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SEPARABLE ALGEBRAS AND COVERING SPACES

ANDERS HIST-MADSEN

1. Introduction

This paper is a contribution to the continued work on understanding the re-
lation between the algebraic structure of a commutative Banach algebra B
and the topological structure of its maximal ideal space Ap. It has attracted
considerable interest to find the algebraic-topological invariants of Ag di-
rectly from B, and some nice results in this direction have been obtained (see
[20]): H(Ap, Z) is the additive group generated by the idempotents of B,
H'(Ag, Z) = B"' / exp B (due to Arens and Royden) and H*(Az,Z) = Pic B
(due to Forster). The next logical step is then of course to characterize
H3(Ag, Z). Some success has been obtained in this direction: already Gro-
thendick observed (more or less) that Tor H>(X, Z) = Br C(X), the Brauer
group of the algebra of continuous functions X — C, defined from the cen-
tral separable [Azumaya] algebra of C(X), and this result was later general-
ized to arbitrary Banach-algebra by Craw and Ross [2].

Concurrent with this research, there has been a considerable research on
the relation between the fundamental group 7;(Ap) and B. Finding 7,(Ap) is
equivalent to finding the covering spaces of Ap. Childs [1] and Wajnryb [22]
showed that there is a category equivalence between the finite-fibered cov-
ering spaces of a compact topological space X and the projective separable
extensions of C(X). This result was generalized to semisimple, regular Ba-
nach-algebras by Magid [14] and to arbitrary Banach-algebras by Zame [23]
and Craw and Ross [2] and even further to topological Waelbrook algebras
by Mallios [15]. This is also closely connected to the work on polynomial
covering spaces of X, see [7] and [8].

The problem with both the results on H* and on 7, is that some finiteness
in the algebras considered prevents us from obtaining all of A> and all of ;.
This problem was overcome for H® by Taylor [21] by considering central
separable algebras not required to have a unit. He showed that for C(X) the
extended Brauer-group defined from these was all of H°. This led us to in-
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vestigate the commutative, separable algebras [without unit] in the hope that
they would give all the covering spaces of X. In this paper it is shown that
this is in fact true.

In the first section we define the class of separable algebras and Galois-
extensions without unit and obtain some essential structural properties of
these. In the second section we relate covering spaces to a certain category of
algebra bundles, and in the last section we synthesize the results of section 2
and 3 to obtain the category equivalence between Galois-extensions of C(X)
and regular covering spaces of X.

2. Separable algebras

In the following R will denote a commutative ring with unit. By an algebra 4
over R we will understand an associative algebra, not necessarily possessing
a unit. We will by 4* denote the R-algebra opposite to 4 and we define the
enveloping algebra of 4 by 4° = 4* ® A (tensor product with respect to R).
The algebra A is then a A°-module by x - (¢ ® b) = axb, and we have an A4°-
module homomorphism p : 4° — A defined by

wla®b) =ab

The homomorphism g is called the augmentation of A. In case A is commu-
tative, p is as well an R-algebra homomorphism.

We are now in the position to define a separable algebra. The definition is
formally equivalent to the definition for algebras with unit, see, e.g., De-
Meyer & Ingrahim [3]

2.1. DEFINITION. An algebra 4 over R is called separable if the sequence

0—>Kerp— A5 4-0
is split exact as a sequence of 4°-modules.
Separable algebras can also be characterized as follows

2.2. PROPOSITION. The following are equivalent for any R-algebra A
1) A is separable.
2) A*> = A and A is a projective A°-module.

Notice that our definition of a separable algebra is weaker than that of
Taylor [21]. Taylor has an extra condition in proposition 4%. In our terms
Taylor’s central separable algebras will be central separable faithful algebras
(see definition 2.17).

Many of the theorems for separable algebras with unit can be generalized
to separable algebras without unit. However, there are two differences that
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necessitate modification of proofs: there is no seperability idempotent for
separable algebras without unit (compare [3], proposition I1.1.1), and there
is no analogy to the main tool in working with separable algebras with unit:
the categorical description of separable algebras ([18], proposition 10.4, [3],
I1.1.5). Proofs can instead be based on direct tensor product calculations,
and are as such quite straightforward. Below, a few theorems will be proven.

If {As}pcpis a family of algebras, P, 5 45 will denote the direct sum of
the algebras in the category of algebras [without unit], while if R is a ring
and M a cardinal, R will denote the direct sum of M copies of R. We now
have the following generalization of [18], proposition 10.5b, with a similar
proof

2.3. THEOREM. Let {Ap}pcp be a family of algebras. Then the direct sum
algebra

A= 4,

BeB
is separable if and only if each Ag is separable.

As the ring R is separable as an algebra over itself, the following corollary
follows

2.4. COROLLARY. Let R be a commutative ring (with unit) and M a set.
Then R™ is a separable R-algebra.

The following is a generalization of [3], I1.1.7.

2.5. THEOREM. Let A be a separable R-algebra and S a commutative R-al-
gebra with unit. Then A ®g S is a separable S-algebra.

ProoF. In the following, A5 will denote 4 ®g S. First notice that we have
an R-module isomorphism /% : (45)" ®g A5 — A* ®r A @ S defined by

h((m ®S1) X (Clz X Sz)) =41 QA ® (S1S2)
by a direct calculation one sees that / is an (4°)°-module homomorphism.
Now let 1 be the augmentation of 4 and ¢ a homomorphism that splits .
We define a homomorphism ¢g : 45 — (45)" ® 45 by
psla®s) =h"(p(a) ®s)

for a € 4 and s € S. Then it is seen by direct calculation that the map ¢y is
an (A4%)°-homomorphism which splits zg.

As A/AI =2 A ® R/I for any ideal I C R, we have the following
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2.6. COROLLARY. Let A be a separable R-algebra and I C R an ideal. Then
A/ Al is a separable R/I-algebra.

The following is a generalization of [3], I1.1.11.

2.7. THEOREM. Let A be a separable R-algebra and let I C A be a 2-sided
ideal satisfying IA = I or AI = 1. Then A/I is a separable R-algebra.

PrROOF. Let
K:A"®@A— (A/) @ A/

be the canonical map and let ¢ : 4 — A4° be a homomorphism splitting the
augmentation p of 4. We define ¢ : 4 — (4/1)" ® A/I by

p=rop
By using /4 = I or AI = I and A% = A, it can easily be seen that G(I) = 0.
Thus, ¢ induces a well-defined map ¢;: 4/1 — (A/I)" ® A/I, which is a
splitting (A4/I)°~homomorphism of the augmentation p; for 4/1,

The following theorem is the most important theorem in the theory of
commutative separable algebras, and we will apply it numerous times. It is a
generalization of the fact that a projective, separable algebra with unit is fi-
nitely generated ([3], I1.2.1). For algebras without unit we cannot expect a
similar result in view of theorem . However we have the following

2.8. THEOREM. Let A be a separable commutative R-algebra, which is pro-
Jective as an R-module, and let a € A be arbitrary. Then the ideal (a) = aA is
contained in a finitely generated R-submodule.

ProOOF. The proof follows the proof of [3], I1.2.1. Let u be the augmenta-
tion of 4 and ¢ a map that splits . As A is R-projective, 4 has a dual basis
{fi»ai}icr- The functions (x,y) — f{(x)y are bilinear from 4 x 4 — A, so there
exist homomorphisms ¢;: A ® 4 — A satisfying ¢{x ® y) = fi(x)y. Then, for
any u € A ® A there is a finite set /(u) so that pu(u) = ey, @i(u)a;.

We may assume that ¢ can be written as a = bc. For the separability of 4
ensures us that a can be written as a =), b;c; and ad C Y ,b;c;A. Thus,
if z € a4 then z = bcy for some y € A. We now have

z=bcy=b-(c®y)=b-(y®¢c)

whence
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z=plp(@) = Y dlp®)y® o)a

i€l(p(z))
= 3 sled) e yla
i€l(p(z))

We now assume that p(b) = 27:1 b ® Ej. Then

dilp(b)(c® y)] = (i: ﬁ(bjc)i’j>y
=

Thus, if fi(bjc) = 0 for all j = 1 ... n, then ¢(p(z)) = 0. We conclude that
I(p(2)) € I(bic) U ... U I(b,c), and as the b;/s and ¢ were only dependent on
a, the latter set is independent of y. Let us call this finite indexing set J(a):
J(a) = I(bic) U ... U I(b,c). We then have

n

2= dled)vala= Y > filbp)bea
)

ieJ(a ieJ(a) j=1
So the finite set {Z)jcai}ieJ(a).j:I _, generates a4 as an R-module.

Let 4 be an algebra. By a modular ideal I of A we will understand an ideal
of A such that A/I has a unit. The radical of A4 is the ideal

Rad 4 = N{M|M is a maximal modular ideal of A}

A is said to be semi-simple if Rad 4 = {0}. If 4 is an algebra over a field,
then by [11], .10 theorem 1, the elements of Rad A are either transcendental
or nilpotent. On the other hand, for 4 commutative every nilpotent element
must be in the radical.

In the following, let F denote a field. We will prove that any separable F-
algebra is semi-simple through a number of lemmas

2.9. LEMMA. Let A be a commutative, separable F-algebra. Let a, x € A, and
suppose that for some n € N

ax" =0
Then
ax =0

ProoF. It suffices to show, that if ax” = 0 for n > 2, then ax" ' = 0. Let ¢
be a splitting map of the augmentation of 4 and suppose

p(a) = Zai ® a;
=1
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By hypothesis, p(a) - (x" ' @ x" 1) = p(a- (x" ' @ x""!)) =0 . Thus

0= aix" ' @ aix"!

m

i=1

There exist a maximal linearly independent set of vectors among
{a[x’H}i — 1.m» and we may assume that it is the first p vectors. Since F'is a
field, for any i = 1..m there exists coefficients {c;}; — 1 ,, such that

P
al‘xnfl _ § Cl[jCl_j.X'171
=1

We then have

m m p
0= a,‘)Jhl ®&,‘)€771 = E (( E a(,q,x”l> ®&,‘an>
— a

i=1 i=1

P m
= (a_/x”l ® (Z oz,_~,21,~x"1>>
= i=1

As {ajx”*l}j — 1., are linearly independent, it follows by standard tensor

product rules that

m

Z&ij(jl,'xnil = O, j = lp
i=1

We now can calculate
m V4 m
ax" ! = (Z a,fz,) Kl = Z aj (Z a,»szix”1>
i=1 j=1 i=1
=0
2.10. LEMMA. Let A be a commutative, separable F-algebra. Then Rad A
consists of the nilpotent elements of A, and A Rad 4 = {0}.

Proor. By theorem 2.8, there exists no transcendental elements of A.
Thus, for any r € Rad A4 there exist an n € N such that " = 0, and hence for
any element a € A, ar" = 0. By lemma 2.9, ar = 0, that is Ar = {0}.

(Lemma 2.9 and lemma 2.10 are due to discussions with Michel Solovej
and Thomas Vils Petersen).

Notice that every semi-simple, finite-dimensional commutative F-algebra
A has a unit. To see this, we can adjoin a unit to 4, which again gives a fi-
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nite-dimensional, semi-simple F-algebra 4, and use Wedderburn’s structure
theorem ([18], theorem 3.5) on A4,. Since 4 is an ideal of A, the structure of
Ay shows that 4 has a unit. We then get

2.11. LEMMA. Let A be a semi-simple, commutative F-algebra. If a € A is
contained in a finite dimensional subalgebra, then a € aA .

2.12. THEOREM. Any commutative, separable F-algebra A is semisimple.

ProOF. Let r € Rad 4, and write r as r = ) _;_, b;c;. By theorem 2.8, there
exists a finite dimensional ideal S containing r, b,, and ¢;, i = 1..n. The radi-
cal of S is Rad S = SN Rad A4, since the elements of the radical are the
nilpotent elements. By the remarks above, S/Rad S has a unit. Let e € Sbe a
unit modulo Rad S. Then

n

er—Z(eb) Zb—f—rl ¢ Zbc,
i=1

i=1

=r

where r;,rp,...,r, € Rad § and where we have used lemma 2.10. By the
same lemma, on the other hand, er = 0. Thus, r = 0.

Theorem 2.12 is not true for non-commutative algebras even if they are
finite dimensional, as the following example shows

2.13. ExaMPLE (Due to A. Ya. Helemskii). Consider the following sub-

algebra of M,:
a B
0 0

This is isomorphic to the 2-dimensional algebra of pairs (o, $) with multi-
plication given by

a,ﬂEC}

(o, B)(7,6) = (av, ad)

This certainly is an algebra, it is not commutative nor semi-simple (the ideal
generated by (0,1) is nil), but it is separable. Consider the map ¢ : 4 — A€
defined by

(@, 8) = (1,0) @ (e, B)

this map splits the augmentation u: 4° — A and it is also an A4°-homo-
morphism, since

¢lle, ) - ((a,0) @ (¢,d))] = p[(aac,aad)] = (1,0) @ (aac, aad)

while
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ol B)((a,b) @ (¢,d)) = ((1,0) & (a, 8))((a, 0) @ (¢, d))
= (1,0) ® (acc,aad)
We have the following corollary to theorem

2.14. COROLLARY. Let R be a semi-simple ring (with unit). Then any pro-
Jjective and separable commutative R-algebra is semi-simple.

Proor. Note that, if P is a projective R-module,

( ﬂ(R>M)P: () (MP)

MeX MeN(R)

where ./'(R) denotes the set of maximal ideals in R. The inclusion C is tri-
vial. To prove the inclusion D let (f,#) be a dual basis of P. Let
X € (yren(ry(MP), and let M be an arbitrary maximal ideal of R. Then we
can write x as

n
x=Y mp;, m€MpcP
=1

We can also write x by the dual basis
x=> filx)u
k

Now

760 = (S ) = S miito) € v

J

Since M was arbitrary, and f(x) does not depend on M, fi(xX) € (yre 4 (ry M-
Thus, x € (N r) M) P-

Now suppose x € Rad 4, and let M € A"(R) be arbitrary. Then x € MA.
For, assume not. Then f(x) # 0, where f: 4 — A/ MA is the natural map. By
corollary 2.6 and theorem 2.12, there exists a maximal modular ideal
N C A/MA such that f(x) € N. Then x ¢ f~'(N) and f~'(N) is a maximal
modular ideal of A4, a contradiction. Thus

(1 Mc () NA=(Rad R)4
MeN(4) NeN(R)

And since by hypothesis Rad R = 0, the corollary is proved.

Using theorem 2.8 we are now able to completely describe the structure of
the separable commutative algebras over fields, namely
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2.15. THEOREM. Let F be a field and let A be a commutative F-algebra. Then
A is separable if and only if

P r.

acd

where each F,, is a (finite dimensional) separable field extension of F.
Before proving the theorem we state the following immediate consequence

2.16. COROLLARY. Let F be a separably closed field and A a separable
commutative F-algebra. Then A = F"™ for some cardinal m.

PrOOF OF THEOREM 2.15. The theorem is already proved in one direction
in theorem 2.3 and we will prove the other implication. Let M C A be a
maximal modular ideal. According to theorem 2.12 A4 is semisimple, and
according to theorem 2.8 every m € M is contained in a finite dimensional
ideal, so according to lemma 2.11, m € mA. Thus, M = MA. According to
theorem 2.7, A/ M is separable. As M certainly is an F-direct summand, M is
an A-module direct summand according to [21], proposition 1.7, that is
A= M+ F,,, where Fy; = A/M (as A-modules, that is, as R-algebras) is a
field. Let ./ denote the set of maximal modular ideals of A4, and for M € A~
let Fs C A be the uniquely determined subfield of 4 corresponding to M via
the above direct sum. Notice that Fy, N Fy = {0} for M # N, since F)y N N
is an ideal of Fy;, and thus Fy, C N. We consider the subalgebra S of 4
generated by the F),’s. As each F), is an 4-module direct summand, and as
FynNFy= {0} for M # N,

S:@FM

MeN

as algebras. If we can prove that S is all of 4, we will be through. The set
A\S consists of those elements of 4 which are outside infinitely many max-
imal modular ideals (since A4 is semi-simple), that is, the elements for which
the projections pys : A — Fj are non-zero for infinitely many M. But such
an element a cannot exist, since then 1,, - a # 0 for infinitely many M, and
consequently, as the set {1,/|M € A":1,, - a # 0} is linearly independent, the
vector space spanye {1y - a} is infinite dimensional, contradicting the fact
established in theorem 2.8, that a4 is finite dimensional. Thus, 4\S is empty.

We will finally define Galois extensions. The definition is a direct gen-
eralization to algebras without unit of the definition of a Galois extension in
[3], chapter III, and will agree with [3] for algebras with unit and no non-
trivial idempotents. As we will only be interested in algebras with no non-
trivial idempotents, this poses no restriction.
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2.17. DEFINITION. An R-algebra A is called faithful, is A is faithful as an
R-module and for any maximal ideal M C R, MA # A. A commutative,
faithful algebra is called an extension of R.

To an algebra 4 without unit we associate an algebra with unit, the alge-
bra .#(A) of multipliers of A, see [13]. If A4 is an R-algebra, Aut 4 will de-
note the group of R-algebra automorphisms of 4. We can then easily prove

2.18. PROPOSITION. Let A be a commutative R-algebra. We then have a
homomorphism h : Aut A — Aut M (A) defined by

h(g)[f]=gofog

for g € Aut A and f € M (A), and where the composition is as maps A — A.
If A is order-free (in particular semi-simple), h is injective and Im h is ex-
actly those elements of Aut 4 (A) satisfying gA C A.

Now, if 4 is an R-algebra and G is any subgroup of Aut 4, we define
Fixc A={a€ A|Vg € G:gla) =a}

Considering Aut 4 as a subgroup of Aut .#(A) under the homomorphism of
proposition 2.18, we can now define

2.19. DEFINITION. An extension 4 of R. A is called normal if
FiXAutA%<A) =R

2.20. DEFINITION. A projective separable normal extension of a ring R is
called a Galois-extension of R. A ring R without non-trivial idempotents is
said to be separably closed, if R has no Galois-extensions without non-trivial
idempotents.

3. Projective vector bundles

In this paragraph we will derive some results on projective C(X)-modules,
and as a main result that the category of covering spaces is equivalent to a
certain category of topological algebra bundles. The results in this section
are rather trivial (except perhaps 3.5) and on a level of the initial chapters
and basic definitions of books on bundles (such as [6] and [10]). We will
therefore at most briefly outline proofs.

In the following X will be a compact topological space, and C(X) the ring
of continuous complex valued function.

We will only consider a special class of topological C-vector spaces: spaces
with the rrivial LCS-topology ([9,12]). For a vector space V, the trivial LCS-
topology is the finest topology that makes J into a locally convex topologi-
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cal vector space. A basis of neighborhoods of 0 is the family of all absorbing,
balanced, convex set, and as a family of seminorms can be taken the family
of norms on finite dimensional subspaces.

We will consider (vector) bundles over X, defined according to [6], with
which we assume the reader is familiar, were the fibers (stalks, in the termi-
nology of [6]) are trivial LCS-spaces. A trivial vector bundle over X is a vec-
tor bundle of the form £ = (X x V, p¢, X), where V' is a vector space with the
trivial LCS-topology. Here p, denotes the natural projection onto X, and by
oe we will denote the natural projection onto V.

A basis for a vector bundle ¢ is defined naturally as a set of sections {s;}cr,
such that {s;(x)},; is a basis of £, for every x € X and for every section
s € I'(§) there exist a finite set F C I such that s(x) € span;.{s;(x)} for ev-
ery x € X. It is then easy to prove that a vector bundle is trivial if and only if
it has a basis, and locally trivial ([6], definition 17.1) if and only if it has a
local basis.

We will in particular be interested in the following category of vector
bundles

3.1. DeFINITION. Let £ be a trivial vector bundle. A projection in £ is a
morphism p : £ — ¢ satisfying p?> = p. A projective subbundle is the image of
a projection. A projective vector bundle is a vector bundle, which is iso-
morphic to a projective subbundle.

Since the projection mapping p is a retraction in a Hausdorff space, we get
3.2. LEMMA. The image of p is closed.

It is easy to see that a projective vector bundle is a full bundle, and in fact
more is true.

3.3. PROPOSITION. Let X be a compact space and let £ be a projective vector
bundle over X. Then if A C X is a closed set and s : A — & is a section, then s
can be extended as a section to all of X.

PrROOF. As £ is projective, there exists a trivial vector bundle ( = X x V,
and morphisms p : ( — £ and £ — ¢ with pg = Id¢. Then gs: 4 — ( is a sec-
tion, that is, o¢gs : A — V is a continuous function, and as A4 is compact, it
can be extended to a continuous function 7: X — V. Then § = (x,#(x)) is a
section X — ( coinciding with ¢gs on A, and ps is an extension of s.

By using [6], proposition 10.10 (see also proposition 17.2), it is easily seen
that the section functor I" is a category equivalence between the category of
trivial vector bundles over X and free C(X)-modules, and that every free
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C(X)-module is of the form C(X, V') for some trivial LCS-space V. By not-
ing that I" takes projections to projections, we get

3.4. THEOREM. Let X be a compact space. Then I is a category equivalence
from the category of projective vector bundles over X to the projective modules
over C(X).

The following is a generalization of Serre-Swan’s theorem [19] to infinite
dimensional vector bundles

3.5. THEOREM. 4 locally trivial vector bundle £ over a compact space X is a
projective vector bundle.

Proor. The proof follows [19], modified by the fact that dimensions (into
N) and inner products are not well-defined.

As X is compact, there is a finite open covering {Uj,...,U,} of X, such
that &|U; is trivial. Let {xi,...,x,} be a partition of unity subordinated to
{U,...,U,} (such that the open sets V; = {x € X | x{x) # 0} covers X), and
let {w,...,w,} be a partition of unity subordinated to the covering
A

As &|U; is trivial, there exist vector spaces 7; and isomorphisms
hi:&|Ui— U; x Ti. Let ( = X x (T1®...®T,) and define p,; : ( — £ by

W (xxi(x)  x €U
pi(x, (t1,... 1)) =
(X, O) X g Ui

p; 1s continuous, as ; is 0 on a neighborhood of X'\ U,. Now definep : { — &
by

p(x,t) = Zn:pi(x, 7)
i=1

On the other hand define morphisms ¢, : £ — X x T; by

i (eSe) e

(x,0) x ¢ U

qi(x,1) =

g, is continuous, since w;(x)/x;(x) vanishes on a neighborhood of X'\ U;. We
then define ¢ : & — ( as the direct sum of the g/s. It is then seen by direct
calculation that p(g(x, 1)) = (x,t). Thus pg = id¢, and £ is a projective vector
bundle.

Serre-Swan’s theorem on the other hand tells us that a projective vector
bundle is locally trivial, provided it is isomorphic to a projective subbundle
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of a finite-dimensional trivial vector bundle. In general, however, a projective
vector bundle needs not be locally trivial, even if the fibers are finite-dimen-
sional, as the following example shows

3.6. ExaMPLE. Let V be the vector space C.(N) of functions with compact
support from N into C (the vector space of finite C-sequences) with the nat-
ural inner product, and let ¢, be the sequence that has 1 as nth coordinate,
and otherwise 0. Then Vis a trivial LCS-space. Consider the trivial bundle ¢
= [0,1]xV and corresponding free C([0,1])-module C([0,1],V). Define the
function 0 : (0,1] — [0,1] by

O(x):g(x(nJrl)nf(nJrl)), xe(l 1} nenN

n+1'n|’

and for each x € (0,1] define the one dimensional subspace

W, = span{e, cos 0(x) + e,+1sinf(x)}, x€ <nlﬁ’ﬂ , HEN
and let the projection p : { — ( be defined by the fiberwise orthogonal pro-
jection onto W, for x € (0,1] and 0 on the fiber pEI(O). If s is a section of ¢,
ps 1s also a continuous section, because ps is 0 on a neighborhood of 0. Thus
p induces a well-defined projection p : C([0,1],}) — C([0,1],7), and Im p is a
projective bundle (projective C(X)-module) that is not locally trivial (then
the fiber dimension would be constant by [19]).

We will call an algebra 4 a trivial algebra in case 4 has a basis of mu-
tually orthogonal idempotents. Note that A is trivial if and only if 4 = C™
for some cardinal n (and therefore separable by corollary 2.16), and that any
trivial algebra 4 equipped with the trivial LCS-topology becomes a locally
m-convex topological algebra.

We will say that an algebra bundle (a bundle of topological algebras, ac-
cording to [6], definition 1.5) is fiberwise trivial if each fiber is isomorphic to
a trivial algebra with trivial LCS-topology, and completely trivial if £ = X X
A for some trivial algebra 4 with trivial LCS-topology. It is locally com-
pletely trivial if every x € X has a neighborhood U such that £ | U is com-
pletely trivial. We now easily see

3.7. PROPOSITION. Let X be a compact space. The section functor I is a ca-
tegory equivalence between the category of fiberwise trivial, projective algebra
bundles over X and the category of projective C(X)-algebras A, for which
A/ AM is a trivial algebra for every maximal ideal M C C(X).

We further have
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3.8. PROPOSITION. Let & be a projective algebra bundle. Then & is (locally)
completely trivial if and only if € (locally) has a basis of mutually orthogonal
idempotents.

We now establish a relation between covering spaces and algebra bundles.

3.9. PROPOSITION. Let X be a space. The category of covering spaces over X
and the category of locally completely trivial algebra bundles over X are
equivalent.

ProoF. Let Y be a trivial covering space over X, i.e., Y = X x D for some
discrete space D. Then C. (D) = C” is a trivial algebra, which can be
equipped with the trivial LCS topology. To Y we can then associate the
completely trivial algebra bundle X x C.(D). On the other hand, let £ = X x
A be a completely trivial algebra bundle. The maximal ideal space of A4 is
some discrete space D, and to & we can then associate the discrete covering
space X x D. This describes a category equivalence between trivial covering
spaces and completely trivial algebra bundles. Because the automorphism
group of C.(D) is naturally isomorphic to the automorphism group of D (the
permutation group of D), this category equivalence can be extended to lo-
cally trivial bundles (compare [4], chapter 5, in particular theorem 3.2).

By a regular covering space we will understand a covering space, where
the group of automorphisms acts transitively on the fibers. If we consider
instead the associated algebra bundle, it is clear that this corresponds to the
fact that the group of automorphisms acts transitively on the orthogonal
idempotent basis in each point, and we will accordingly denote such an al-
gebra bundle a regular algebra bundle.

4. Separable algebras and covering spaces

We now come to the main paragraph of this exposition, where we will in-
vestigate the relation between covering spaces of a space X and separable
algebras over the ring C(X). In this paragraph X will always denote a com-
pact (Hausdorff) space and C(X) the ring of continuous complex-valued
functions on X. Our objective is to prove the following theorem

4.1. THEOREM. For every locally connected space X there exists a category-
equivalence between the category of regular covering spaces of X and the ca-
tegory of Galois extensions of C(X).

According to proposition 3.9 we can alternatively prove a category
equivalence between Galois extensions and regular, locally completely trivial
algebra bundles, and this is the strategy we will pursue.
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It is possible to develop a Galois theory of separable algebras, including a
Galois group, whereby the fundamental group of X can be found from C(X).
However, this development is beyond the scope of this paper, and we will
just mention a single corollary to theorem 4.1

4.2. COROLLARY. Let X be connected and locally connected. Then X is sim-
ply connected if and only if C(X) is separably closed.

First we will prove the easy implication of theorem 4,1.

4.3. PROPOSITION. Let & be a locally completely trivial algebra bundle over
X. Then I'(£) is a projective, separable algebra over C(X).

Proor. According to theorem 3,5 and proposition 3.7, I'(£) is a projective
algebra over C(X), and we are to show that I'(§) is separable. We know from
proposition 3.8 that for every x € X there exists a neighborhood U, so that
¢ | U, has an orthogonal, idempotent basis. As X is compact there exists a
finite subcovering {Uy,...,U,} of {U,} which we shrink to an open covering
{V;} satisfying V; C U;. We let {n;} be a partition of unity subordinated to
{V:} and {e! } . 4, be the idempotent basis for £ | U;. As V; is closed, each of
the sections ¢!, | V; can by proposition 3.3 be extended to a section defined on
all of X. We will denote these extensions also ¢! .

Now let s € I'(€) be an arbitrary section. As {el, | V'} ., is a basis for
¢ | V;, the restriction s | ¥; can be written as a unique finite sum

s|Vi=)_dye, a,€C(V)

aEA;

that is, a’, = 0 for all but finitely many « € 4,. Once again the functions @,
can be extended (continuously) to all of X, and again we will use the nota-
tion @', for these extensions.

With these definitions we then have

and we have a well-defined map ¢ : I'(§) — I'(§) ® I'(§) by

n

pls) =D > mid (e, @)

i=1 «a€d;

for every s € I'(§). If p: I'(€) ® I'(€§) — I'(€) is the augmentation of I'(§), a
direct calculation using that ¢!, is idempotent on ¥; D supp 7; then shows
that pp(s) =s. It is further clear that ¢ is a C(X)-module homomorphism,
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and we are to show that it is as well a I'(§) ® I'(§)-module homomorphism.
Thus, let ¢, t, € I'(§). We can write

n=3 Y abie, b ec)

i=1 a€c4;

ZZ—Z anam C;EC(X)

i=l «a€cd;

Then a simple calculation shows

e(s) - (h ® 1) ZZUf%bLﬁyi e,) = (s (h @ 1))

i=l «a€d;

where we have used that {¢’ } is a set of (mutually) orthogonal idempotents
on supp 7;. Thus ¢ splits u as a I'(§) ® I'(§)-module homomorphism, and
I'(§) is separable.

It remains to prove that if ¢ is regular, then I'(§) is normal. Let
m € M(I'(§)). For every point x € X we let {e}},.., be the orthogonal
idempotent basis of £,. One now sees that for every e’

miey) = ke

where k) € C. As I' is a functor, every automorphism of ¢ induces an auto-
morphism of I'(€). For every o, 8 € o/, there is a g € Aut &, such that
g(ej) = e, since £ is regular. Then

gmg ( ) gm(eﬂ) g(k[;eﬂ) kSea

if m € Fixay p(e)-#(I'(€§)) we must then have kj =k, for every a, 3 € o/,
hence m = f-1 4(4), where f': X — C is some function. The local triviality of
¢ ensures us that f must be continuous, so m € C(X)-1 4.4). Thus I'(§) is
normal.

The rest of the paper will be concerned with proving the other implication
of theorem 4.1. Thus, assume A is a projective, separable commutative C(X)-
algebra. In the first part of the proof we will not require 4 to be normal.
Since A/MA is a separable C(X)/M-algebra for every maximal ideal
M C C(X) (corollary 2.6), and since C(X)/M =2 C is separably closed, 4/ M A
is a trivial algebra (corollary 2.16). Thus, by proposition 3.7 there corre-
sponds to A a fiberwise trivial projective algebra bundle, which we will de-
note £[A4] (we will regard & as a functor), that is, for every point x € X, the
fiber £[A4], has an orthogonal idempotent basis. What we have to show is
that £ is locally trivial, thus, that the orthogonal idempotent basis for £[A4],



SEPARABLE ALGEBRAS AND COVERING SPACES 227

can be extended to a idempotent basis of some neighborhood of x. The first
major step in this direction is the following proposition

4.4. PROPOSITION. Let A be a projective, separable commutative C(X)-al-
gebra and let £ = E[A]. For every x € X and every idempotent e € &, there ex-
ists a neighborhood U of x, so that e can be extended to an idempotent section
over U.

For the proof of the proposition we will need a couple of lemmas. First
note, that if £ is a projective vector bundle, then we can imbed ¢ as a closed
projective subbundle of some trivial vector bundle ¢ = (X x V, p., X). Thus,
if s € I'(§) is a section, o5 is a continuous function from X to V. If
B C I'(¢) is a finitely generated submodule or if B is contained in a finitely
generated submodule, o.(B) is a finite dimensional subspace of V. The to-
pology on o¢(B) is given by some norm || - ||. Let B, = {s(x) | s € B} C &,.
Then B, is a subspace of £,, and for v € B, we can define the norm by
[Ivll = ||o¢v|]. If v € B, and u € B, where not necessarily x = y, we let

[ —v|| = llocu — ocv||
We can now formulate

4.5. LEMMA. Let A be a projective, separable, commutative C(X)-algebra
and let B C A be a subalgebra contained in a finitely generated C(X)-sub-
module. For every x € X let E, be the set of idempotents in B, and Q, the base
of orthogonal idempotents of ([A],. Then

1) span E, = B,.

2) |Ey| (the number of elements in E.) is bounded on X.

3) |{q € O«|¢Bx # 0}| is bounded on X.

4) {|lel| |e € Ex,x € X} is bounded from above and from below.

5) inf{||e; — ez|| |e1,e2 € Ey,e1 # e2,x € X} > 0.

Proor. 1) This is a trivial consequence of the trivial structure of &,.

3) First note that dim &,.B, = |{q € Qx|gB: # 0}|. By theorem 2.8, 4B is
contained in a finitely generated submodule of 4. As noted before this lem-
ma, this means that dim (4B), = dim &,.B, is bounded, hence 3) follows. 2) is
now a trivial consequence of 3).

4) Assume that {||e|| |e € Ey,x € X} is unbounded. Then we can find a se-
quence {x,} C X (x, # x,, for n # m) with associated idempotents
e(x,) € Ey,, such that |le(x,)|| > n. Since the unit sphere S = {x € o(B)]
x| =1} is compact, 1st countable, {x,} has an (infinite) subsequence

oce(xy)

(which we also denote {x,}), such that
loce(x)

€ S converges to some
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point e. Now suppose x € X is a cluster point of {x,}. Then {Iegxniﬂ} has
e(Xn

one and only one cluster point ¢, € &,. For in the trivial vector bundle ¢
asociated with &, the only cluster point of {e(x,)} in (, is agl (e) N ¢y, and as &
is embedded in ¢ as a closed subset, by lemma 3.2, this cluster point is in &.
Now define a section s : {x,} — & by

s(x) = ¢y if x is a clusterpoint of {x,}
s(x;) = _elx)_ otherwise
lleCxi)l

Then s is continuous. For, let x be a cluster point of {x,} andlet U x V' C ¢
be a neighborhood of s(x). Since o.s(x;) converges to o¢s(x), we may choose
some neighborhood U C U of x, such that oes(x;) € Vforall x; € U. Then
s(UN{x,}) € U x V, since this is certainly true for any non-cluster point of
Un{x,} and if y is a cluster point, then o.s(y) = os(x), hence oes(y) € V.
By proposition 3.3 s can be extended to a continuous section on all of X.

As X is compact, s is bounded, that is, for all x € X, ||s(x)|| < k for some
k € R. Then

() s> Conll = 11 lleCa) e Cea)| = I llean) ™ sCea) | = lleCea) |~ ls(xa) S%

Since X is compact, there is at least one cluster point x of {x,}. By (x) we
must have ||s?(x)|| = 0, since s? is a continuous section. But by the definition
s(x) # 0, a contradiction.

The proof that {||e|| |e € Ey,x € X} is bounded from below is similar, ex-

1 _
cept that we assume ||e(x,)|| < — and then get the contradiction ||s*(x)|| = oo
n

for any cluster point of {x,}.
5) The proof of 5) is a slight modification of the proof of 4).

The next lemma is a generalized form of Vandermonde’s lemma, the proof
of which we will leave as a simple exercise in algebra

4.6. LEMMA (Generalized Vandermonde lemma). Let P; = {py}i — 1 n
j=1,.,nbe a family of polynomials. Then

pu(xt) - pua(xa)

:l)(){f]7 e ,Xn) H(xl — x/)
Pnl (X]) e pnn(xn) P,lej
where p is some polynomial in n indeterminates.

The next lemma essentially states that if, in C” considered as a trivial C-
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algebra, ||x*! — x/|| is small for all i < n, then x is close to an idempotent,
independently of what vector space norm we chose on C”".

4.7. LEMMA. For each n € N there exists a constant M,,, such that for every n
points ay, . ..,a, € C there exist 6y,...,6, € {0,1} satisfying: if ky,... .k, € C
satisfy

n
>k~ a)
i=1

then

n

Z ki(ai - 51‘)

i=1

< M,e

The important thing here is to notice that M,, does only depend on n and
the 6 ’s do only depend on the a’s, not on the &’s.

Proor. First we see that we may assume that a; # 0, a; # 1 and a; # qa; for
all i, j. For if a; = 0 or 1 we can put §; = 0 or 1 and reduce the problem to a
problem in n — 1 dimensions, and if a; = a; we can put a; = a; = ¢; and
k= ki+k; and solve the problem for a;,...,a,...,aj-1,a;41,...,a, and
ki ook, ks ki, k.

So, assume a; # 0, a; # 1 and a; # a; for all i, j. Let

(%) em = k(@™ —a") = kid'(a;—1) m=1...n
i=1 i=1

Then, by assumption, |e,| < e. The equations (x) are a linear system in the
k;’s, which can be solved by Cramer’s rule:

01(611—1) aifl(aifl_l) €1 ai+l(ai+l_l) an(an_l)
I — dila —=1) - d ((ai1=1) & daf (a1 —1) - aa,—1)
;=
D

where Dj; is the complement of the jith coefficient of the system, and D is the
determinant of the system, which we recognize as a Vandermonde determi-
nant:
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aj(ay —1) -+ ayla,—1)

ajf(ai —1) - di(a,—1)

) <H< ) )> (H ) <H< - 1>>

We now have

where, letting 5=1-26

j;'(al, ce ,a,,) = D_1 ZDji(ai — (S,)
i=1

a; — 6 a, — Oy

1 1

. dar—6) oo dan—6)
_ D—l( R )
a]i(al_gl) o dy(an—6n)

dNa —6) - dNay, — o)
The last n x n determinant is of the type mentioned in the generalized Van-
dermonde lemma. Here the polynomials (in the «’s) in two columns are

identical if and only if &; = 6, , that is 6; = ¢;. Thus, by the generalized Van-
dermonde’s lemma
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filar, ... a,) = D! (ﬁ(ai — 6,-)) ( H (ax — a,))p_,(ah ceyay)

i=1 i<k,bi=>by

e ) (e )
(I k-a'>(Ha') (e )

pilai,. .. a,)

( H (ak — a; ) (ﬁ(ai —51‘))
i<k, 8,0k i=1

Notice that the degree of g; in p; is equal to the number of elements in the set
{6k|6k # 6}

We will now show how one can choose 6, i = 1..n, as functions of

p/ ay,...,d

(a1,...,a,) in such a way that all f}, j = 1..n are bounded as functions of the
(ay,...,a,). That will prove the lemma.
We chose ¢; = 0 if in the set {ay, ... ,a,} there exist a,,, ..., a, (n; depending

on i) satisfying,

1
|a a”/\‘ 2
1

lan, — an,_,| < o j=2...k
1
|an1‘72_

Otherwise we put §; = 1. With this choice of the ¢,’s it follows that

~ 1
1 i— 0 >
m -5 > 1

1
|a; aj|< :6—6

1
|a,|2§:>6,:1

Now, for convenience of exposition, suppose that the indexing is so that,
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(2) O1yevyOm =1
Smitser 6y =0

lail], ..., lap] > 1

apily sl < 1

where necessarily p < m < n, by the choice of the ¢,’s. Using (1) we then have
the estimate

f-(a1 Cl)_ |pi(a17"'7al1)|
J gy n) — n
< IT (@ - “t‘)) (H(ai - 5:‘)) ‘
i<) 676k i=1
3 (e, )
B pln—p) |15 (N
IT @) 6711w (5)
i<pk>p i=1
L el e
p ~
IT (@—a)||[J(a—d)
i<pk>p i=1
_ |]3j(a1’1, RN a;l, Apyly- .- ,an)| (zn)p(nfp)zn—p
II (@a'-1)
i<pk>p

Where p; is the polynomial obtained from p; by dividing by a; ”, i < p. Since
the degree of a;, i < p,inp;isn —m < n — p, p;(-) is in fact a polynomial in

ay's...,a,' ap1s. .. ay (e, not a Laurent polynomial). Now we get from
(1) and (2)

1

1
1 .
T — > max l]l——3 > <pk
|aka, | a {‘ ) | k} =5 1’ ILSp,k>p

2nay,

Hence

filar, ) < pilar’, . ay ap, . an)| (2n(2n + )72

Since p; is a polynomial on a bounded set, f; is bounded for the combination
given in (2). As there are finitely many such combinations, f; is bounded for
all values of (ay,...,a,), proving the lemma.

4.8. LEMMA. Let B C A be a subalgebra contained in a finitely generated
submodule of the projective separable C(X)-algebra A, and let e, € B, be an
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idempotent. For every € > 0 there exists a neighborhood U of x such that for
each y € U there exists an idempotent e, € B, with |le, — ex|| < e.

PROOF. Suppose, o¢B is spanned by {by,...,by}, and consider by,...,by
also as constant sections. We may assume that the norm is the max-norm
with respect to by,...,by. Let a € B be a section through e,. As a is con-

tinuous, there exists a neighborhood ¥V of x, such that |ley —a(y)| < % for

y € V. Since e, is an idempotent, a(x)’ = a(x) for all i € N, and as ' is
continuous, there exists a neighborhood W of x, such that

€

2My

i+1

i=1.N

yeW=lla)™" —a(y)| <

where M is the constant obtained in lemma 4.7. Now fix a y € W. Suppose

the dimension of B, is n < N. Then B, has a basis of n orthogonal idempo-
tents {ey,...,e,}, and

N
ei=Y kyb(y) i=1...n
j=1

for some constants k;;. Now let a; be the coordinate of a(y) with respect to e;.
Then for all i = 1..N we have

la)™" = a()'l| = > (@' = a)e
j=1
n N | €
— i+ i
1L Z(“j - aj)k/‘mbm(J’) < My
j=1 m=1
or
n . . €
Vm =1 N : Z(Cl]l-+l — a})kjm < W
= "

Now, by lemma 4.7 there exist §y,...,6, € {0,1} (depending solely on the

n

> (a- ‘Sj)kjm‘ < % Then
=1

a;/s) such that vm=1... N :

n N

Z Z(aj - 6j)kjmbm (y)

j=1 m=1

€
< -
-2

a(y) — Z e
=1
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Now put e, = » &;e;. Then e, is an idempotent and with U = V' N W, the

n
=1
triangle inequality gives the conclusion of the lemma.

Its now simple to prove proposition 4.4

PrOOF OF PROPOSITION 4.4. Let s be a section through e, that is s(x) = e,
and put B = sA, the ideal generated by s. By theorem 2.8, B is contained in a
finitely generated submodule of 4, and thus lemma 4.5 and lemma 4.8 apply,
and we will use the notation therefrom. Put

e =1inf{|le; — es| |er, €2 € Ec U {0}, e1 # e, x € X}

Then € > 0, by lemma 4.5. By lemma 4.8 there exist a neighborhood U of x,
such that for each y € U there exists an idempotent e, € B, with
lle, — ex|| < e. By the choice of ¢, e, is the unique idempotent, that satisfies
|le — ex|| < e. Thus, we have a well-defined idempotent section e : U — £ by
e(y) = ey, provided we can prove that e is continuous at y € U. Now, given
6 > 0, there exist a neighborhood Us of y, such that for each z € Us; there
exists e. € B. with |[e. — ¢,|| < 6. Since we may assume § < ¢, ||ey — &-| < 2e,
and by the choice of ¢, there is only one such é.:e, =e(z). Hence,
lle(z) —e(y)]| < 6 on Uy, proving continuity.

The proof of proposition 4.4 gives us an extension of an arbitrary idem-
potent e € £, to an idempotent section over some neighborhood of x, by
choosing some arbitrary (non-idempotent) section through e. Thus, this ex-
tension depends on which section we chose and generally there may be more
than one idempotent extension of e. However, over connected sets the ex-
tension is unique:

4.9. PROPOSITION. Let e € &, be an idempotent and let U be a connected set
containing x. Then there exists at most one idempotent section over U through e.

PROOF. Suppose s;, s, : U — & are two different idempotent sections
through e. By theorem 2.8, the algebra B generated by (the extensions of) s,
and s, is finitely generated. Thus, lemma 4.5 applies. The functionn : U — R
defined by n(x) = ||s1(x) — s2(x)|| is a continuous function. Since e = s1(x) =
s»(x), n assumes the value 0, and since s; # s, it also assumes some value ¢
different from zero. Since U is connected and n continuous it must assume
any value between 0 and 7. But this contradicts lemma 4.5.4) and 5).

Over connected sets, more can be said about idempotent sections. The
rank of an idempotent e in a (complex) commutative algebra A4 is the di-
mension of e4. Now
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4.10. PROPOSITION. Let e: S — £[A] be an idempotent section over some
subset S C X. If U is a connected set such that U C S, the rank of e|U is con-
stant.

PrOOF. Denote the extension of e|U to all of X also e. By theorem 2.8, e4
is contained in a finitely generated submodule of 4, so o¢(eA) is a finite di-
mensional space on which we as usual may assume the topology is given by
some norm || - ||.

The rank of ¢|U is has a maximum, N. We will show that the set

Ry = {x € Ulrank ¢(x) = N}

is both open and closed. Since it is not empty, it must be all of U, showing
the theorem.

It is easy to show that Ry is open. If x € Ry, there exists N (rank one)
idempotents e}, ..., ey € [ed],, such that e(x) = e} + --- + ey. By lemma 4.5,
there exists a constant ¢ > 0, such that for all y € X and all ey,e; € [eA]y,
e1 # e; we have |le; — ez|| > ¢. Then by continuity and lemma 4.8 there exists
a neighborhood W of x such that for all y € W, |le(x) —e(y)|| < % and such
that there exist idempotents ¢} € [ed], with

Since

q q q
<1 S
_4+N4N 2
we have
N
ey)=> ¢
=1
and since
) P q
llell = llef + (e — el 2455 >0

the rank of e(y) is at least N, i.e., precisely M.

On the other hand, let x be a cluster point of Ry. By lemma 4.5, the norms
of the idempotents in e4 are bounded by some constant K. Now for every
6 > 0 there exists a neighborhood Us of x, such that for all a € e4 with
a(x)|| < K
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la"(y) —ad"(x)|| <6 yeUs m=1...N+1

Now by lemma 4.5, there exist a constant ¢ > 0, such that for all y € X
and all e;,e; € By, e; # e», we have |le; — ez]| > ¢. Put

q

6:
2(1+2NM + N)’

where M is the constant from lemma 4.7.

Let W C U be a neighborhood of x, such that ||e(x) —e(y)|| < dfory e W
and let W = W N Us. By hypothesis there exists a point z € W such that e(z)
has rank N, that is e(z) = ¢j + - - - €3,. There exists some ¢; € e4, so that
¢i(z) = €i. Then

16:(x)" " = i)™ Il = (&)™ = u(2)"™)
+(@i(2)" = 6i(2)") + (di(2)" — di(x)")I| < 26

because ¢;(z) is an idempotent and z € Us. Now we prove exactly in the
same way as in lemma 4.8 that there exist idempotents e} € By, i = 1...N
such that

[¢i(x) — ]| < 26M
Since

il = [l = @i(x)) + (di(x) = ¢i(2)) + di2)|| = ¢ —26M —6 >0

we get e} # 0. We now have

N
X
-2
pm

N
(e(x) —e(2)) ( ) =D (€ = ¢il(x)) + (ilx) — i(2)) + ¢i(2)> H
i=1

§6+0+26NM+N5§%

It follows that

hence the rank of e(x) is N.

Now, let x be an arbitrary point of X. Since A is faithful algebra, AM, #
A (where M, is the maximal ideal of functions vanishing at x), hence {0} #
Al/AM, = £,. Thus, there exist some rank one idempotent e, € £,. By pro-
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position 4.4, this idempotent can be extended to some idempotent section e
over a neighborhood V of x. Since X is assumed locally connected (and
compact), there exist some connected neighborhood U of x with U C V. By
proposition 3.3, e|U can be extended to a section over all of X. We denote
this extension also e. Our objective is now to show that normality of A4 en-
sures that the set

{g(e)|U|g € Aut 4}

is an orthogonal idempotent basis of £|U. By proposition 3.8 this then shows
theorem 4.1.

First we will shrink U slightly: let » be a function which is 1 on a con-
nected neighborhood W of x and vanishes on a neighborhood of X \ U and
consider the functions g(re). What we actually will show is that

{g(re)| W{g € Aut 4}

is an orthogonal idempotent basis of & W.

Since e, is a rank one idempotent, g(e,) is a rank one idempotent for any
g € Aut A. Thus, for arbitrary g, g, € Aut A, either gi(e,) = g-(ey) or
gi(e)ga(er) = 0. Since U is connected, then either gi(e) | U = gs(e) | U or
(g1(e) | U)(g2(e)| U) =0, by proposition 4.9. Hence, (by axiom of choice)
there exists a subset G C Aut 4 such that

81,82 € G.gi # & = gi(re)ga(re) =0
Vg € Aut A3g € G : g(re) = g(re)

Notice, that this implies that the set {g(re)[x] |g € G} is linearly independent
in &, for every x € W.
We can now state

4.11. LEMMA. For any a € A there exist at most finitely many g € G, such
that g(re)a # 0.

PrOOF. Assume there exists an infinite set # C G such that g(re)a # 0 for
g € H. Note however, that in each point x € U there are only finitely many
g € G such that g(re)[x]a[x] # 0, since the g(re)[x] are linearly independent
(or zero). Thus, there must exist infinitely many points {x,},cx such that
g(re)[xqlalx,] # 0, and by choosing some subset of H, we may assume that
Xq # xj, for g # h and that H is countable. For each x, choose an idempotent
e, € (aA)Xg such that g(re)[x,le, # 0. This is possible since g(re)[x,]a[x,] # 0.

Now, since by theorem 2.8 aA4 is contained in a finitely generated sub-
module of A4, lemma 4.5 tells us that the idempotents of a4 lies in some
compact subset of . Thus, the infinite set {e,},c; has at least one cluster
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point ¢. By choosing a subset of H, we may then assume that o¢e, has pre-
cisely one cluster point, ogc, since {o¢e,} is in a compact, first countable
space. Note that pg(c) is a cluster point of {x,}.cz and that ps(c) € U (as r
vanishes on a neighborhood of X \ U). We will argue that ¢ is an idempotent.
Since oce, has precisely one cluster point, we then can define a section
5 1 {Xg}gepy — & in same way that we did in the proof of lemma 4.5 and ex-
tend this section to all of X. Then in every neighborhood of p¢(c) there is
some x, where s*(x;) = e; = e, = 5(x,). Since 57 is a continuous section, ¢* =
S(pel0) = s(pelc) = c.

By proposition 4.4, the idempotent ¢ can be extended to an idempotent
section f over some neighborhood V' C U, which we may assume connected.
There exist at most finitely many g € H, such that g(e)[ p¢(c)]c # 0, and since
V is connected, these are the only elements of H, such that (g(e) | V)(f| V) #
0. We remove these from H. Then {e,} still has a cluster point in ¢. Now
consider the algebra generated by a and f. As this is finitely generated, lem-
ma 4.5 applies. Since fis continuous, there exists for any € > 0 a neighbor-
hood U, C V of pe(c), such that ||f(y) —c|| < e for y € U, and there exists
some x, > U, with associated e,, such that |le, — || < e. Thus ||f(xg) — eg]|
< 2e. Since f(x,) and e, are in the same fiber and are both idempotents,
If (x;) — eg|| < 2€ contradicts lemma 4.5, except of course if f{x,) = e,. But
this is not the case, since g(e)[xgle, # 0, while g(e)[x,]f(x,) = 0, since we have
removed points where this is not true from H.

Now only the last details remain to prove theorem 4.1. For any a € 4, the
sum

Zg(re)a

geG

is well-defined, since by lemma 4.11 there are only finitely many non-van-
ishing terms. Thus, the function m=73} ;g(re) defined by m(a) =
> eeg&(re)a is well-defined and it is clearly a multiplier of 4. Furthermore,
by definition of G, g(m) = m for all g € Aut 4. As 4 was assumed to be
normal, we must have m € C(X). This means that through every rank one
idempotent f' € §,, y € W, there is a section g(e). For, assume otherwise.
Then m(s)[y] = 0 for every section s through f (since by proposition 4.10
g(re) is a rank one idempotent), that is m(y) = 0 (as a function in C(X)),
while m(e)[y] = re[y] # 0, a contradiction. Thus, the set

B, = {g(re)y] g € G}

is an orthogonal, idempotent basis in every point y € W. Now, if s : X — £ is
a section, g(re)s # 0 for at most finitely many g € G, by lemma 4.11. Thus,



SEPARABLE ALGEBRAS AND COVERING SPACES 239

s| W is in the span of finitely many of the idempotent sections g(re) | W. By
definition, {g(re)| W’g € Aut A} is then a basis of ¢ | W, proving theorem 4.1
(the regularity of £ clearly follows from the arguments above).
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SOME CHARACTERIZATIONS OF THE PROPERTIES
(DN) AND (£2)

LE MAU HAI and NGUYEN VAN KHUE

Abstract
The aim of this paper is to show that
H,(B,F) = H(B,F)

for every LB™ -regular compact set B in a Frechet space E if and only if F is a Frechet space
having property (DN). At the same time, the equivalence between the existence of a LB -
regular compact set B in a Schwartz- Frechet space £ with an absolute basis and the property
(£2) of E is also established here.

1. Introduction

Let E be a Frechet space with the topology defined by an increasing system
semi-norms  {|| ||k} For each subset B of E we define
H |5 : E* — [0,4 0] given by

Hqu = sup {|u(x)| 1X € B}

where u € E*, the topological dual space of E.
Instead of H we write H where

I,
U, = {er: Ixll, < 1}

Now we say that E has the property e .
(DN) 3p3d>0vg Ik, C>0:| |, <l [ 11

(2) Vp3q,d>0Vk3IC>0:]| H*”" <)l I H
(LB>) V{pn}neN T oo Vp dg Vng ANy > ny, C >0 Vu € E*

dneN:ny<n<N, Hu

*14py < CH
q >

| *Pn
p

The above properties have been introduced and investigated by Vogt (see

(9], [10D).

Received March 25, 1998.
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Note that the following equivalent form of the property (DN) has been
formulated by Zahariuta in [12]

(DN)), VpVg,d>03k,C>0:| S <l Il Ie

g S

Let £ and F be locally convex spaces and let 2 C E be open, 2 # (.
f: 82 — F is called Gateaux - holomorphic if for every y € F*, the topologi-
cal dual space of F, the function yf : 2 — C is holomorphic. This means
that its restriction to each finite dimensional section of {2 is holomorphic as
a function of several complex variables.

A function f: (2 — F is called holomorphic if f is continuous and
Gateaux - holomorphic on {2.

Now let B be a compact subset in a locally convex space E and F a locally
convex space. By the standard notation H(B, F) denotes the space of germs
of holomorphic functions on B with values in F with the inductive limit to-
pology.

Recall that f € H(B, F) if there exists a neighbourhood ¥ of Bin E and a
holomorphic function f : V' — F whose germ on B is f. A F-valued function
f on B is called weakly holomorphic on B if for every x* € Fj, the topolo-
gical dual space of F equipped with the strong topology S(F*, F), x*f can be
extended holomorphically to a neighbourhood of B. By H, (B, F) we denote
the space of F-valued weakly holomorphic functions on B.

For details concerning holomorphic functions and germs of holomorphic
functions on compact subsets of a locally convex space we refer to the books
of Dineen [1] and Noverraz [6].

One of aims of this paper is to find some necessary and sufficient condi-
tions for which

H,(B,F)=H(B,F) (w)

The statement (w) has been investigated by several authors. Siciak in [8] and
Waelbroeck in [11] have considered this problem for the case, where
dim £ < oo and Fj is a Baire space. After that, in [4] N. V. Khue and B. D.
Tac have shown that (w) holds in the case, where Fj is still Baire and either
E is a nuclear metric space or F is nuclear. The Baireness of F; plays a very
important part in the works of the above authors. However, at present, when
F} is not Baire, in particular, F is a Frechet space which is not Banach (w)
has not been established by any authors.

In the second part of this paper we give a characterization of the property
(DN) by showing that (w) holds if F is a Frechet space having the property
(DN) and B is a LB* - regular compact set in a Frechet space £, where a
compact set B in a Frechet space E is said to be LB - regular if [H(B)]; has
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property (LB*). Next, from the obtained result of the second section the
third section is devoted to establishing some characterizations of the prop-

erty (£2) of a Schwartz- Frechet space E with an absolute basis.

In through paper Fy . denotes the space F* equipped with the bornological
topology associated with the topology of Fj;. This is the most strong locally
convex topology on F* having the same bounded subsets as the S(F*, F) -
topology. [Fy,]; is equipped with the (F**, F}) - topology.

ACKNOWLEDGEMENT. The authors would like to express many thanks to
the referees for their helpful remarks and suggestions.
2. Characterization of (DN)
The main result of this section is the following
2.1. THEOREM. Let F be a Frechet space. Then
H,(B,F)=H(B,F) (w)

holds for every LB>-regular compact set B in a Frechet space E if and only if
F has property (DN).

In order to prove Theorem 2.1 we need some lemmas.

2.2. LEMMA. Every LB> - regular compact set B in a Frechet space E is a set
of uniqueness, i.e. if f € H(B) andf|B =0 then f = 0 on a neighbourhood of B
in E.

Proor. Let {V,} be a decreasing neighborhood basis of B in E. Given
f € H(B) withf]B =0, choose p > 1 such that ' € H>*(V,). For each n > p,
put

en=Ifll, =sup {If ()] -z € ¥}
Then {e,} | 0. By the hypothesis [H (B)]; has property (LB>) and employ-
ing this with {p,} = {\/Q}”} 1 oo we have
g Vng 3Ny > ny, C,y > 0Vm >0 Jk,, 1 nyg < k,, < N :

|Vm||1+l)km <C |Vm lf‘m”pkm
q = M p

km

which yields

[ EEeAl)

Choose ng < k < Ny such that

i

Kim
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Card {m:km :k} — o0

Then
AUl < (UL [T
< () (o)™ — 0
as k — +oo.

Hence /|, =0. Lemma 2.2 is proved.
q

2.3. LEMMA. Let F be a Frechet space having property (DN). Then [Fgor];
has property (DN).

Proor. Let {U,} be a decreasing neighbourhood basis of 0 € F. Since F
has property (DN) we have

C
Vg 3k, C> 0 g <rlll, + 1
for all r > 0, or in equivalent form [10]
C
Ip Vg Ik, C>0: Uj;grU]?+7U,9 forall r > 0

For u € [F;,.|, and r > 0 we have

||u||;* = sup{\u(x*)| (X" e qu} < sup{|u(x*)| cxt e rUI? +$U£}
< rsup{|u(x*)\ P NS UI?} +$sup{|u(x*)| RS U,?} =
sk C sk
= rflull,” + = lull

Hence [, ], has property (DN).
Lemma 2.3 is proved.

ProOOF OF THEOREM 2.1 Sufficiency. It suffices to prove that
H,(B,F) C H(B,F). Let f € H,(B, F) and F has property (DN), where B is
a LB* - regular compact set in a Frechet space £. By Lemma 2.2 B is a set
of uniqueness and, hence, we can consider the linear map f : F{ — H(B)
given by

S =xf
for x* € Fy ., where x*f is a holomorphic extension of x*f to some neigh-
bourhood of B in E. Still by the uniqueness of B it follows that f/ has closed
graph. On the other hand, F; , is an inductive limit of Banach spaces, H(B)
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is an (LF) - space so by closed graph theorem of Grothendieck [3] f is con-
tinuous. Since / maps bounded subsets of F;, . to bounded subsets of H(B)
then the dual map /" : [H (B)]; = [F,]}; is also continuous. By the hypoth-
esis [H(B)]}; has property (LB*) and by Lemma 2.3 [Fy..], has property
(DN). From a result of Vogt [9] it follows that there exists a bounded subset
L C H(B) such that /'(L°) is a bounded subset of [F;,,];, where L’ denotes
the polar of L in [Ig (B)];- Hence (/" (LO))O is a neighbourhood of 0 € [(F}’)‘OI)HZ
Put W = (f'(L°))" N F},,. Then W is a neibourhood of 0 € F};, . We have

f(w) c LN H(B)

where L% is the bi-polar of L. However L% N H(B) is the closure of the ab-
solutely convex envelope of L and, hence, it is a bounded subset of H(B).
This shows that /(W) is bounded in H(B). By the regularity of H(B) there
exists a neighbourhood U of B in E such that /(W) is contained and boun-
ded in H*(U), the Banach space of bounded holomorphic functions on U.
From the absorption of W it follows that f(Fy,,) C H*(U). Now we can
define a holomorphic function

g: U—I[F..]"

given by

forze U, x" € F} ..

We see that g(z)(x*) = f(x*)(z) = f(z)(x*) for every z € B, x* € F*. This
yields g|B = f and since B is a set of uniqueness, g(U) C F.

Necessity. By Vogt [9] it suffices to show that every continuous linear map
T from H(A) to F is bounded on a neighbourhood of 0 € H(A), where

A={ze€C:|z <1}. Consider T*: Fj — [H(A)]; = H(A). Since T*(x") €

H(A) for all x* € Fj, we can define a map f : A — [Fj]; given by
()X = 6(T"(x7))

forx* € Fj, z € A, where 6. is the Dirac functional defined by z

0:(p) = p(2) for ¢ H(A).

From the weak continuity of 7* and §, we infer that f(z) is o(F*, F)-con-
tinuous and, hence, f(z) € F. Moreover, f € H,(A,F). Since A is LB -
regular it follows that ' € H(A, F). Thus there exists a neighbourhood ¥ of
A such that f € H®(V,F). Hence, B =f(V) is bounded in F. It is easy to
see that 7* is bounded on B. Put C = T*(B°) C [H(A)]}; and U = C°. Then
U is a neighbourhood of 0 € H(A) and T(U) C B is bounded in F.
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Theorem 2.1 is proved.

3. Some characterizations of ({2)

This section is devoted to give some characterizations of the property ({2) on
a Schwartz - Frechet space E with an absolute basis.
The following theorem is the main result of this section.

3.1. THEOREM. Let E be a Schwartz - Frechet space with an absolute basis.
Then the following are equivalent

(1) There exists a compact set B of uniqueness in E such that
H,(B,F) = H(B,F) for all Frechet spaces F having property (DN).

(ii) There exists a compact set B in E such that [H(B)|}; has property (LB*).

(iii) There exists a compact set B in E which is not polar.

(iv) E has the property (ﬁ)

PrOOF.

(i1)) = (i) by Theorem 2.1.

Now we give the proof (i) = (iii). The implication (i) = (iii) is obtained
from the following proposition

3.2. Proposition Let B be a compact set of uniqueness in a Frechet space E
having a Schauder basis and let

H,B,F)=H(B,F)
for every Frechet space F € (DN). Then B is not polar.

PrOOF. Otherwise, assume that B is polar. Choose a plurisubharmonic
function ¢ on E such that ¢ # —oo and

plp=—o0

Consider the Hartogs domain 2, given by
2, ={(zN €ExC: |\ < e}

Since ¢ is plurisubharmonic, {2, is pseudoconvex. Because E has a Schauder
basis so (2, is the domain of a holomorphic function f. Write the Hartogs
expansion of f

flz,A) = i ha(2) N

n=0

where
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L/f()

= GE d), for 6 > 0.

[A|=e—#(2)=0

By the upper semi-continuity of ¢ it follows that 4, is holomorphic on E
for all n > 0. Consider the function g : B — H(C), given by g(z)(\) = f(z, A).
Let p € [H(C)]; be arbitrary. There exists > 0 such that u € [H (rA)]
where A = {A € C:[A| < 1}. From the openness of £2,, it follows that there
exists a neighbourhood V of B such that V' xrA C (2,. By the absolute
convergence of the series f: hy(z)N" on V x rA it follows that ug € H(V)

n=0
and, hence, g € H,,(B,H(C)). Applying the hypothesis to F = H(C) which
has property (DN) we find a neighbourhood U of B in E and a bounded
holomorphic function g € H(U, H(C)) which is a holomorphic extension of
g. We can write

HERVED W AEIPY

where g,(z) is holomorphic on U for all n > 0. Choose a neighbourhood W
of B such that W C U and W x 2A C {2,. Define two holomorphic func-
tions

H: W — H>*A)

z = (h(2),M(2),...)
G: W — H®A)

z = (gO(Z)agl(Z)a"')

Since H>(A) is a Banach space and H|, = G|, it follows that there exists a
neighbourhood W; of B in W such that g’W " f|W .- Let X be a con-
nected component of W);. Since X x C 1is connected g‘XXA f’XXA,
X x AC 2, and (2, is the domain of existence of /' we have X x C C {2,.
Hence cp|X = —oo. This is impossible.

Proposition 3.2 is proved.

The following proposition gives the implication (iii) = (iv).

3.3. PROPOSITION. Let E be a Frechet space. If there exists a non polar
compact set in E then E has property ((2).

ProoF. By a result of Dineen - Meise - Vogt [2, Corollary 8 and Theorem
10].
Finally, the implication (iv) = (ii) is given by the following proposition.

3.4. PROPOSITION. Let E be a Schwartz - Frechet space with an absolute ba-
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sis. If E has the property (!~2) then there exists a balanced convex compact
subset B of E such that [H(B)];} has property (LB™).

ProOOF. Let {ej}jZl be an absolute basis for E. From the hypothesis, by
Vogt [9], there exists a balanced convex compact set By in E such that

~ *14+-d * *d
(1) () ¥p3g,d>0,C>0:| [ <l Iz Il

On the other hand, since {¢;}., is an absolute basis it follows that |[¢ || ¢;
converges to 0 € E. Put

B =conv (B UU |lell3 ¢)
j=1

Now we prove that [H(B)[}; has property (LB™).

In order to prove that [H(B)]; has property (LB*) by Vogt [9], it suffices
to show that every continuous linear map T : [H (B)];—H(C) is bounded
in a neighbourhood of 0 € [H(B)]},. Consider the function /' : B— H(C) gi-
ven by

S(X)(A) =T(6x)(A) forxe B, AeC

where 6, € [H (B)}; is the Dirac functional associated with x. We claim that f
is weakly holomophic, i.e. f € H(B) for all p € [H(C)]}. Indeed, since E is
a Schwartz- Frechet space so [H(B)]; is also a Schwartz- Frechet space.
Now let pu € [H(C)]; then uT € [[H(B)];]; = H(B) which gives a holo-
morphic extension of puf. For each s> 0 consider A°= R’f, where
R : H(C)— H>™(2s A) is the restriction map and A={\ e C : || < 1}
Then 4* can be extended to a bounded holomorphic function 7 on a neigh-
bourhood V* of B in E. Take p > 1 such that B+ U, C V! and (2s,) holds
for E, where U,={xeE:|x|,<1}. Let Vi=B+U, and let
g: (BxC)U(V x A)—C be given by

_ _Jfx)(\) forxeB, AeC
glx, A) = {ﬁl(x)(A) forxe Vi, A\e A

Obviously g is separately holomorphic in the sense of Siciak [7]. By & we
denote the family of all finite dimensional subspaces P of E(B), where E(B)
denotes the Banach space induced by B. Put

gp= g|(BﬁP><C)U(VmP><Z)
Since BN P and A are not pluri-polar in ¥; NP and C, respectively, by
Nguyen and Zeriahi [5] g5 is extended uniquely to a holomorphic function gp
on (V1NP)xC. Since ViNEB)=U{ViNnP:PecF} the family
{gp : P € 7} defines a Gateaux holomorphic function g on (¥; N E(B)) x C.
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On the other hand, g is holomorphic on {x € B: ||x||z < 1} x A, by Zorn’s
theorem g is holomorphic on (V7 N E(B)) x C, where V', N E(B) is equipped
with the topology of E(B).

Now we prove that g is extended holomorphically to g, on W x C, a
neighbourhood of B x C in E x C such that g;(W x rA) is bounded for
r>0.Letg>p, d>0, C>0 be chosen such that (1) holds.

Since B = conv (B UU |[le; ||, ¢;) we have

Jj=z1
e 15, lleillp < 1, forj>1
From the condition (1) we have
1 1+d C
2 (or,) < 7
¢llg llejll s lleill,

-1
Now let 5:%(Cﬁe) . Given r >0, d > 0 we can find s, D > 0 such
that

(3) o]l < D o], lo]|¢
for o € H(C), where
loll, = sup{lo(z)] : |z < k}

Write the Taylor expansion of g : V; N E(B) — H(C), the function asso-
ciatedtog : (V1 NE(B)) x C— Cat0ec E(B)

d) = Pug(x)
n=0

where

P =5 [ 2N

T 2 il
[t|=1

forxe ViINE(B), AeC.

Since 4* is holomorphic at 0 € E for every s > 0 we infer that P, g(-)(\) is
continuous on E for every \. Let fn\g be the symmetric n-linear form asso-
ciated with P, g. We have

lei ()] llej Il - - le; (x)] |
|Pag(x)(N)] < A . .
(4) ; %;jl,%;l e lly - - llesll,

x |Paglens - ;) (V)|
Using (2), (3) and (4) we get

€

q
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Dt Cﬁ|e’? (x)| Hejlll '~~| 7 ()] llej, |
PIFCINES DY q

™ ] d_
= =gt lell5 - llely e I3

d
T+d

1

l+{l

HPng(ejlv" e/n)| Png(eil""’ejn)|

<Dy cra” —IIPng\ ”‘IIIPngH‘*“ 11l
n>0

o
<D

l+d

4 o " nn .
l+d><A E Clﬂ/ m 5 < +OO
n=0 '

for x € 6U, and |A| < r.

Thus g is extended holomorphically to (§U, x C) U (V; x A). By the same
argument, as above, g is extended holomorphically to g; on V; x C. Con-
sider g, : V; — H(C) associated with g;. By the same above argument it
follows that g; is locally bounded. Hence there exists a neighbourhood W of
B in V; such that g; is bounded. Define a continuous linear map
S [H*(W)]"—H(C) as

S(u)(A) = u(&i(-, A)
Since (1) holds for B; it holds for B. This shows that B is a set of unique-

ness and we infer that span §(B) is weakly dense in [H(B)];,. Because [H(B)];
is reflexive span é(B) is dense in [H(B)]}, where ¢ : B — [H(B)]}; is given by

8(x)(p) = p(x), x € B, ¢ € H(B). Now we have

T(Em:)\j 62,.)()\) - Emj N T(6)(\) = Em:)\jf(zjv A
=1 j=1 J=1
=D ) = DA 860 = (3 e )
j=1 J=1

for A € C.
Hence S| ey, = T and [H(B)]; € (LB®).
Proposmon 34 s proved.
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