P) : h is smooth} is a TV >®-open neighbour-
hood of f|y in C*®°(U, P).
(2) The assignment h — h is TV>®-continuous % — C®(N, P).

1.3. Properness. Let X, Y be spaces whose topologies have a countable
basis, and let g : X — Y be a continuous map. We say that y € Y is an
improper point for g if y = lim,_. g(x,) for some sequence {xq},cy in X
without accumulation points. Define the improper set, Z(g), of g to be the
subset of Y consisting of improper points for g.

DEFINITION 1.3.1 g is proper if Z(g) = 0.

Properness is equivalent to demanding that the pull-back by g of any com-
pact subset of Y is compact in X. This indicates that properness may be useful
when working with the mapping-space topologies. Yet another way of present-
ing properness of g is by requiring that the extension of g from the one-point
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compactification of X to the one-point compactification of ¥ that sends infinity
to infinity is continuous.

ProposiTION 1.3.2.
(1) Letg : X — Y be proper. Then g(C) is closed in Y for any closed subset
C of X.
(2) If X is locally compact, then Z(g) is closed for any continuous
g: X—->Y.
Proor. See [8], 3.2.1 and 3.2.14.

DEerINITION 1.3.3. Let f € C*°(N, P) where N and P are smooth mani-
folds. f is quasi-proper if it satisfies one (and hence both) of the following
equivalent conditions

(M ANHNZ) =0
(2) There exists an open neighbourhood V of A(f) in P, such that f, =
f:f~'V — Vis proper.

The equivalence of (1) and (2) follows since Z( f) is closed by 1.3.2(2). The
notion of quasi-properness was introduced in [8], p. 50, where the reader may
find a more elaborate treatment of the relation between quasi-properness and
strong stability than we give here. It is clear from the definition that properness
implies quasi-properness.

1.4. TV >®°-continuity of mapping-space maps. Letw : E — N be a vector
bundle and let I'*°(E) denote the set of sections of E, i.e. smooth maps v :
N — E suchthat 7 o v = idy. I'®°(E) has the structure of a C*°(N)-module
by fiberwise multiplication. In this paper a topology on I'*°(E) is always
induced from a topology on C*°(N, E).

ProPOSITION 1.4.1. The following statements are valid in both of the topo-
logies TW™ and T V™.

(1) The identification
C®(N,P)x C®(N,Q)=C*®(N,P x Q)

is a homeomorphism.

(2) For manifolds N, P, and Q, the composition mapping
Co (N, Py x C¥(P, Q) > CT(N,Q); (fig)r>gof

is continuous. Here Cgro(N, P) is the TW%-open subset of C*°(N, P)
consisting of proper maps N — P.
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(3) Forany g € C*(P, Q), the composition mapping
2.1 C(N,P) > C®(N,Q); fr>gof

is continuous.
4) If E — N and F — N are vector bundles then the natural map

[®(E @ F) ZT®(E) x T°(F)
is a homeomorphism. If E is isomorphic as vector bundle to F, then also
'*®(E) = I'*°(F) is a homeomorphism.

(5) C*°(N) is a topological ring, and if E — N is a vector bundle then
I'*°(E) is a topological C*°(N)-module.

(6) The inversion mapping
Inv : Diff*(N, P) — Diff°(P, N); f+> !

is a homeomorphism. Thus Diff> (N) is a topological group by (1).

(7) The composition map
[*(TN) x C*(N, P) > C*(N,TP); (§, f)r>dfok

is continuous (where df is the tangent map TN — T P of f).

ProoOF. All the above results are stated and proved in [5], Section 2, in
TW®. (2) and (6) can be found in [1] as 1.4.5.4 Proposition 5 and I1.1.4.2
Proposition 2. with respect to T V°°. We thus consider (1), (3)—(5) and (7) in
the topology TV °.

(1): Immediate.

(3): Consider the continuous map

®:C®(N,P)— C®°(N,N) x C*°(N, P); [ (dy, f).

Under the identification from (1) © maps into the open subset of proper maps
in C*°(N, N x P). Hence the composition

C®(N, P) -2 CX(N, N x p) L&,
C®(N,N x Q) = C®(N, N) x C¥(N, Q) 2I«N, ooy )

is continuous by (2) and coincides with g,.
(4): Clearly the total space E & F may be embedded as a closed submanifold
of the space E x F.Ifi is the embedding then one sees immediately that

iy :C°(N,E® F)— C®(N,E x F)
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is a homeomorphism onto its image. The image under i, of '*°(E & F) C
C*(N,E@F)iscontainedin'*°(E) x'*(F) C C*(N,E)xC®(N, F) =
C*°(N, E x F), hence the bijective natural map

I(E @ F) — I'(E) x T™(F)

is a homeomorphism. The last statement of (4) is clear.
(5): Let Ry — N denote the trivial bundle over N with fiber R. The multi-
plicative and additive structures on E are given by the compositions

C®(N) x I'®(E) =T*®(Ry x E) 2 I'®(E)
F®(E) x T®°(E) =T®(E @ E) %> I'™(E)

wherem : Ry @ E — E anda : E® E — E are fiberwise multiplication and
addition respectively. Continuity follows from (3).

(7): The map C*°(N, P) — C®(TN,TP); f > df is easily seen to be
continuous. Since I'*°(T N) is contained in Cgr" (N, TN), continuity of the
map in (7) follows from (2).

2. A technical result

2.1. Setup. Let N, P, Q, R;, and R, be manifolds without boundary, and
let f € CY(N, P) be a proper smooth map. Let .# C C*(N, Q), 7 C
C*®(N, Ry) and # C C*(P, R,) be sets of mappings. my is a fixed element
of A .

We shall assume that 7 and % are groups with neutral elements 4y and
ko, and that

L M I — M and it X M — M

are a right-action by .7 and a left-action by .#” on .. (In the following we
will use - in place of - and -, whenever it is clear from the context which
action is refered to.) We require that the group structures and the actions are
continuous with respect to both t W and t V.

The spaces and the actions are subject to the following conditions.

(1) Given a closed subset C and an open subset U of N with C C U, there
exists a t2°-neighbourhood % of hg in 2 such that

mily = maly = (my - h)|c = (m2 - h)|c

forallh € % andm,m, € A .
(2) Given an open subset U of N we have

hily =hly = (m - h)|y = (m - hy)ly



CHARACTERISATION OF STRONG SMOOTH STABILITY 203

forall hy,hr, € 7 andm € A.

(3) Given an open subset U of N we have
mily = maly = (k-my)|ly =k -maly

forallk € # andm,m, € .

(4) Given an open subset U of N we have

(ki o Hlu = (k2o Hlu = (k1 - mo)|y = (k2 - mo)|y

forall ki, k, € 7.
(5) The actions of .57 and ¢ commute, i.e.

k-im-h)y=(k-m)-h

forallh e 77,k e % andm € /.

(6) There are TV *>°-neighbourhoods % C C*°(N, Q) of mg, ¥ C C*°(N, R})
of hy and # C C*°(P, R,) of kg, such that
MONU ={me¥ :¥xeN3IAm' € A suchthatm =m'_},
ANV ={heV:VxeNIN € suchthath, =h"_} and
AN ={kew : :VyeP3Ik e & suchthatk, =k}

(where m_ denotes the germ of m at x etc.)

(7) Thereisa tV>-neighbourhood % of mg in .# with the following prop-
erty: Given a closed subset C and open subset U of N with C C U there
exists a TV °°-continuous map

¥ ="¥p,C,U : W — M
satisfying

m(x), ifxeC
r(m)(x) = { mo(x), ifxeN—Uorm(x)=my(x)
anything, otherwise
forallm € # and x € N.

We will make use of two particular cases that fit the description above.

LEMMA 2.2. Suppose f € CSO(N, P). Let #/= Cgf(N, P), 7= Diff*(N),

)y

A = DIiff*®(P), and let mg = f, hg = idy, ko = 1dp. F and ¥ are groups
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with composition of maps as group-law. Define actions of 7€ and X on #
in the following way

m-ph=moh k-ym=kom.

Then the conditions (1)—(7) of 2.1 are satisfied.

LEMMA 2.3. Suppose | € Cgf(N, P). Let #4 = O(f), 5 = O(N), X =
®(P) and let my, hy and ko be their O-sections. Define actions of 7 and &
on A in the following way

m-yuph=m—tf(h) k-wm=m—uwf(k).
Then the conditions (1)—(7) of 2.1 are satisfied.

For the definitions of ®(f), ®(N), ®(P), tf and wf, see 4.1. Before
proving these two lemmas it is convenient to introduce some notation.

2.3.1. Let p € C*(N). For a closed subset C of N we shall write C < p
when p takes values in I = [0, 1] and is equal to 1 on a neighbourhood of
C. When U C N is open then p < U means that p takes values in / and has
support (= closure in N of {x : p(x) # 0}) contained in U.

2.3.2. Let f € C*°(N, P), and recall from [5], Section 2, Lemma 3, that
we can find a neighbourhood U, of the diagonal A in P x P and a smooth
map y : Za x [0, 1] — P, such that

yx,y,00=x, ykx,y,)=y, and y(,x,1)=x
for all (x, y) € Up and ¢ € [0, 1]. Define
W= {g € C*(N,P):(f,8)(N) C UA}-

Then # is tW%-open. Given a closed subset C and an open subset U of N
with C C U, choose p € C*(N) such that C < p < U, and define a map
r=ricuy: W — C°(N, P)by

rreu(@ =vo(f.g.p), geW.

Then r(g) coincides with g on the neighbourhood p~'(1) of C and coincides
with f on p~!(0), which is contained in N — C. Notice that r is both T W*>-
and 7 V*°-continuous by 1.4.1(1) and (3).

ProoF OF 2.2. The group structures and the actions are continuous in both
topologies by 1.4.1, so we only need to demonstrate (1)—(7). In (1) wetake 7 =
{h € Diff*(N) : h(C) C U} as our t2°-neighbourhood. Conditions (2)—(5)
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are obvious from the definitions. Since s# = Diff*(N) and .# = Diff*(P)
are TW'-open subsets of C*°(N, N) and C®(P, P) respectively, then (6)
follows by taking % = Cl‘jr"(N, Py=#,yV = and W = 2. In (7),
define # and ryycv - W — M = Cf)’f(N, P)asin2.3.2.

Proor oF 2.3. The group structures and the actions are continuous in both
topologies by 1.4.1(5), so we need only to consider the conditions (1)—(7).

In (1) we may take % = ., while (2)—(5) follow directly from the defini-
tions. In(6),take Z =C*(N, f*T P),V=C*®(N,TN)and # =C*>(P,T P).

In (7) we simply take # to be the whole of .#Z = ©(f). Given C and U,
choose p € C*°(N) such that C < p < U, and let

Fmy.c,u(m) = pm
for m € W . It follows from 1.4.1(1) and (3) that r,,, ¢y is T V°°-continuous.

The key to passing from Mathers T W *°-stability results to the corresponding
results with respect to T V> is the following proposition.

PROPOSITION 2.4. In the setup of 2.1, assume that for any open V. C P and
compact K C V there is a t W -neighbourhood %' of my in

My -1k = {m € M mly_s1x =moly_p1x}

and a TW®-continuous map (W', k') : %' — # x A, such that for any

mewY, ) .
[x e N:W(m)(x) #ho(x)} C f7'V

{yeP:Km)(y) #k(»}cCV

and k'(m) - m - h'(m) = m,.
Let D be a closed subset of P. Then there is a tV*°-neighbourhood % of
mo in Moy, ;-1 p and a TV >°-continuous map (h, k) : % — A x KX such that

k(m) -m - h(m) = myg

forallm e % .

PrROOF. (During the proof (1)—(7) will refer to the conditions in 2.1)

The statement is trivial for D = (J, so we may assume that D is non-empty.
We claim that we may write D = D{U...U D;, whereeach D; i = 1,...,1)
is alocally finite (relative to P) union of disjoint compact subsets of P. Indeed,
from [4], Theorem V 1, we deduce that we can cover P by at most dim P + 1
open subsets, all of whose connected components are relatively compact. By
shrinking these open subsets a bit and taking their closures, it follows that P
may be covered by at most dim P 4 1 closed subsets each of which is a locally
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finite union of disjoint compact subsets of P. Intersecting these with D we
obtain Dy, ..., D; as claimed, and furthermore we see that / may be chosen
to be at most dim P + 1.

In the following we let [ be the minimal number for which D can be written
as above. We shall proceed by induction on/ > 1.

I = 1: Write D = Dy =[],y K« as the locally finite union of disjoint
compact subsets K, C P. For every a € N, choose a relatively compact open
subset V, of P with K, C V,, so thatalso [, Vyisa locally finite disjoint
union of compact subsets of P. We write U, = f —1V, and notice that U, is
relatively compact by properness of f.

Fix o € N. According to the hypothesis of the proposition, there is a Tt W*°-
continuous mapping (h,,, k) : %, — - x ¢ defined ona t W>-open neigh-

o’ o

bourhood %, of mq in .#,,, -1k, with
{x € N : hl,(m)(x) # ho(x)} C Uy,
{y e Pk, (m)(y) #ko(»)} C Va

and k,(m) - m - h,,(m) = mg for allm € %,.
Itis clear that a 772, -continuous mapping ry : Ay, r-1p = C(N, Q),
is defined by the assignment

m(x), ifxe f'K,

ra(m)(x) = {mo(x), ifxeN—fK,

form € ., s p- By definition r, (m) is independent of m outside the com-
pact subset f~!K, of N, and hence the topology t ]?f’l x, coincides with both
TW and T V> on the image of r,,. Every m € .#,,, -1 p is equal to elements
of . locally on N, hence by (6) and continuity of r, we may find a r}’?l K"
neighbourhood %, of mq in .4, ;-1 p, such that ro,(%,) C .# . Shrinking %,
we may in addition assume that r, (%) C %, so that

(he, ko) = (W k) ory : Uy — H X K

a’ o

is well-defined and (r}?‘J T W*)-continuous.

—lKav
Now let Z = (), cy %« Then % is ©V>°-open by 1.1.1, and we define a

aeN
map (h, k) : # — C®(N, R;) x C*(P, R;) by the assignments
he(m)(x), ifx € f~'V, for some (unique) € N.
h(m)(x) = .
ho(x), otherwise

and

k(m)(y) = {ka(m)(y), if y € V, for some (unique) o € N.

ko(y), otherwise
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form € %,x € N and y € P. By the choice of the V,, h(m) and k(m) are
smooth maps for all m € % . It is also clear that 4 and k are (t ;??, K rg’ )- and

(rf??l K, 72°)-continuous respectively for all «, and hence 7V *°-continuous.
Since h(mi is equal to members of .7 locally on N, tV°-continuity and
condition (6) makes it possible to shrink % so that h(%) C 7. Likewise we
may assume that k(%) C ¥'.

Let us once more fix an « € N and choose an open subset V,, of P con-
taining V, and intersecting Vg trivially for 8 # . Applying (1) together with
(t}’?, K, ‘L’%‘; )-continuity of /2, we see that for m in some ‘L'}’?, X, -neighbourhood
of moyin % C ‘%mo,f’]D’

mil oy, =malpap, = my - h(m)lg, =my - him)lg,

for arbitrary m, m, € .. If we restrict to my, my € My, s-1p then m; and
my agree on f~'V, exactly when they agree on f 'K, so we arrive at

(1) mil|p-1g, = ma|p-1g, = my - h(m)|y, = ma - h(m)|y, .
Replacing % with the intersection of all these ‘L’}?fl «,-heighbourhoods for «

running through N we still have that % is TV °°-open, that
(h, k) : U —> H xH

is T V*°-continuous, and that (1’) holds for all « € N, m € % and m;, m, €
Mo, r-1p- We only need to check that k(m) - m - h(m) = mg forallm € % .

Let m € % and a € N. Since h(m)|y, = hy(m)|y, = h'(ry(m))|y, and
m|p-1g, = re(m)|s-1g,, then

m - h(m)ly, C ra(m) - h(m)ly, 2 re(m) - hl,(re(m))|y, -

Hence, by the assumptions on 4/, and k,,

k(m) - m - h(m)]y, 2 k(m) - ro(m) - 1, (re (),

= k' (ra(m)) - 1o (m) - h,(re () |y, = moly,.

On the other hand, h(m)|y_s-1p = holy—f-1p, SO

2
h(m) -m|y_p-1p = ho-m|y_p-1p =m|y_s-1p = mo|ly_s-1p,

and, since k(m) o f|y_s-1p =koo f|y—y-1p,then

3) @)
k(m)-m|y_f-1p-h(m) = k(m)-mo|y—g-1p = ko-mo|n—r-1p = moly—-1p.
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We have thus proved that k(m) - h(m) - m coincides with my on (N — f'Dyu
U, U« = N, as desired.
Induction step. Assume [ > 1 and write D = D" U D; where D° = D; U

... U D;_;. Choose a closed D* such that D, is contained in the interior D* of
D*, and DF can be written as a locally finite union of disjoint compact subsets
of P. Then by the induction hypothesis applied twice with D” and D* in place
of D we obtain t V°°-continuous mappings

(W’ k) : U — A x H
with %" a T V*>°-neighbourhood of m in Moy, 1> and
(W KDY Ut — 0 x H
with %* a TV *®-neighbourhood of m in Moy, f-1 Dt Such that
Km®) -m® - h°(m”) = my and K (m*) - m* - h*(m*) = my

for all m” € %° and m* € #".
Choose a closed subset C of N with

N—-f-lD:cCcCcN-f'D,

and let r = 7y cn—f-1p, : W — C(N, Q) be the TV >-continuous map
from (7). Let m € My, r-1p N #. Then r(m)(x) = mo(x) if either x €
N — (N — f7'D)) = f~'D; or m(x) = mgo(x), which is the case when
x € N — f~'D. Inparticular, r (m) agrees withmon N — f~'D" c f~'D;U
(N—f"'D),sor(m) Moy, N— ¢-1 pr- Consequently, we may choose a TV >°-
neighbourhood % C 4, s-1pN# of moonwhich (h°, k") or is well-defined.
Using (1) and the continuity of 4” we may in addition assume that
mily, = male == mi - (0 0 r)(m)|g=p=rpz = ma - (0 o r)(m)l5=7=p

for all m € % and m,m, € .#. Since, for m € %, m|c = r(m)|c, this
implies that

m - (h” or)(m)|y—s-1p: = r(m) - (h° or)(m)|y_s-1pz,
whence

K’ (r(m)) - r(m) - h*(r(m))|y_ -1 ps

2R (m)) - r(m) - K (r(m)) | y— 10 = moly— -1 pe-
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This shows us that m* := k”(r(m)) - r (m) - h®(r (m)) belongs to .#,,, ;-1 p: and
depends 7V *°-continuously on m. By shrinking % we may thus assume that

h(m) = h’(r(m))h*(m*)

and
k(m) = k*(m*)k’ (r (m))

are defined for m € % and depend t V °°-continuously on m. By condition (5)
the map (h, k) : % — ¢ x ¢ has the desired properties.

3. The transversality theorem

In this section we prove that C*°(N, P) is a Baire space with respect to TV *°
and go on to prove the Multi-jet Transversality Theorem, also with respect to
T V. These results were proved by Mather with respect to t W ([6], 3.1 and
3.3). More-or-less these results are also stated by Morlet [7]; however, it is
not quite clear which topology he intended to use — he remarks on p. 4-03,
1. -6, that his topology ¥*° is that defined by Douady [2], which is 7V °°; on
the other hand, his somewhat unclear definitions suggest that it is the trivial
topology. ..

3.1. The Baire space property. We shall first prove that C*°(N, P) is a Baire
space, i.e. that any countable intersection of open dense subsets is dense, in
the very strong topology. In the following N and P will be manifolds without
boundary. A few lemmas of a somewhat technical character are extracted from
the proof and stated separately to make the arguments more transparent.

In the following di will be a choice of a metric on J*(N, P) that turns
JX(N, P) into a complete metric space. To simplify the notation we define,
for f € C*(N, P)and k € N,

ZB(f)={g € C®(N, P):d,(jgx), j f(x)) <27F
forallx e N0 <s Sk}.

JB*(f) is easily seen to be a T WX- and hence a TV *°- neighbourhood of f.

LEmMMA 3.1.1. Let f, € C*°(N, P) forn € N and assume f,.1 € B"(f,).
There exists an f € C®(N, P) such that, for all k € N, j* f is the dy-uniform
limit of the sequence {jkf”}neN in C*(N, JK(N, P)).

In particular, f = 1C*® —lim,_, o fu-
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ProoF. Letk € N. For s, > s; > k and x € N we have

Sz—l
de (¥ £, (), 35 £, (0)) < D7 di (G frn (), 5 fi ()
-
< ZZ*i (since fiy € B (f;) fori > k)

< 27l

This shows that {jkfn (x) }neN is a Cauchy sequence in J¥(N, P), uniformly in
x. By completeness of J(N, P) in the metric dy, the sequence { i f (x)}neN
has a uniform limit which is the graph of the pointwise limit-map, f, of the
sequence of f;’s.

Completeness of the metric d; implies that, in suitable local coordinates on
P, the sequences of partial derivatives of coordinate functions of {f,},cy of
degree at most k have uniform local limits. By classical results these limits are
the corresponding partial derivatives of the coordinate functions of f. Since
this holds for all £, f is smooth.

For the last statement it suffices to observe that for f to be a limit of a
sequence {f,},cy in the topology tC it is only required that the sequence
{ i* £ }n converge d- uniformly to j* f on any compact subset of N for all k.

LeEmmA 3.1.2. Let f € C*®°(N, P), and let W be a tV*°-open neighbour-
hood of f. Then there exists a smaller TV *°-open neighbourhood ¥ of f
whose T C*®-closure is contained in W .

PrOOF. Let {K,},cy be alocally finite compact covering of N and let, for
all &, # be a tg°-open neighbourhood of f such that (), %, C #. It is
clear that we can find a closed neighbourhood 4, C C*(N, P) of f in the
topology ¢~ such that €, C #,. ¢, is in particular tC*-closed so Ny G
will be a T C*°-closed t V*°-neighbourhood of f contained in % . This proves
the lemma.

PropPoOSITION 3.1.3. Let F be a tC*™-closed subset of C*°(N, P). Then F
is a Baire space with respect to TV ™.
In particular, C*° (N, P) itself is a Baire space with respect to TV °.

Proor. For all n € N, let %, C C>*(N, P) be a TV >-open set such that
F N U, is tV>-dense in .% and let % be a TV >°-open subset of C*(N, P)
that intersects .# non-trivially. We must show that 2 N (", %, N .F # 0.

Choose f; € # N 24 N % (this is possible because % is open and % is
dense in .#) and choose by 3.1.2 a 7V *°-open neighbourhood ¥] of f; whose
T C*-closure is contained in % N % .
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Open in .Z Dense in %

Choose inductively f,11 € " (f,) N ¥y NF N1 NF and (by 3.1.2)
a 7 V*>-open neighbourhood ¥, of f,+; whose TV *°-closure is contained in
B"(fo) NV O Uy

Since f,+1 € $B"(f,) foralln € N, Lemma 3.1.1 guarantees the existence
of f = tC* —1lim,_ « f, whichis contained in the Tt C*°-closed set .%. Since
fm € Y C Yy forallm,n € N withm > n, f must be contained in the 7 C*°-
closure of ¥, which in turn is chosen to be a subset of %;,. We therefore only
need to check that f € % . But this follows immediately since the T C*°-closure
of #1 is contained in % .

3.2. Transversality. Asin[6], Ch. 1, we define N, respectively J kKN, P,
to be the product of N, respectively J k(N, P), with itself r times and define
wn" i JE(N, P)" — N to be the r fold Cartesian product of the source map
my @ JE(N, P) — N with itself. Let N© = {(x,...,x,) € N" : x; # x;,
1 <i < j <r} and define ,JX(N, P) = (ry")""(ND), the r-fold k-jet
bundle. ,J*(N, P) is easily seen to be a manifold with the differentiable
structure inherited from J*(N, P)". For f € C*®(N, P) the k-jet map , j* f :
N® — JX(N, P) is also just the restriction to N of the r-fold Cartesian
product of j* f with itself. We have

PROPOSITION 3.2.1. Let W be a submanifold of ,J*(N, P), C a compact
subset of W. Then Jy.c = {f € C®°(N,P):,j*f d Won C} is TV>-open
in C®(N, P).

PRrROOF. The result follows from [3], Lemma I1.4.14, where F ¢ is shown
to be even T W>-open.

Also the following theorem is valid both with respect to T W and 7V °.
The T W*-case can be found in [3], 11.4.13. The proof in the TV *°-case will
build on that result.

MULTI-JET TRANSVERSALITY THEOREM 3.2.2. Let W be a submanifold of
+J¥(N, P). Define

Tw={feC®N,P):,j*faW}.

Then Sy is residual in C*°(N, P), i.e. a countable intersection of open and
dense subsets of C*°(N, P).
In particular, Jy is dense in C*°(N, P).

PrROOFOF3.2.2. FORT V. Let{Cy},cy be afamily of compact sets covering
W. Then Jy = (), Jw,c,. and to show that Fy is TV *-residual it suffices
to show that each Zyy ¢, is open and dense with respect to TV >°. Openness
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follows from 3.2.1, so we are left with proving that Zy ¢ is TV >°-dense in
C*°(N, P) whenever C is a compact subset of W. To that end we let % be
an arbitrary non-void 7 V*°-open subset of C*°(N, P) and aim to prove that
U N Ty.c #9.

sry" is continuous so wy"(C) is a compact subset of N” and, with pr; :
N" — N the projection onto the i’th coordinate, we define a compact subset
of Nby K =J,_, _, pr;(mn"(C)).

Choose f € %, and let U be an open subset containing K with compact
closure U in N. Define # and r = rrxu 2 W — CP(N, P)asin 2.3.2.
The image of r is contained in the set {g € C*°(N, P) : fiy—v = glny—v} On
which TW> and V> coincide, by 1.2.1(2) and the compactness of U. In
particular, % N Imr is Tt W>-open in Im r, and the set %' = r Y c s
tW®-open in C*(N, P) by Tt W-continuity of r. By the t W-version of
the transversality theorem there exists a g € ' N Jy, and since g is equal
to h = r(g) on a neighbourhood of K, their multi-jet maps coincide in a
neighbourhood of K" N N in N, Therefore , j*h intersects W transversely
at every point x € K" N N, On the other hand, if x € N© — K’ then
-j*h(x) ¢ C by definition of K. Consequently , j*& is transverse to W on C,
whence 4 is an element in N Jy ¢, proving that this set is non-void.

We have shown that Jy is TV °°-residual, so density now follows because
C*°(N, P) is a T V°°-Baire space (by 3.1.3).

4. Definitions of stability
In this section N and P are smooth manifolds without boundary.

4.1. For f € C®(N, P) we let X(f) be the set of critical points of f,
i.e. the points in N where the differential-map df, : TcN — Ty P is not
surjective. A(f) = f(X(f)) is the discriminant of f.

In the following we are going to study three particular vector bundles over
N and P, namely the tangent bundles TN — N and TP — P, and for
f € C*(N, P) the bundle f*T P — N whose fiber over x € N is Ty P.
The set of sections @(N) = I'*°(TN) in TN are called vector fields on N.
®(N) will be considered a C°°(N)-module via fiberwise multiplication and
addition. The sections in f*T P are called the vector fields along f; they form
the C*°(N)-module ® (f) = I'**(f*T P). Finally we have the C°°( P)-module
O(P) = I'>*(T P) of vector fields on P.

For fe C*°(N, P)therearemapstf : ©(N) — O(f) givenbyzf(&)(x) =
dfiEx))foré€e ®(N),xe N,andwf : ©(P) — O(f) givenby wf (n)(x) =
(no f)(x) forn € ®(P),x € N. Itfollows from 1.4.1(7) that ¢ f is TV *°- and
T W -continuous, while this (in general) is the case for wf only when f is
proper (cf. 1.4.1(2)).



CHARACTERISATION OF STRONG SMOOTH STABILITY 213

4.2. Definition. Let f € C®°(N, P). f is said to be

(1) stable if, for any g in an open neighbourhood % of f in a prescribed
topology on C*(N, P), g is equivalent to f in the sense that there there
exist i, € Diff*°(N) and k, € Diff>(P) such that g = k, o f o h,.

(2) strongly stable if f is stable and the assignments g — hg and g — k,

can be chosen to be continuous with respect to given topologies on the
spaces of diffeomorphisms in such a way that 1y = idy and ky = idp.

(3) quasi-infinitesimally stable if, for any v in an open neighbourhood %
of the 0-section in some prescribed topology on ®( f), there exist &, €
O(N) and n, € O(P) such that v =1f (&) + wf (,). (ile. tfO(N) +
wf®(P) is a neighbourhood of 0 in O (f).)

(4) strongly quasi-infinitesimally stable if f is quasi-infinitesimally stable
and the assignments v +— &, and v — 1, can be chosen to be continuous
in given topologies on ®(N) and ®(P) in such a way that §y = 0 and
No = 0.

(5) infinitesimally stable if f is quasi-infinitesimally stable (in any topology)
with Z = O(f).

It would also make sense to define strong infinitesimal stablility in the
obvious way, but we do not need this notion here (however, see remark 7.10).

As we already mentioned in the introduction, the notion of stability in (1)
is often called C*°-stability.

4.3. Finally we have the notion of local stability of f. Itis defined by either
one of the following equivalent conditions

(1) Forally € Pand S C f~!(y) withatmost p+ 1 elements (p = dim P),

O(f) s =1fON)5+wfO(P) .

(2) Forally € P, S C f~'(y) with at most p + 1 elements, and k > p,

O(f)s =tfON) 5+ of O(P) ] + (f*my + m§HO(f)7.

(3) The r-fold jet-map , j* f of f is transverse to every orbit in , J*(N, P)
forr > pand k > p.

(4) The r-fold jet-map ,j* f of f is transverse to every contact-class in
+JK(N, P)forr > pand k > p.

For equivalence of the statements see [6], 4.1 and 4.4.
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5. An example

Let f : Ry = R? be the embedding of the positive real axis into the plane
given by x — (x,0), x € Ry.

PRrOPOSITION 5.1. We have:
(1) f is quasi-proper.
(2) f islocally stable.

(3) f is both strongly stable and strongly quasi-infinitesimally stable with
respect to TV,

(4) f isneither quasi-infinitesimally stable, nor stable with respect to t W*°.

ProoF. (1): f is nowhere submersive so X (f) = Ry and A(f) = Im(f).
Clearly Z(f) = {0} avoids A(f).

(2): By the proof of [3], 2.3, any immersion is locally stable.

(3): This follows from I1.2.2.2, Corollaire 1, in [1] and is also a consequence
of 0.6, since f is quasi-proper and locally stable.

(4): Under the natural identifications ® (f) = C*®(R,, R?), ®(N) =
C*®(R4,R) and ®(P) = C>(R?, R?), any vector field v = (v, 12) € O(f)
that splitsasv = tf& +wfnforé € ®(N) andn = (51, n2) € O(P), satisfies
v, = mp o f, and hence v, : Ry — R extends smoothly to a map R — R.
By 5.2 below any T W*-neighbourhood of ®(f) will contain a vector field
v = (0, v;) where v, cannot be extended to R, hence v cannot split. Thus f is
not T W°-quasi-infinitesimally stable.

To prove the lack of T W-stability, let f; : Ry < R be the inclusion, and
suppose that f = (fi, 0) is stable with respect to T W. Then for any f, €
C*° (R4, R) sufficiently close to O there exist diffeomorphisms k = (ky, k) of
RZ and A of R.,suchthatk o f = (fi, f2) o h, i.e. such that

ki(x,0) =h(x) and ko(x,0) = f0h(x)

for all x € R,. Let (y1, y») and z be the canonical coordinates on R? and R,
respectively. Then "k‘ H(x,0) = d’; (x) and hence

ok d d
—2( ,0) = ﬁ(h(X))—( )= ﬁ(h(JC)) (x 0)

for all x € Ry. If f> is close enough to O (with respect to TW') then %
is uniformly bounded and hence %(O 0) = 0if ¢ ak‘ (O 0) =0.Butkisa
germ of a diffeomorphism at (0, 0) so ak? (O 0) and ak‘ (O 0) cannot vanish

simultaneously, whence : 3"' £(0,0) # 0. As a consequence the map Ry — R;
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X = h(x) = ki(x, 0) extends to a diffeomorphism in a neighbourhood of 0,
and hence f, =k, o (h~!,0) : R, — R extends smoothly to a neighbourhood
of 0, and so to a smooth map R — R. Since f, was an arbitrary map close
enough to O this contradicts Proposition 5.2 below.

PROPOSITION 5.2. Let
P = {h € C* (R4, R) : h does not extend to a smooth map R — R}.

Then 9 is open and dense in C*° (R, R) in Tt W, but open and closed in TV °.

PrOOF. Define an equivalence relation ~ on C*° (R, R) by
hy ~ hy <= h; — h; extends smoothly by O to a map R — R.

Each equivalence class is TV *°-open by 1.2.2, and since both Z and its com-
plement in C*°(R,, R) is a union of such classes, then & is both open and
closed in T V.

By [9], 2 coincides with the set

{h € C*R+, R) : B (x) does not converge as x — 0. for some r € N}.

It is then clear that if 7 € C*®(R,., R), such that 4" (x) does not converge as
x — 04 for some r, then h + (% N C* (R4, R)) C @ if % is the Tt W -open
subset from 0.5 of functions in C" (R, R) thatextend by 0 toa C"-map R — R.
Hence Z is indeed t W*-open.

To prove density of Z it will suffice to show that any T W>°-neighbourhood
of 0in C*°(R4, R) contains a map from 2. If r runs through N and a = {a, },cy
runs through the set of sequences of positive reals, then the sets

7/,,’0 = {f (S COO(R+, R) :
FO (5 LU, n +11) € (—an, @) VE <7, n €N}

n+1’ n

form a neighbourhood basis for 0 in T W*. Fix such r, a. For each n > 1,
choose a smooth ¢, : Ry — R with support in (#, 1) such that |¢{°| < a,

forall k < r and n € N, but with supg_|¢{”| = 1. Then )", ¢, C ¥.a N 2.

6. Quasi-properness is necessary for strong stability

The primary task in this section is to show that quasi-properness is a necessary
condition for strong stability in each of our two topologies T W and 7V °.
First of all, however, we present a statement essentially saying, that in order to
have any stable maps at all, the topology on C*° (N, P) should provide ‘good
control at infinity’.
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PROPOSITION 6.1. Let N be non-compact and equip C*°(N, P) with the
topology TtC™ or any weaker topology. Then C*°(N, P) contains no stable
maps.

PrROOF. Assume % is an open subset of C°°(N, P) in which all maps are
equivalent. Since % does not restrict the behaviour of its members outside
some compact subset K of N, there will be a g € % which is single-valued
on some open subset of N — K (which is open and non-empty by the non-
compactness of N). Thus by equivalence every map in % is single-valued on
some open subset of N, but this cannot be true for every element of an open
subset of C*°(NN, P), and we have a contradiction.

The following shows that even a very mild variant of strong stability implies
quasi-properness. Compare with [8], 4.3.2.

PROPOSITION 6.2. Let % be a tV°-neighbourhood of f in C*°(N, P),
and let h - % — Diff (N) be a (tV>®, Tt W°)-continuous map such that
Vg € % Ak € Diff'(P) : g =k o f o h(g).

Then f is quasi-proper.

PrOOF. We may clearly assume that #(f) = idy. By definition of quasi-
properness (1.3.3) we must show that Z(f) N A(f) = @. Suppose that this
is not the case. Then there is a non-accumulating sequence {x,},cy in N such
that { f (x4)},en has a limit y in A(f).

By shrinking % if necessary, we may assume that

lim g(x,) = lim f(x,) =y
oa—>00 o—00

forall g € 7. Since h is (tV>°, t W°)-continuous, so is g +> f o h(g) by the
tWO-version of 1.4.1(2) (see [5], Section 2, Proposition 1), and thus we may
also assume that

algllgo(f o h(g))(xe) = alillgo(f oh(f))(xy) = alingo f(xg) =y.
This shows that
y = lim g(x,) = lim (ko f 0 h(g)(xa) = k(»)

for any k € Diff! (P), with g = k o f o h(g) as in the statement of the pro-
position. Since k(A(f)) = A(g), y must belong to A(g), for any g € %.
But by Sard’s theorem ([3], II.1.6 and I1.1.12), A(f) is a set of measure zero
in P, so we can define an arbitrarily small perturbation of f which does not
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contain y in its discriminant. This contradicts the existence of y; hence f is
quasi-proper.

COROLLARY 6.3. If f is strongly stable with respect to TW or tV™°, then
[ is quasi-proper.

7. Local stability and quasi-infinitesimal stability.
In this section N and P will be manifolds without boundary.

PROPOSITION 7.1. Let f € C°(N, P) be quasi-proper. Then f is infinites-
imally stable if, and only if, it is locally stable and A(f) is closed.

Proor. By 0.3(1), we only need to prove that for a quasi-proper map, f|x(s)
is proper if and only if A(f) is closed. The “only if”’-part follows immediately
from 1.3.2(1). For the “if’-part, assume that y € P is an improper value for
flsp : Z(f) — P. By definition, y is the limit of some (non-accumulating)
sequence in X (f) and hence y is in the closure of f(X(f)) = A(f). If A(f)
is closed, then this implies that y € A(f) N Z(f) in contradiction with quasi-
properness of f.

PROPOSITION 7.2. Let f be quasi-infinitesimally stable with respect to either
TW® or tV®on O(f). Then f is locally stable.

PROOF. Let y € P and let S C f~'(y) be a finite subset. Choose p €
C*(N) such that § < p and p has compact support. Let v € ®(f). Then
we have a continuous map t € R — tpv € O(f), since the relative T W>-
and t V*>°-topologies on the image coincides with the relative Tflfi,p( p)-topology
(1.2.1(2)), which has a countable basis. The assumption of quasi-infinitesimal
stability implies that tpv € tf®(N) + wf®(P) when t > 0 is sufficiently
close to 0. By R-linearity, pv € tf®(N) + wf ®(P), and taking germs we get

vy = pv5 € tfO(N)5 + wf O(P).

Since any element of ©(f) can be represented as vy for some v, this proves
condition (1) in the definition of local stability.

PROPOSITION 7.3. Let f € C (N, P) be locally stable. Then f is strongly
quasi-infinitesimally stable with respect to TW™ on O (f).

To prove 7.3 we will apply Mathers ‘continuous’ version of the preparation
theorem. We will start by recalling the notation of [5], Section 6.

7.4. Let 2 be a topological space with topology 74, and let xo € 2
be a fixed element. For manifolds N and P let C* (N, P) denote the set of
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germs [ : (2, xo) — Cgf(N, P) of (14, T W)-continuous mappings. We
will identify C;7(N, P) with the subset of C #(N, P) of constant germs.

C? (N) will be the unital commutative ring of germs (.2, xo) — C®(N)
of (ty, Tt W)-continuous maps. The ring-structure is inherited from the ring-
structure of C*°(N). Identify the unital commutative ring C*°(N) with the
subset of C” (N) of constant map-germs. The inherited ring-structure from
C% (N) clearly coincides with the usual structure.

We have a ring-homomorphism evy : C* (N) — C*(N) that assigns to
A € C? (N) the constant germ with value A (xg).

For f € C* (N, P), let f* : C*(P) — C”(N) be the unital ring-
homomorphism that takes A € C# (P) into the germ at x, given by x >
A(x) o f(x). This is continuous by the T W -version of 1.4.1(2) and therefore
defines an element of C# (N). ev(f*) will be the unital ring-homomorphism
C*®(P) — C(N) sending the constant germ A € C*°(P) to the constant
germ x — A(xg) o f(xp). Clearly ev(f*) oevp =evy of™.

Now assume that A is a module over C# (P) and let .#p = kerevp, that
is, .#p consists of all germs A € C* (P) with A(xg) = 0. We letevA =
A/ MpA as a C®(P)-module. If C is a C? (N)-module and f € C* (N, P)
we will say that @ : A — C is a C* (P)-module homomorphism over f* :
C% (P) — C# (N)if o is additive and for any A € C#(P)anda € A wehave
a(ra) = f*La(a). Such an « induces in the obvious way a C*°(P)-module
homomorphismeva : ev A — ev C over ev( f*).

We now present one of the statements in [5], Proposition 6.1, as follows:

LEMMA 7.5. Let f € C? (N, P), let A be a finitely generated C* (P)-
module, and let B and C be C” (N)-modules with C finitely generated. Let
o : A — C bea C? (P)-module homomorphism over f*and 8 : B — C a
C? (N)-module homomorphism, such thatevo +evp :evA®evB — evC
is surjective. Then o« + B : A @ B — C is surjective.

We are going to use 7.5 where the modules are of a certain type, and before
starting the proof of 7.3 we will take a closer look at these modules.

7.6. Let m : E — P be a vector bundle over P, and let g : (27, x9) —
C*°(N, P) be a germ at xy of a (ryx, T W*)-continuous map. (We do not
demand that g takes values in Cgro (N, P), so g is not necessarily an element
in C* (N, P).) Let ' (g*E) denote the set of germs at x, of continuous
maps v : (27, x0) — C®(N, E) with 7*(v(x))=g(x),Vx € 2. We make
I'” (¢*E) into a C* (N)-module by performing multiplication and addition
in the fibers of E. More precisely, C* (N) x I'* (g*E) is a subset of the set
of continuous germs v = (p, V') : (2, x9) = C®(N,R) x C*°(N,E) =
C*(N,R x E). Composing such a v with the smoothmapm : R@ E — E
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that performs multiplication within the fibers of E, we get a continuous germ
mov : (Z,xy) - C®(N, E) by 1.4.1(3). It is clear that m o v belongs to
I'? (g*E), and m o v will be the multiplication of v' € I'* (¢*E) by p €
C? (N). In a similar fashion we define addition within I'* (g* E).

In the case where g is constantly equal to g (xy) one can show that '* (g* E)
is naturally isomorphic as C* (N)-module to the module of continuous germs
(Z, x9) = I'*®(g(x9)*E). (We will make no use of this claim.)

We shall need the following two facts from [5], p. 287.

(1) T'# (g*E) is finitely generated over C* (N).

(2) evI'* (¢*E) = I'? (¢*E)/.#yT? (g*E) is naturally isomorphic by
evaluation in xo to I'*®(g(x)*E); if E = T P, this is ®(g(xp)).

Proor oF 7.3. Let 2" = O(f) and let x(y be the O-section in ®(f). Let
A =T#(id% TP) as C* (P)-module and let B = I'* (id}, TN) and C =
I'? (f*T P) as C* (N)-modules in the way described above. From (1) we
know that A and C are finitely generated.

Let f € C? (N, P) be the constant germ with value f and leto : A — C
be the homomorphism over f* given by letting wf operate pointwise with
respect to 2, that is, a(n")(x) = of (n'(x)) forn’ € A and x € 2. In the
same manner we define 8 : B — C to be the C (N)-homomorphism given
by letting ¢ f operate pointwise with respect to 2.

From (2) above we know that ev A, ev B, ev C are naturally isomorphic to
O(P), ®(N) and O ( f) respectively. Under these isomorphismeva : ev A —
evC andev 8 : ev B — ev C are conjugated to wf and ¢f.

f is infinitesimally stable by 0.1, since f is locally stable and proper. Then
evat+evf =wf +1tf : O(P)DO(N) - O(f) is surjective and so, by 7.5,
a+ B :A® B — C is also surjective. Let ¢ € C be the germ at x¢ of the
identity 2" = ©(f) — ©O(f). We may then choose ' € A and &’ € B such
that a(n’) + B(&') = c. This tells us that for v in a T W*-neighbourhood %
of the 0-section in O(f) (= 2°) we have v = c(v) = a(n)(v) + BE)(v) =
wf (' (v)) +1f (&' (v)). Letting & = &' — £'(0) and n = 1" — 1’(0) we get the
desired T W>-continuous splitting of vector fields along f near the 0-section
implemented by the maps & and 7.

PROPOSITION 7.7. Let f € C*(N, P) be proper and locally stable. Then
f is strongly quasi-infinitesimally stable with respect to TV *°.

Proor. We shall apply 2.4 with the definitions made in 2.3. To check that the
assumptions of 2.4 are satisfied, notice that f is strongly quasi-infinitesimally
stable with respect to T W™ by 7.3. We may thus choose a t W*-open %’ C
O(f) = 4 and Tt W*-continuous maps &' : ' — O(N) = »# and 1 :
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v — ©(P) = with £'(0) = 0, n'(0) = 0, such that for any v € %,
v=1f§'W) +ofn(v),ie. (V) V) &' V) =my.

Given subsets K C V of P with K compact and V open, choose p €
C>(P) with K < p < V. When restricting to .#,-1x we may replace the
maps &’ and 1’ by p&’ and (p o f)n’ respectively, affecting neither the t W>°-
continuity nor the validity of (n'(v) -z v) - €' (V) = my. Clearly £&" and ’ thus
defined satisfy the conditions of Proposition 2.4, and the conclusion precisely
states that f is strongly quasi-infinitesimally stable with respect to TV °.

PrOPOSITION 7.8. Let f € C*°(N, P) be submersive. Then O(f) =
tf(®(N)). Indeed, there is a TW*®- and TtV *°-continuous C*(N)-module
homomorphism h : ©(f) — O(N) such that tf o h is the identity on O (f).
Moreover, h can be chosen so that v(x) = 0 < h()(x) = 0 for x € N,

v e O(f).

Proor. The tangental map df : TN — T P has constant rank since f is
submersive, so K = Kerdf C TN is a sub-bundle. Let L C T N be another
sub-bundle complementary to K, thatis, K & L = T N. Then df induces an
isomorphism L — f*T P of vector bundles, and hence the composite map

¢ O(N) = I(K) x T(L) XL T(K) x O(f)

is a topological isomorphism in both topologies. Define £ to be the continuous
composition

O(f) %Y, r=(K) x B(F) L ON).

Then & has the desired properties.

THEOREM 7.9. Let f € C*°(N, P) be quasi-proper and locally stable. Then
f is strongly quasi-infinitesimally stable with respect to TV °.

ProoF. We shall describe stepwise a chain of tV *°-continuous manipula-
tions of vector fields (along f, on N, and on P) starting in a neighbourhood %
of the O-section in ® ( f) and eventually producing t V *°-continuous splittings
of the vector fields along f in % . Throughout the proof ®(f), ®(N), and
®(P) are equipped with the topology tV*°.

Let V C P be an open neighbourhood of A(f) suchthat fy : f~'V — V
is proper. Let 0 € C®(N), (f) < o < f~'V. This is possible since X (f)
is closed in N and contained in the open f~'V.

The proof works as follows. If v is a vector field along f, we damp off v
outside f~!V. Then we use properness of fy and 7.7 to split the damped vector
field vgamped into vector fields on N and P. It remains to split v — Vdamped
which is O near X (f). This can be done from the right by 7.8.
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To start with let % be any open neighbourhood of 0 in ®(f). We shall
gradually shrink %7, when necessary. Throughout we assume that v is a member
of .

Step 1: Since o v is equal to the 0-section outside supp o which is contained
in £~'V, the restriction of o'v in the source to £ ~'V is continuous by 1.2.1(3),
and since the restricted map maps into the open subset f*T'V of f*T P fibered
over f~1V, we see that v; = ov|-1y : 7'V — f*TV € O(fy) depends
continuously on v.

Step 2: fv is locally stable since f is, and hence fy is strongly quasi-
infinitesimally stable by 7.7. Let &; and 5, be the continuous maps implement-
ing the splitting of vector fields along fy near 0. We will assume that % is so
small that &; and 1, are defined at vy, hence v; = & (v)) + wf 1 (vy).

Step 3: By 1.2.2 we may assume that &, (v) can be extended smoothly by
the O-section in ®(N) outside f~'V to a vector field & on N such that &
depends continuously on &; (v;) and hence on v. Likewise may we assume that
n1(vy) extends by 0 to a vector field 1, on P in a way depending continuously
on v.

Step 4: Let vy, = v —tf& — wfn,. Then v, depends continuously on v. For
x in the neighbourhood C of X (f) where o(x) = 1 we have the following
equalities v(x) = vi(x), §1(v)(x) = &(x), and n (W) (f(x) = n2(f (x)),
hence v,(x) = 0.

Step 5: Let N3 = N — 2(f). Since C is a neighbourhood of X(f) in N, the
vector field on N3 defined by v3 = v,|y, : N3 = T N3 depends continuously
on v; and hence on g by 1.2.1(3) and 1.2.1(2).

Step 6: Let f3 = fl|n, : N3 — P.Then f3is submersive. By 7.8, f3 has a
continuous right inverse, &3 : O(f3) — O(N)s, i.e. v3 =1 f3£3(v3).

Step 7: As in Step 3 we may assume, that £3(v3;) extends by Oon X (f) toa
vector field & on N continuously in &3(v3) and hence in v. Clearly v, = ;.

We are now at the end of the chain. Let £(v) = &, + &, and n(v) = n,. Then
& and n depend continuously on v and

tfEW) +ofn) =tf& + tf& +ofm) =va+ v —wn) =

By construction £(0) = 0 and n(0) = 0, and we have the desired tV*°-
continuous splitting of vector fields along f near 0.

7.10. Remark. In 7.3 and 7.7 we saw that locally stable proper maps are
strongly quasi-infinitesimally stable with respect to both t W and t V°°. Since
such maps are also infinitesimally stable (by 0.3(1)) one may ask if we can
take the domain % C ©(f) from the Definition 4.2(3),(4) of (strong) quasi-
infinitesimal stability, on which the splitting maps are defined, to be the whole
of ®(f). Thisisindeed possible in the T V *°-case but requires a slight extension
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of our arguments in 7.7. It appears that it also holds for T W, but a proof would
require a quite substantial reworking of Mather’s preparation theorem 7.5.

8. Local stability and strong stability
Throughout N and P are manifolds without boundary.

THEOREM 8.1. Let f € C*°(N, P) be stable in the topology TV >°. Then f
is locally stable.

ProoF. The corresponding result for Tt W was proved by Mather in [6],
4.1. The proof carries over to the TV °°-case: By stability of f thereisa t V°°-
neighbourhood % of f consisting of maps that are equivalent to f via diffeo-
morphisms in N and P. Let W C ,J*(N, P) be an orbit, i.e. W is a subset
invariant under the action of (germs of) diffeomorphisms of N and P. By [5],
1.4, W is a submanifold. The set of maps g € C*®(N, P) with , j*g transverse
to W is T V°°-dense by the Multi-jet Transversality Theorem 3.2.2. Hence there
isa g € % with, j*g transversal to W. Since W is an orbitin ., J*(N, P), . j* f
must also be transverse to W, since f and g are equivalent. Thus f is locally
stable by criterion (3) of 4.3.

The proof of sufficiency of local stability (and quasi-properness) for strong
stability is more involved and is split into several parts. First we give an ex-
planation of the notation used below.

8.2. Foramapg: N x I — P,where I = [0, 1], will we use the notation
g; for the maps g(-,7) : N — P defined for ¢t € I. We write (by an innocent
abuse of notation % for the map g—f(-, t): N —> TPforeacht e I.

Letwny : NxI — Nandwp : P x I — P be the projections and let
g € C®(N x I, P). Thenthenthereisamapt'g : T*°(nTN) — I'*°(g*T P)
uniquely defined by t'g(§), = t(g,)(&) fort € I and & € T*°(njTN). Also
we define a map w'g : T*(@pTP) — I'*(g*T P) by o'g(n); = w(g:)(n;)
fort € I andn € '™ (7 ;T P).

The following two lemmas are taken from [5], where they can be found,
with proofs, as Lemma 1 and Lemma 2 in Section 7.

LEMMA 8.3. Let g : N x I — P be a smooth map with gy = f. Suppose
heC®N xI,N)andk € C®(P x I, P) are such that hy = idy, ko = idp,
h, and k, are diffeomorphisms for all t € I, and such that

0
g + g,
ot
when & € I'°(nyTN) and n € (T P) are defined by
oh ok
gt:——tohl n,:—tokl_l, tel.

ot B ot
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Then g,(x) =k; o f oht_l(x)forallt € landx € N.

LEMMA 8.4. There exists a T W -neighbourhood Oy of 0 in (75 TN)
such that for each & € Oy, there exists Oy(§) € C*°(N x I, N) such that
Oy (&) is a diffeomorphism of N for eacht € I, Oy(£)y = idy, and

00y (&),
ot

Moreover, the mapping Oy : Oy — C®(N x I, N) is Tt W -continuous.

olyE) =g, rel

We now prove

ProrosITION 8.5. Let f € Cgro (N, P) be infinitesimally stable. Let D C
V. C P, where D is closed in P and V open. Then there exist a TW-
neighbourhood % of f in

Myap={g € CON, P)igly—s1p=flv-rp)

and a Tt W -continuous map (h, k) : % — Diff>*(N) x Diff*(P) such that
(h,k)(f) = (idy,idp), and for all g € %,

(@) g =k(@) o foh(®)

(b) fx e N:h(®)(x) #x}C [V,

(©) {yeP:k(g)y)#y}CV.

Proor. Throughout the proof we equip all mapping-spaces with the topo-
logy T W*°.

Let y and Ux be as in 2.3.2, and let %’ be an arbitrary open neighbourhood
of fin C*(N, P), such that (f, g)(N) C Ux for all g € %’. Letting 7; :
N x I — I be the projection, we have a continuous mapping (by 1.4.1(1) and
(2), since my is proper)

QU NMp-p—> X5 g y(fomy,gomy, mp),

where 2" = {g' € C*(N x I, P) : g{ = f}.
From [5], p. 288, it follows that there is a T W *°-neighbourhood % of fomy
in 2" and t W-continuous § : % — I'*(myTN)andn : % — I'™°(npT P)
satisfying £(f omry) =0, n(f omry) =0and forall g’ € #,
ag’ / /
5 =18/ ¢ + '8 ().
Choose a function p € C*®(P), D < p < V. By shrinking % we may
assume that p o g’ = 1 on f~!D x I for all g’ € % . Define mappings &’ :
% — I'*(@yTN)andn' : % — I'*®(jT P) by

(@)= (forn)'p-£() and n'(g)=njp-n(g), ge¥.
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By continuity of & we may, and do, shrink %/’ so that In® C #. Let
g €Im®. Then po g’ = po f omy, and since (%‘:)l Iv—f-1p = O for all
t € I, we have

dg’ .0 RPN, e
o = (f omy) P = (fomn)p-('g'(E(E)) +w'g'(n(g)))
=1'g'(¢'(g") + o'g'(n'(g").

By continuity of £&” and ’ we may choose %’ so small that, for g’ € Im &,
the vector fields —&’(g’) and n’(g’) are integrable in the sense of 8.4 and thereby
find h'(g’) € C*°(N x I, N) and k'(g’) € C*®°(P x I, P) such that h'(g’), €
Diff*(N), k'(g'), € Diff>*(P) forallt € I, h'(g')o = idy, k'(g")o = idp and

oh'(g": Ok’ (8

k(o *1= s
ot o oK@ M

oh'(g) T =—¢&,

Integration is continuous, so g’ —> (h'(g’), k¥’(g’)) is continuous.
It follows from Lemma 8.3 that

g =K@ ofolg) ' Viel,

so with iy € Cgf(N,N x I)and ip € Cgf(P, P x I) defined by iy(x) =
(x,1),x e N,ip(y) =(y, 1),y € P, the maps

h=iyoh o®:% Ny 1p— Diff*(N)

and
k=i} okl o ® U’ NMr1p— Diff*°(P)

are continuous with
g=k(gofoh(g)' for ge¥ =% 0OMp.

If&'(g"):(x) = O0forallz € I forsomex € N, g’ € Im ®, thenh’(g'),(x) =
x forall t € I.In fact, B(t) = h'(g);(x) is the uniquely determined solution
to %(r) = —¢&’(B(1), t) with B(0) = x, and hence S(t) = x for all r € I by
uniqueness. This immediately gives us that

{x € N:h(g)(x) #x} Csupp(f*p) C 'V

and that 4 (f) = idy by the construction of 4.
The properties of k are proved similarly.

THEOREM 8.6. Let f € C*°(N, P) be proper and locally stable. Then f is
strongly stable in the topology TV ™.
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PrOOF. Let . # = CY (N, P), mg = f, 7 = Diff*(N), ho = idy, # =
Diff*°(P), and ko = idp as in 2.2 and define the actions accordingly. By
replacing k by k~! we see from 8.5 that the assumptions of 2.4 are fulfilled.
The conclusion of 2.4 is exactly that f is strongly stable in TV °.

ProrosiTION 8.7. Let f € C*(N, P) be submersive. Then there exist a
Tt W®-neighbourhood % of f in C*°(N, P) and a t W*°-continuous mapping
h: % — Diff*(N) with h(f) = idy and g o h(g) = f forall g € % .

Moreover, we may suppose that h(g)(x) = x for each x € N such that

gx) = f(x).

This proposition is a special case of [8], 3.6.1. We give an alternative proof
here.

Proor oF 8.7. Throughout the proof we equip all mapping-spaces with the
topology T W°. We will use the notation introduced in 7.4 and 7.6.

Let Z ={geC®WNxI,P):go=f}andletxg = fomy. Let g €
C” (N x I, P) be the ‘identity’, i.e. g is the germ at xo of the map x € 2" >
x € C®°(N x I, P). Regard C = I'* (¢*T P) as module over C* (N x I).
From the proof of 7.8 we know thatdf : TN — T P induces an isomorphism
of vector bundles L — f*T P, where L is some sub-bundle of TN — N.
Clearly this extends to an isomorphism of the bundles 75 L — N x I and
(fomn)*TP — N x I, hence induces an isomorphism

(x) t'(fonmy) : T®(@yNL) — T((f ontn)*TP)

of C®°(N x I)-modules.

Put B = F‘%(n;\‘,L), and let B : B — C map v € B to the germ at xg
of x = t'(g(x))(v(x)) = ’x(v(x)). From 1.4.1(7) follows that this germ is
continuous in x, hence g is well-defined. Clearly S is a C# (N x I)-module
homomorphism.

Via the natural isomorphisms from 7.6(2) we have I'**(wyL) = ev B =
B/ My BandT*((fory)*TP) =T*(g(x0)*TP) =evC = C/MnxC,
andev g : ev B — ev C is the ismorphism in (*). Consequently, C = 8(B) +
Mn1C, and since C is finitely generated by 7.6(1), then C = B(B) by Na-
kayama’s lemma [5], p. 281.

Now let v be the germ at x¢ of x — % el (gx)*TP),tel,x € X.
This clearly defines a element of C = ' (¢*T P), and we may find &' €
B=T? (75 L) such that B(£) = v. Choose a representative £ : % C 2" —
[y L) C Ty TN)for&’, which satisfies %—‘f =1t'g(&(g))forallg € #.
We can then proceed by integration of £ exactly as in the proof of 8.5 (use
n = 0), obtaining the map h.
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To prove the last statement, assume g(x’') = f(x’) for some x’ € N. Con-
tinuing with the notation from the proof of 8.5, then g’ = ®(g) : N x I — P

will have g/(x") = f(x) forall f € I, hence (%) (x') = 0 for all 7. The lift
t

&= é(%‘;/) € I'*®(mry, L) will then satisfy & (x’) = Oforall¢, and by integrating
& we see that 2(g)(x") = x/, as claimed.

THEOREM 8.8. Let f € C°°(N, P) be submersive. Then there exist a TV *>°-
neighbourhood % of f in C*°(N, P) and a tV°°-continuous mapping h :
U — Diff>*(N) with h(f) = idy and g o h(g) = f forall g € % .

Proor. We will apply 2.4 with the data: .# = C*°(N, P),mo = f, H =
Diff*(N), ho = idy, and with ¢ the trivial subgroup {id P} C Diff*°(P);
the action of % on ./ is necessarily trivial, and continuous. The proper map
denoted f in 2.1 will play no rdle, so, to satisfy the conditions of 2.4, we take
this map to be idy. (To be precise, we define the manifolds N, P, Q, R, R,
in 2.1 to be the manifolds N, N, P, N, N (respectively) from the assumptions
of the theorem we are proving.)

Now the assumptions of 2.4 are satisfied by 2.2 in view of the last statement
there. The conclusion of 2.4 gives the claim of our theorem.

THEOREM 8.9. Let f € C*°(N, P) be quasi-proper and locally stable. Then
f is strongly stable in the topology TV °°.

PrOOF. Very much as in the proof of 7.9, we will describe stepwise a chain
of compositions of mappings of mapping-spaces eventually producing # and
k. Throughout the proof all mapping-spaces are equipped with the topology
V™.

By the definition of quasi-properness (1.3.3), there exists an open subset
V C P such that fy : f~'V — V is proper. Choose in addition a closed
subset C and an open subset U of N with

E(f)C(o?CCCUCUC ),

where C is the interior of C and U is the closure of U in N. Define # and
r=rgcuy W — C*(N, P)asin2.3.2.

Let # C W be a TV >-open neighbourhood of f, and let g € %. To
limit the notation, we will not explicitly write down the domains of all the
continuous mapping-space mappings that we define below, but simply use the
term ‘we may assume. . .’ to indicate that the succeding statement is valid after
a possible shrinking of % .

The idea of the proof is very similar to that of 7.9. Given a map g in %,
r(g) restricts continuously toamap g; : f~'V — V. By properness and local
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stability, fy is strongly stable, hence there exist diffeomorphisms of f~!'V and
V that conjugate g; back to fy. These diffeomorphisms depend continuously
on g, and we may thus assume that they extend to diffeomorphisms of N and P
respectively. These diffeomorphisms conjugate g to a map (denoted g, below)
that coincides with f on a neighbourhood of X ( f). Finally we conjugate g,
to f, using 8.8 and the fact that f is submersive away from X ( f).

Step 1: We may assume that r(g) (U) c V. Since r(g) coincides with f
outside U C f~'V, this implies that r(g)(f~'V) C V. By 1.2.1(3), g =
r(g) : f~'V — V depends continuously on g.

Step 2: fy is locally stable since f is, and hence fy is strongly stable by
properness and 8.6. Let .2; and k; be the continuous maps from the definition of
strong stability taking values in Diff>° (£ ~'V) and Diff>° (V) respectively. We
may assume that /2| and k; are defined in g;, hence g; = k1(g1) o foh (gl)_l.

Let C’ be a closed neighbourhood of X (f) contained in the interior of C.
Using that & (f) = idy, we may assume that /#,(g;)(C’) C C by continuity
(we will need this in Step 4).

Step 3: By 1.2.2(1), we may assume that /;(g;) can be extended smoothly
by idy outside f~!V toamap h, € C®(N, N). By the continuity statement in
1.2.2(2) we may assume that /1, maps into the open subset of diffeomorphisms
of N, and that /1, depends continuously on i, (g;), hence on g. Likewise, k;(g1)
may be extended by idp outside V to a diffeomorphism &, of P, depending
continuously on g;.

Step 4: Let g» = k™' o g o hy. Then g, depends continuously on g. Let
C’ be as in Step 2. For x € C’, hy(x) = hi(g1)(x) € C, s0o g o hp(x) =
g1 0 [h1(g1)](x), and

g2(x) = k(g1 0 ha(x)) = [ki(g) ™" 0 g1 0 i (g)]I(x) = f(x).

It follows that g, coincides with f on C’. It thus remains to find diffeomorph-
isms that conjugate g, to f.

Step 5: Let N3 = N — Z(f). Since C’ is a neighbourhood of X (f) in N,
g3 = g : N3 — P depends continuously on g, (by 1.2.1(3)) and hence on g.

Step 6: Let f3 = f| : N3 — P. Then f; is submersive. Let /3 be the
continuous map from 8.8 taking values in Diff *(/N3). We may assume that /i3
is defined at g3, with h3(g3) satisfying g3 o h3(g3) = f3.

Step 7: By the argument from Step 3, we may assume that 43(g3) extends
by idy on X(f) to a diffeomorphism &4 of N, continuously in 43(g3) and
hence in g. Clearly g, o hy = f, since g2|s(p) = flz(y)-

We are now at the end of the chain. Let h(g) = h; o hy and k(g) = k;. Then
(h, k) depends continuously on g, and

k(g) ' ogoh(g) =k 'ogohyohs=g ohy=F.
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By construction 4(f) = idy and k() = idp, so the maps & and k implement
the strong stability of f.

9.
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