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SOME CHARACTERIZATIONS OF THE PROPERTIES
(DN) AND (£2)

LE MAU HAI and NGUYEN VAN KHUE

Abstract
The aim of this paper is to show that
H,(B,F) = H(B,F)

for every LB™ -regular compact set B in a Frechet space E if and only if F is a Frechet space
having property (DN). At the same time, the equivalence between the existence of a LB -
regular compact set B in a Schwartz- Frechet space £ with an absolute basis and the property
(£2) of E is also established here.

1. Introduction

Let E be a Frechet space with the topology defined by an increasing system
semi-norms  {|| ||k} For each subset B of E we define
H |5 : E* — [0,4 0] given by

Hqu = sup {|u(x)| 1X € B}

where u € E*, the topological dual space of E.
Instead of H we write H where

I,
U, = {er: Ixll, < 1}

Now we say that E has the property e .
(DN) 3p3d>0vg Ik, C>0:| |, <l [ 11

(2) Vp3q,d>0Vk3IC>0:]| H*”" <)l I H
(LB>) V{pn}neN T oo Vp dg Vng ANy > ny, C >0 Vu € E*

dneN:ny<n<N, Hu

*14py < CH
q >

| *Pn
p

The above properties have been introduced and investigated by Vogt (see

(9], [10D).
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Note that the following equivalent form of the property (DN) has been
formulated by Zahariuta in [12]

(DN)), VpVg,d>03k,C>0:| S <l Il Ie

g S

Let £ and F be locally convex spaces and let 2 C E be open, 2 # (.
f: 82 — F is called Gateaux - holomorphic if for every y € F*, the topologi-
cal dual space of F, the function yf : 2 — C is holomorphic. This means
that its restriction to each finite dimensional section of {2 is holomorphic as
a function of several complex variables.

A function f: (2 — F is called holomorphic if f is continuous and
Gateaux - holomorphic on {2.

Now let B be a compact subset in a locally convex space E and F a locally
convex space. By the standard notation H(B, F) denotes the space of germs
of holomorphic functions on B with values in F with the inductive limit to-
pology.

Recall that f € H(B, F) if there exists a neighbourhood ¥ of Bin E and a
holomorphic function f : V' — F whose germ on B is f. A F-valued function
f on B is called weakly holomorphic on B if for every x* € Fj, the topolo-
gical dual space of F equipped with the strong topology S(F*, F), x*f can be
extended holomorphically to a neighbourhood of B. By H, (B, F) we denote
the space of F-valued weakly holomorphic functions on B.

For details concerning holomorphic functions and germs of holomorphic
functions on compact subsets of a locally convex space we refer to the books
of Dineen [1] and Noverraz [6].

One of aims of this paper is to find some necessary and sufficient condi-
tions for which

H,(B,F)=H(B,F) (w)

The statement (w) has been investigated by several authors. Siciak in [8] and
Waelbroeck in [11] have considered this problem for the case, where
dim £ < oo and Fj is a Baire space. After that, in [4] N. V. Khue and B. D.
Tac have shown that (w) holds in the case, where Fj is still Baire and either
E is a nuclear metric space or F is nuclear. The Baireness of F; plays a very
important part in the works of the above authors. However, at present, when
F} is not Baire, in particular, F is a Frechet space which is not Banach (w)
has not been established by any authors.

In the second part of this paper we give a characterization of the property
(DN) by showing that (w) holds if F is a Frechet space having the property
(DN) and B is a LB* - regular compact set in a Frechet space £, where a
compact set B in a Frechet space E is said to be LB - regular if [H(B)]; has
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property (LB*). Next, from the obtained result of the second section the
third section is devoted to establishing some characterizations of the prop-

erty (£2) of a Schwartz- Frechet space E with an absolute basis.

In through paper Fy . denotes the space F* equipped with the bornological
topology associated with the topology of Fj;. This is the most strong locally
convex topology on F* having the same bounded subsets as the S(F*, F) -
topology. [Fy,]; is equipped with the (F**, F}) - topology.

ACKNOWLEDGEMENT. The authors would like to express many thanks to
the referees for their helpful remarks and suggestions.
2. Characterization of (DN)
The main result of this section is the following
2.1. THEOREM. Let F be a Frechet space. Then
H,(B,F)=H(B,F) (w)

holds for every LB>-regular compact set B in a Frechet space E if and only if
F has property (DN).

In order to prove Theorem 2.1 we need some lemmas.

2.2. LEMMA. Every LB> - regular compact set B in a Frechet space E is a set
of uniqueness, i.e. if f € H(B) andf|B =0 then f = 0 on a neighbourhood of B
in E.

Proor. Let {V,} be a decreasing neighborhood basis of B in E. Given
f € H(B) withf]B =0, choose p > 1 such that ' € H>*(V,). For each n > p,
put

en=Ifll, =sup {If ()] -z € ¥}
Then {e,} | 0. By the hypothesis [H (B)]; has property (LB>) and employ-
ing this with {p,} = {\/Q}”} 1 oo we have
g Vng 3Ny > ny, C,y > 0Vm >0 Jk,, 1 nyg < k,, < N :

|Vm||1+l)km <C |Vm lf‘m”pkm
q = M p

km

which yields

[ EEeAl)

Choose ng < k < Ny such that

i

Kim
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Card {m:km :k} — o0

Then
AUl < (UL [T
< () (o)™ — 0
as k — +oo.

Hence /|, =0. Lemma 2.2 is proved.
q

2.3. LEMMA. Let F be a Frechet space having property (DN). Then [Fgor];
has property (DN).

Proor. Let {U,} be a decreasing neighbourhood basis of 0 € F. Since F
has property (DN) we have

C
Vg 3k, C> 0 g <rlll, + 1
for all r > 0, or in equivalent form [10]
C
Ip Vg Ik, C>0: Uj;grU]?+7U,9 forall r > 0

For u € [F;,.|, and r > 0 we have

||u||;* = sup{\u(x*)| (X" e qu} < sup{|u(x*)| cxt e rUI? +$U£}
< rsup{|u(x*)\ P NS UI?} +$sup{|u(x*)| RS U,?} =
sk C sk
= rflull,” + = lull

Hence [, ], has property (DN).
Lemma 2.3 is proved.

ProOOF OF THEOREM 2.1 Sufficiency. It suffices to prove that
H,(B,F) C H(B,F). Let f € H,(B, F) and F has property (DN), where B is
a LB* - regular compact set in a Frechet space £. By Lemma 2.2 B is a set
of uniqueness and, hence, we can consider the linear map f : F{ — H(B)
given by

S =xf
for x* € Fy ., where x*f is a holomorphic extension of x*f to some neigh-
bourhood of B in E. Still by the uniqueness of B it follows that f/ has closed
graph. On the other hand, F; , is an inductive limit of Banach spaces, H(B)
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is an (LF) - space so by closed graph theorem of Grothendieck [3] f is con-
tinuous. Since / maps bounded subsets of F;, . to bounded subsets of H(B)
then the dual map /" : [H (B)]; = [F,]}; is also continuous. By the hypoth-
esis [H(B)]}; has property (LB*) and by Lemma 2.3 [Fy..], has property
(DN). From a result of Vogt [9] it follows that there exists a bounded subset
L C H(B) such that /'(L°) is a bounded subset of [F;,,];, where L’ denotes
the polar of L in [Ig (B)];- Hence (/" (LO))O is a neighbourhood of 0 € [(F}’)‘OI)HZ
Put W = (f'(L°))" N F},,. Then W is a neibourhood of 0 € F};, . We have

f(w) c LN H(B)

where L% is the bi-polar of L. However L% N H(B) is the closure of the ab-
solutely convex envelope of L and, hence, it is a bounded subset of H(B).
This shows that /(W) is bounded in H(B). By the regularity of H(B) there
exists a neighbourhood U of B in E such that /(W) is contained and boun-
ded in H*(U), the Banach space of bounded holomorphic functions on U.
From the absorption of W it follows that f(Fy,,) C H*(U). Now we can
define a holomorphic function

g: U—I[F..]"

given by

forze U, x" € F} ..

We see that g(z)(x*) = f(x*)(z) = f(z)(x*) for every z € B, x* € F*. This
yields g|B = f and since B is a set of uniqueness, g(U) C F.

Necessity. By Vogt [9] it suffices to show that every continuous linear map
T from H(A) to F is bounded on a neighbourhood of 0 € H(A), where

A={ze€C:|z <1}. Consider T*: Fj — [H(A)]; = H(A). Since T*(x") €

H(A) for all x* € Fj, we can define a map f : A — [Fj]; given by
()X = 6(T"(x7))

forx* € Fj, z € A, where 6. is the Dirac functional defined by z

0:(p) = p(2) for ¢ H(A).

From the weak continuity of 7* and §, we infer that f(z) is o(F*, F)-con-
tinuous and, hence, f(z) € F. Moreover, f € H,(A,F). Since A is LB -
regular it follows that ' € H(A, F). Thus there exists a neighbourhood ¥ of
A such that f € H®(V,F). Hence, B =f(V) is bounded in F. It is easy to
see that 7* is bounded on B. Put C = T*(B°) C [H(A)]}; and U = C°. Then
U is a neighbourhood of 0 € H(A) and T(U) C B is bounded in F.
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Theorem 2.1 is proved.

3. Some characterizations of ({2)

This section is devoted to give some characterizations of the property ({2) on
a Schwartz - Frechet space E with an absolute basis.
The following theorem is the main result of this section.

3.1. THEOREM. Let E be a Schwartz - Frechet space with an absolute basis.
Then the following are equivalent

(1) There exists a compact set B of uniqueness in E such that
H,(B,F) = H(B,F) for all Frechet spaces F having property (DN).

(ii) There exists a compact set B in E such that [H(B)|}; has property (LB*).

(iii) There exists a compact set B in E which is not polar.

(iv) E has the property (ﬁ)

PrOOF.

(i1)) = (i) by Theorem 2.1.

Now we give the proof (i) = (iii). The implication (i) = (iii) is obtained
from the following proposition

3.2. Proposition Let B be a compact set of uniqueness in a Frechet space E
having a Schauder basis and let

H,B,F)=H(B,F)
for every Frechet space F € (DN). Then B is not polar.

PrOOF. Otherwise, assume that B is polar. Choose a plurisubharmonic
function ¢ on E such that ¢ # —oo and

plp=—o0

Consider the Hartogs domain 2, given by
2, ={(zN €ExC: |\ < e}

Since ¢ is plurisubharmonic, {2, is pseudoconvex. Because E has a Schauder
basis so (2, is the domain of a holomorphic function f. Write the Hartogs
expansion of f

flz,A) = i ha(2) N

n=0

where
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L/f()

= GE d), for 6 > 0.

[A|=e—#(2)=0

By the upper semi-continuity of ¢ it follows that 4, is holomorphic on E
for all n > 0. Consider the function g : B — H(C), given by g(z)(\) = f(z, A).
Let p € [H(C)]; be arbitrary. There exists > 0 such that u € [H (rA)]
where A = {A € C:[A| < 1}. From the openness of £2,, it follows that there
exists a neighbourhood V of B such that V' xrA C (2,. By the absolute
convergence of the series f: hy(z)N" on V x rA it follows that ug € H(V)

n=0
and, hence, g € H,,(B,H(C)). Applying the hypothesis to F = H(C) which
has property (DN) we find a neighbourhood U of B in E and a bounded
holomorphic function g € H(U, H(C)) which is a holomorphic extension of
g. We can write

HERVED W AEIPY

where g,(z) is holomorphic on U for all n > 0. Choose a neighbourhood W
of B such that W C U and W x 2A C {2,. Define two holomorphic func-
tions

H: W — H>*A)

z = (h(2),M(2),...)
G: W — H®A)

z = (gO(Z)agl(Z)a"')

Since H>(A) is a Banach space and H|, = G|, it follows that there exists a
neighbourhood W; of B in W such that g’W " f|W .- Let X be a con-
nected component of W);. Since X x C 1is connected g‘XXA f’XXA,
X x AC 2, and (2, is the domain of existence of /' we have X x C C {2,.
Hence cp|X = —oo. This is impossible.

Proposition 3.2 is proved.

The following proposition gives the implication (iii) = (iv).

3.3. PROPOSITION. Let E be a Frechet space. If there exists a non polar
compact set in E then E has property ((2).

ProoF. By a result of Dineen - Meise - Vogt [2, Corollary 8 and Theorem
10].
Finally, the implication (iv) = (ii) is given by the following proposition.

3.4. PROPOSITION. Let E be a Schwartz - Frechet space with an absolute ba-
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sis. If E has the property (!~2) then there exists a balanced convex compact
subset B of E such that [H(B)];} has property (LB™).

ProOOF. Let {ej}jZl be an absolute basis for E. From the hypothesis, by
Vogt [9], there exists a balanced convex compact set By in E such that

~ *14+-d * *d
(1) () ¥p3g,d>0,C>0:| [ <l Iz Il

On the other hand, since {¢;}., is an absolute basis it follows that |[¢ || ¢;
converges to 0 € E. Put

B =conv (B UU |lell3 ¢)
j=1

Now we prove that [H(B)[}; has property (LB™).

In order to prove that [H(B)]; has property (LB*) by Vogt [9], it suffices
to show that every continuous linear map T : [H (B)];—H(C) is bounded
in a neighbourhood of 0 € [H(B)]},. Consider the function /' : B— H(C) gi-
ven by

S(X)(A) =T(6x)(A) forxe B, AeC

where 6, € [H (B)}; is the Dirac functional associated with x. We claim that f
is weakly holomophic, i.e. f € H(B) for all p € [H(C)]}. Indeed, since E is
a Schwartz- Frechet space so [H(B)]; is also a Schwartz- Frechet space.
Now let pu € [H(C)]; then uT € [[H(B)];]; = H(B) which gives a holo-
morphic extension of puf. For each s> 0 consider A°= R’f, where
R : H(C)— H>™(2s A) is the restriction map and A={\ e C : || < 1}
Then 4* can be extended to a bounded holomorphic function 7 on a neigh-
bourhood V* of B in E. Take p > 1 such that B+ U, C V! and (2s,) holds
for E, where U,={xeE:|x|,<1}. Let Vi=B+U, and let
g: (BxC)U(V x A)—C be given by

_ _Jfx)(\) forxeB, AeC
glx, A) = {ﬁl(x)(A) forxe Vi, A\e A

Obviously g is separately holomorphic in the sense of Siciak [7]. By & we
denote the family of all finite dimensional subspaces P of E(B), where E(B)
denotes the Banach space induced by B. Put

gp= g|(BﬁP><C)U(VmP><Z)
Since BN P and A are not pluri-polar in ¥; NP and C, respectively, by
Nguyen and Zeriahi [5] g5 is extended uniquely to a holomorphic function gp
on (V1NP)xC. Since ViNEB)=U{ViNnP:PecF} the family
{gp : P € 7} defines a Gateaux holomorphic function g on (¥; N E(B)) x C.
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On the other hand, g is holomorphic on {x € B: ||x||z < 1} x A, by Zorn’s
theorem g is holomorphic on (V7 N E(B)) x C, where V', N E(B) is equipped
with the topology of E(B).

Now we prove that g is extended holomorphically to g, on W x C, a
neighbourhood of B x C in E x C such that g;(W x rA) is bounded for
r>0.Letg>p, d>0, C>0 be chosen such that (1) holds.

Since B = conv (B UU |[le; ||, ¢;) we have

Jj=z1
e 15, lleillp < 1, forj>1
From the condition (1) we have
1 1+d C
2 (or,) < 7
¢llg llejll s lleill,

-1
Now let 5:%(Cﬁe) . Given r >0, d > 0 we can find s, D > 0 such
that

(3) o]l < D o], lo]|¢
for o € H(C), where
loll, = sup{lo(z)] : |z < k}

Write the Taylor expansion of g : V; N E(B) — H(C), the function asso-
ciatedtog : (V1 NE(B)) x C— Cat0ec E(B)

d) = Pug(x)
n=0

where

P =5 [ 2N

T 2 il
[t|=1

forxe ViINE(B), AeC.

Since 4* is holomorphic at 0 € E for every s > 0 we infer that P, g(-)(\) is
continuous on E for every \. Let fn\g be the symmetric n-linear form asso-
ciated with P, g. We have

lei ()] llej Il - - le; (x)] |
|Pag(x)(N)] < A . .
(4) ; %;jl,%;l e lly - - llesll,

x |Paglens - ;) (V)|
Using (2), (3) and (4) we get

€

q
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Dt Cﬁ|e’? (x)| Hejlll '~~| 7 ()] llej, |
PIFCINES DY q

™ ] d_
= =gt lell5 - llely e I3

d
T+d

1

l+{l

HPng(ejlv" e/n)| Png(eil""’ejn)|

<Dy cra” —IIPng\ ”‘IIIPngH‘*“ 11l
n>0

o
<D

l+d

4 o " nn .
l+d><A E Clﬂ/ m 5 < +OO
n=0 '

for x € 6U, and |A| < r.

Thus g is extended holomorphically to (§U, x C) U (V; x A). By the same
argument, as above, g is extended holomorphically to g; on V; x C. Con-
sider g, : V; — H(C) associated with g;. By the same above argument it
follows that g; is locally bounded. Hence there exists a neighbourhood W of
B in V; such that g; is bounded. Define a continuous linear map
S [H*(W)]"—H(C) as

S(u)(A) = u(&i(-, A)
Since (1) holds for B; it holds for B. This shows that B is a set of unique-

ness and we infer that span §(B) is weakly dense in [H(B)];,. Because [H(B)];
is reflexive span é(B) is dense in [H(B)]}, where ¢ : B — [H(B)]}; is given by

8(x)(p) = p(x), x € B, ¢ € H(B). Now we have

T(Em:)\j 62,.)()\) - Emj N T(6)(\) = Em:)\jf(zjv A
=1 j=1 J=1
=D ) = DA 860 = (3 e )
j=1 J=1

for A € C.
Hence S| ey, = T and [H(B)]; € (LB®).
Proposmon 34 s proved.
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