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COMPLEX INTERPOLATION OF A BANACH SPACE
WITH ITS DUAL

FREDERIQUE WATBLED

Abstract

Let X be a Banach space compatible with its antidual X*, where X* stands for the vector space
X* where the multiplication by a scalar is replaced by the multiplication A ® x* = Ax*. Let H be
a Hilbert space intermediate between X and X* with a scalar product compatible with the dua-
lity (X, X*), and such that X N X* is dense in H. Let F denote the closure of X N X* in X* and
suppose X N X* is dense in X. Let K denote the natural map which sends H into the dual of
X N F and for every Banach space 4 which contains X N F densely let A’ be the realization of
the dual space of 4 inside the dual of X NF. We show that if [(K~'a, K7'b) | < ||all x||6]|
whenever a and b are both in X’ N F’ then (X,X*), = H with equality of norms. In particular
this equality holds true if X embeds in H or H embeds densely in X. As other particular cases
we mention spaces X with a I-unconditional basis and K&the function spaces on 2 intermediate
between L'(£2) and L=(£2).

1. Introduction

We first recall the basic definitions of the Calderén complex interpolation
method, which can be found in [4], [3] (Cf. also [7], [10]). We say that two
Banach spaces A4y, A; are compatible if there exists a Hausdorff topological
vector space % and continuous linear injections iy of Ay into % and i; of A,
into % which allow us to identify 4, and A4; with vector subspaces of %. We
can then give sense to the intersection and the sum of 4, and A4; which be-
come Banach spaces equipped with the following norms:

]l gyrna, = max({lal] 4, [lal] 4,);
all 4y 4.4,= E ([0l 4+l 4,, @ = a0 + a1, 0 € 4)).

If AgN A is dense in 4y and A4; then the dual of 4y N A; can be identified
with 4§ + A7 and the dual of 4y + 4; can be identified with A7 N A7, which
provides a scheme where Aj and A7 are compatible. We say that a space A4 is
intermediate between 4y and 4, if AgNA; C AC Ay + A; with continuous
inclusions. Let S={zeC,0<Rz<1}, So={z€eC0<Rz<1}. If
(Ao, A1) is a compatible couple of complex Banach spaces, 7 (4o, A1) de-
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notes the family of functions defined on S, continuous and bounded with
values in Ay + A4, holomorphic on Sy, such that the functions ¢ — f(j + it),
Jj =0,1, are continuous functions from R to 4; which tend to 0 as |{| — +o0.
The space & (Ao, A1) is a Banach space under the norm

11l o, a0y = macsupllfG + i),

and the complex interpolation spaces are defined for 6 € [0, 1] by

(A07A1)0 = {f(e)af € ‘97(‘407141)}3

which are Banach spaces under the norm

||a||[9]: inf{]| / f(AO,Al)af € F (Ao, A1),/ (0) = a}.

Let us denote by % ((A4p, 4;) the family of functions in % (A4y, 4;) of the
form F(z) = >"}_, Fx(z)ak, with F; in # (C,C) and a; in 4y N A;. Calderon
showed that (A, 4;) is dense in F (Ao, A1), which implies of course that
Ao N A is dense in every (Ao, A1)y. Moreover, if XY denotes the closure of
Ao N Ay in X then

(Ao, Ay)g = (AQ, A1)y = (Ao, A), = (47, 4Y),

with equality of norms. We shall also need the second Calderon interpola-
tion method: let us denote by % (A, A1) the family of functions g continuous
on S with values in 4y + 4, holomorphic on Sy, such that [|g(z)| 4, 4 <
c(1+1z]), g(G+it)) —g(j +it2) € 4j for t;,t € R, j =0, 1, and

gj+in) —g(j+it)
nh—1n

||8H54(AU.A1): max  sup

J=0.1 1 neR#6 4;

The space %(Ay, A;) reduced modulo the constant functions and equipped
with the norm above is a Banach space and the second complex interpolation
spaces are defined by

(Ao, A1)’ ={g'(0).g € ¥},
which are Banach spaces under the norm

la|"'= int{||g

(ﬁ(Ao,Al)’g € gag’(g) = a}‘

The second method of interpolation is needed to identify the dual of an in-
terpolation space: indeed the duality theorem asserts that if 4o N 4; is dense
in both Ay and 4, then (4o, 4,); = (45, A7) for every 6 €]0, 1] with equality
of norms. Calderon showed the inclusion (4o, 4;), C (Ao, A;)” and Bergh
([1]) proved that |lal| ;= ||a||[€] for every a € (Ao, A1),. It is well known that
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equality holds if one of the spaces A4y, A; is reflexive, but there is still no
satisfactory characterization of spaces for which equality holds (see [2] for a
survey).

Here we investigate another well known fact: the space (L,, Ly), is iso-
metric to L, for every p €]1,4+o0[ and %+j—1: 1. More generally, if X is a
reflexive Banach space compatible with its antidual X*, that is the vector
space X* where the multiplication Ax, A € C, x € X*, is replaced by the
conjugate multiplication Ax, then (X, X 2%_ is isometric with a Hilbert space
provided X N X* is dense in X and in X*. Pisier has showned (in [6] with
Haagerup with a supplementary hypothesis, and in [9] in full generality) that
if there is a continuous injection v of a Hilbert space H into X with dense
range, and if we identify X* with the subspace vw*(X*) of X, then the
equality (X ,F)% = H holds again. In my thesis ([12]) I proved this equality
in several other cases, in particular when X embeds in H (Cf. also [11]), or
when X is a space with a l-unconditional basis, or when X is a o-order
continuous rearrangement invariant Kothe function space. I also proved the
equality when X N X* is dense in X and X* and with a supplementary hy-
pothesis, but a simpler proof was given afterwards independently by Cobos
and Schonbek ([5]). The main result of this paper is that equality holds if
X NX* is dense in X and [(K~'a, K~'b),| < ||a||y ||b|| as soon as a and b
are both in X’ N F’ (Theorem 1), where F stands for the closure of X N X* in
X*, X', F', are the realizations of the duals of X and F inside the dual of
X NF, and K is the natural isometry of H onto H’. This hypothesis holds in
every case mentioned above and also in the case of a general Kothe space X
such that X N X* is dense in X.

II. Complex interpolation of a Banach space with its dual

In all this section we shall assume that the Banach space X is compatible
with its antidual X*, and that there exists a Hilbert space H intermediate
between X and X*. Thus, as explained above, for some Hausdorff topologi-
cal vector space %, there exist continuous linear injections iy : X — % and
iy : X* — % such that io(X) N i (X*) C H Cip(X) + i (X*) C %. But in fact
it is possible to simplify this notation and our presentation. We first observe
that, without loss of generality, we can suppose, by redefining X, that
X C % and that iy is the identity operator. The next step is to also make i
become the identity operator, by suitably adjusting the bilinear or sesqui-
linear mapping which is used to define the action of linear functionals on X.
More specifically, let ¥ = i;(X*) and norm Y so that /; is an isometry. De-
fine a map
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P: XxY—-C
(x,9) = iy () (%),

i.e. ¥(x,y) is the value of the functional i;!'(y) € X* when applied to the
element x € X. Since i : X* — Y is linear, v is sesquilinear with ¥(\x,y) =
A(x,y) = (x, \y). Thus, if we decide to define the action of all bounded
linear functionals on X in terms of 1), we can then in fact write ¥ = X*, so
that X and X* are subspaces of %.

Now we can define what we mean by a scalar product compatible with the
duality:

DEFINITION. Let X be a Banach space compatible with its antidual X* and
H be a Hilbert space intermediate between X and X*. We say that the scalar
product of H is compatible with the duality (X, X*) if for every # € H such
that 7 = x + x* with x € X and x* € X*, we have

(h,a)y = ¥(x,a) + (a,x*) for every a € X N X*.

REMARK. The existence of an intermediate Hilbert space with a scalar
product compatible with the duality (X, X*) implies that (X N X*,1) is a
prehilbertian space since

(h,a)y = (h,a) = ¥(a,h) for every a,h € X N X*.
Conversely if (X N X* 1) is a prehilbertian space then its completion H is a
Hilbert space, but there is no reason why this A should continuously embed
into X + X*.

From now on we assume that the scalar product of our intermediate Hil-
bert space H is compatible with the duality (X, X*). We assume also without
loss of generality that X N X* is dense in H. Then we can easily obtain the
following:

LEMMA. In the above setting, we have (X7F)% C H with norm less than or
equal to one.

PrOOF. As Pisier in [9], we shall use the bilinear interpolation theorem of
Calderon. Let us first explain how to adapt it to the case of sesquilinear
mappings. For any topological space B, let B denote the topological vector
space which is B equipped with same topology (or norm) and with the op-
eration A ® b = \b for multiplication by scalars. Then (4o, 4;) is a couple of
Banach spaces contained in % if and only if (4o, A1) is such a couple con-
tained in %. Next, consider an arbitrary element F € (Ao, 4;), i.e. F(z) =
> et Fx(z)ax where Fy € #(C,C) and a; € A9 N A;. Define G : S +— Ay + A4,

by setting G(z) =Y ;_, Fx(?) ®ax. Then clearly G € Fo(A4o,A4;) and
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G(0) = F(0). Furthermore
such F and G it is easy to show that

(A07 A1)9 = (A_07 A_l)e

with equality of norms. Hence one can deduce an interpolation theorem for
sesquilinear mappings from Calderon’s theorem and the fact that for any
Banach spaces 4 and B a map ¢ : 4 x B — C is sesquilinear if and only if it
is bilinear as a map from 4 x B to C.

Now the sesquilinear form ¢ defined on X N X* x X*N X by ¢(a,b) =
{a,b),; is bounded with norm less than or equal to one both on X x X* and
on X* x X so that it extends by the bilinear interpolation theorem to a ses-
quilinear form of norm less than or equal to one on (X, F)% x (X*, X)% =

= ||Fll 7o(45,4,)- By considering all

(X, F) ). In particular we have for every x in X NX* o(x,x)=
llx]|%, < ||x||(XX* hence x|, < [|x]| y x),- As X NX* is dense in (X, X*),
and as H and (X , X *)% are both contlnuo&sly imbedded in X + X* we deduce
that (X, F)% is included in H with ||x|| ;< \|x||(X7F)% for every x in (X, F)%.

In the sequel we shall make the supplementary assumption that X N X* is
dense in X, and we shall let F denote the closure of X N X* in X*. Now the
couple we are really interested in is the couple (X, F), since we have
XNX*=XNF, and (X, ) (X, F ) The space H is continuously in-
cluded in X + X*, X N F is dense in H and X + F is a closed subspace of
X + X* (because the norm of X + F is equal to the norm of X + X*: indeed
if x+f=y+y withx, y€ X, f € F, y* € X* then necessarily y* € F since
x—y=y"—feXNX*=XnNF), therefore we obtain that H C X + F
(continuous inclusion). As X N F is dense both in X and in F it is also dense
in X + F, and H which contains X N F is therefore dense in X + F. Let 7~ be
the dual space of X N F and let us denote the action of ve ¥ onx € X NF
by ~v(x,v), so that

y: XNFxv —C

is a bilinear form. For each normed space 4 which contains X N F densely,
let A’ denote the subspace of ¥~ consisting of those elements v for which the
norm

VllLe = sup{lr(x, )| : x € X O F, |[x[|, < 1}

is finite. Then A’ is a realization of the dual space of A. In particular we will
consider and use the space 4’ when A4 is any of the spaces X, F, X + F and
H. The two spaces X’ and F’ form a compatible couple with 7~ as their
containing space, and we have (X + F) = X'NF, (XNF) =9 =X +F,
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(X, F)%)/ = (X’,F’)%. Also the continuous inclusion H C X + F implies the
continuous inclusion X’ NF' C H'. Now since X NF is continuously in-
cluded in H, each & € H defines an element Kk € ¥~ such that

~v(x,Kh) = (x,h), for all x € XN F.

This defines a one to one operator K which is an antilinear isometry of H
onto H'. We are ready for theorem 1:

THEOREM 1. Let X be a Banach space compatible with X* such that X N X*
is dense in X, and let F be the closure of X NX* in X*. Let H be an inter-
mediate Hilbert space between X and X* with a scalar product compatible with
the duality (X, X*) and X N X* dense in H. If

(K a, K7'b) | < ||ally||B|| for all a,b € X' N F'
then (X, F)% = H with equality of norms.

ProOF. The sesquilinear form ¢ defined on X’ N F' x F' N X’ by ¢(a,b) =
(K~'a, K~'b), is bounded with norm less than or equal to one both on
X' x F' and on F’' x X’ by hypothesis so it extends by the bilinear inter-
polation theorem to a sesquilinear form of norm less than or equal to one on
(X’,F’)% x (F', X’)% = ((X’,F’)%)z. Using the same arguments as in the proof
of the inclusion

(X, F), C H with norm < 1

3
we deduce the inclusion

(X/,F')% C H' with norm < 1.

On the othelr hand by dualizing the inclusion (X,F )% C H we obtain
H' C (X', F')? with norm less than or equal to one. As (X’,F’)% is a subspace

1

of (X', F')? with the same norm, this implies the equality

X1 = [1x[| x pry, for every x € (X’,F’)%.

1=

1

Now (X’,F’)% is reflexive hence equal to (X', F')? thanks to the proposition
below, so that eventually ((X,F )%)’ is equal to H’ with equality of norms,
and so we obtain (X, F), = H.

For the sake of completeness let us state as a proposition the result we
used in the previous proof (cf. also [12], Proposition II.1.3):

PROPOSITION. Let Ay, Ay be two compatible Banach spaces with Ay N A,
dense in Ay and Ay, let 0 €]0,1[. If (45, A7), is reflexive then (A}, A7), =
(45, 47)".
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PROOF. We know that (A, A%), is a subspace of (4, 4}) with the same
norm, and we also know ([13], Lemma 2 or [11], [12]) that it is sequentially
dense in (AS,AT)‘9 for the weak star topology o((Aj, A, (Ao, A1)y). Now if
Y is a closed reflexive subspace of a dual Banach space X™* which is also se-
quentially weak star dense in X* then Y is equal to X*.

Theorem 1 implies the result of Pisier mentioned in the introduction:

COROLLARY 1. Let H be a Hilbert space, let v: H — X be an injection with
dense range, and H, = v(H). If we identify X* with the subspace of X defined
by

X+ ={y € H,|{x, )y, | < Cllx|ly Vx € Hi}
then (X, F)% = H, with equality of norms.

PrOOF. Here we have X* C H; C X with continuous inclusions and H;
densein X, X N X* = X*, X + X* = X, F = X*. The scalar product of H, is
compatible with the duality (X, X*) by definition of X*, and X* is dense in
H; because every linear functional F bounded on H; which vanishes on X* is
of the form F(h) = (h, k) with k € Hy hence if (h,k), =0 for every h € X*
then the value of the linear form % on k € X is zero for every & € X* and
therefore k = 0, i.e. F = 0. The space X* is also dense in X, and it is easy to
check that K is an isometry from X* onto X’, so that for every
abe X' NX* =X,

(K'a,K~'b)y,| = V(K a,b)| < K~ 'd|

X*

b|

= = lally 16l

Therefore the theorem applies and we obtain (X, F)% = H, with equality of
norms.

III. Applications

In this section we show how the special cases mentioned in the introduction
become easy corollaries of Theorem 1.

COROLLARY 2. Let H be a Hilbert space, let v: X — H be an injection with
dense range, and let Y = v(X) with norm |v(x)||y = ||x||y for every x € X. Let
the duality between Y and Y* be given by a bilinear functional which extends
the bilinear functional 3:Y x H— C, B(y,h) = (y,h)y, so that H C Y*.
Then (Y, Y*), = H with equality of norms.

1
3
ProOF. Here we have YC H C Y* with YNY*=Y dense in H,
Y +Y*=7* and F is the closure of Y in Y*. Then H C F densely so we
can consider
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Fr={yeH,[{xy)yl <Clx| Vx € H}.
We have
YCF*CHCFCY~,
F' cCH cF” cY,
and for every a, b in Y'NF' = F' we have K~'a, K~'b in F* and

[(K~la, K™'b) | < ||Kallglbllp = [|K~al

v lblle = llally 161l

hence the theorem applies and we get the result.

COROLLARY 3. Let X be a Banach space compatible with X* such that
X NX* is dense in X and in X*. Let H be an intermediate Hilbert space be-
tween X and X* with a scalar product compatible with the duality (X, X*) and
X NX* dense in H. If K" maps X' NX* into X* N X then (X, X*), = H with
equality of norms. i

ProOF. Here we have F = X*, and it is easy to check that K maps X* N X
into X' NX* with |Kx[|y = |Ix[l5= and [[Kx[ = [|x]]y for every
x€XNX* Let a, b€ X' N X~. Then by hypothesis K~la, K- € X N X*

so that

(K 'a, K~ 'b)y| < ||K'a]

K'8]| = llal 1]

X X

and the theorem applies.

Before we state the next corollary let us explain the setting. A space X is
called a space of sequences if X is a Banach space included in the space w of
all complex valued sequences such that the space cgo of finitely supported
sequences is dense in X and the inclusion X — w is continuous with respect
to the topology induced on w by the family of semi-norms p,(x) = |x,|. We
denote as usual by e, the sequence whose all coordinates are 0 except the n'
which is equal to 1. If X is a Banach space with a basis (b,),-,, we identify X
with the space of sequences which is the completion of ¢ for the norm

n n
D xeer|| = 1> xibx
k=1 k=1

Then /; : X* — w which maps a functional / to the sequence (f(e,)),~; is a
continuous linear injection. We set ¥ = i;(X*) and we norm Y so that i; is
an isometry. Then we decide to define the action of bounded linear func-
tionals on X in terms of

X
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P: X xY—-C
(x,y) — Zxky_k
k=1

so that we identify X* with Y. Now X and X* are both subspaces of w and
X NX~* is continuously embedded into />. If we assume moreover that /> is
continuously embedded in X + X* then /2 is intermediate between X and X*
and the scalar product of /2 is clearly compatible with the duality (X, X™).
Also X N X~ is automatically dense in /> and in X since it contains cgy which
is dense in /%> and in X. We consider as before the closure F of X N X* in X*,
and we dualize the inclusions

co CXNFCPCX+FCX+X Cuw
into
XNFclcX +F,

and we note that the duality v: X N F x (X' + F’') is given by ~(x,Kh) =
S orey Xkhy for every h € 2, so that we can write

K:P2—

h— h.

Now we are ready for Corollary 4:

COROLLARY 4. Let X be a Banach space with a basis (b,),~, and let (b},),
be the sequence of coefficient functionals. We assume that the projections

PN : ?%F
+00 N
Z xkbk*n—> Z xkbz
k=1 k=1

are of norm less than one for every N and we interpolate X and X* in the set-
ting of sequence spaces as explained above. If in this setting we have moreover
that I? is continuously embedded in X + X* then (X,F)% = I? with equality of
norms.

Proor. We only have to check the hypothesis of Theorem 1. Let a,
b€ X'NF'. Then a and b are sequences and (K 'a, K~ 'b), = >7° aby.
Now
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N
D aib
k=1

= @ b)| <[|Pn(@)ll¢lbll = [|1Pn (@)l

bllp < llal

X X bHF’

= llallx 11,
and letting N tend to +o0o we obtain the desired inequality.

Before stating the last corollary let us recall (cf. [8]) that a Kothe function
space on a complete o-finite measure space ({2, X, 1) is a Banach space X
consisting of equivalence classes, modulo equality almost everywhere, of lo-
cally integrable functions such that:

1) if g belongs to X and if f is a measurable function such that | f(w)| <
|g(w)| a.e. on {2 then f belongs to X and || f]| < ||gll;

2) for every o € X of finite measure the characteristic function yx, belongs
to X.

COROLLARY 5. Let X be a Kithe function space on a complete o-finite
measure space (2, X, 1) such that X N\ X* is dense in X, X and X* are inter-
mediate between L'(2) and L>*(12), and L*(§2) is intermediate between X and
X*. Then (X, X*), = L*(12).

1

PrOOF. Here X is a subspace of L! + L™, the map ij : X* — L' + L™ is
defined by i1 (f) = f, and the map ¢ by ¥(f,g) = [,/ The scalar product of
I? is clearly compatible with the duality (X, X*), and the map K is given by
K(h) = h. Then we only have to check the inequality mentioned in Theorem
1. Let a, b € X'NF'. Write 2= U, (2, with pu(£2,) < oo for every n. Then
An = X0,X{la<n} 18 IN L' N L™ hence in X N X* C F and a, — a a.e. as n tends
to infinity with |a,| < |a|. We have

(K, K ) = | ab

and

w6l < llallz=l1bll = llall x5l z-

\ / a—nbdu] < @il 5] = [

Now [, @bdp — [,abdp = (K 'a,K~'b),, therefore |(K~'a,K~'b),,| <
lal|l 4 ||6|| - and the theorem applies.
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