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THE KOSZUL DUAL OF THE RING OF THREE
COMMUTING MATRICES

FREYJA HREINSD �OTTIR*

Abstract

Let X � �xij�, Y � �yij� and Z � �zij� be generic n by n matrices. Let k be a field with
char k 6� 2; 3, S � k�x11; . . . ; xnn; y11; . . . ; ynn; z11; . . . ; znn� and let I be the ideal generated by the
entries of the matrices XY ÿ YX , XZ ÿ ZX and YZ ÿ ZY . We study the Koszul dual of the
ring R � S=I and show that for n � 3 this is the enveloping algebra of a nilpotent Lie algebra.
We also give the dimension of the Lie algebra in each degree.

1. Introduction

The Koszul dual of a ring R is the algebra generated by Ext1R�k; k� (as a
subalgebra of the Yoneda algebra Ext�R�k; k�) and denoted by R!. It is known
that R! � U�g�, the enveloping algebra of a graded Lie algebra g (see [1] for
references). In [3] a description on how to calculate R! is given. For the ring
defined in the abstract we get

R! � khXij;Yij;Ziji
Rel

i.e. R! is a quotient of the free associative algebra on Xij;Yij;Zij which are
variables dual to xij ; yij; zij. The ideal Rel is generated by linear combinations
of the graded commutators �U ;V � and U2, where U ;V 2 fXij ;Yij ;Zijg. The
graded commutator is defined as

�a; b� � abÿ �ÿ1�jajjbjba
We compute the generators of Rel by solving a certain system of equations.
Details on how to do this are given in [1].

The graded Lie algebra g is the quotient of the free graded Lie algebra on
Xij;Yij;Zij divided by the ideal of relations Rel. Write g � g1 � g2 � � � �. We
have dim g1 � 3n2 � the number of variables. We calculate a generating set
for the Lie algebra, one degree at a time and show the following:
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Theorem 1. If n � 3 then the Lie algebra g is nilpotent of index 4 and
dim g1 � 3n2, dim g2 � 3�n2 ÿ 1�, dim g3 � n2 � 7 and dim g4 � 3.

In our calculations we frequently use the graded Jacobi identity

�ÿ1�jajjcj�a; �b; c�� � �ÿ1�jbjjaj�b; �c; a�� � �ÿ1�jcjjbj�c; �a; b�� � 0

In the next 4 sections we calculate a generating set for the Lie algebra. In
section 7 we summarize the multiplication and in section 8 we show that the
generating set is a basis. For the convenience of the reader we give the de-
tails of the multiplication for the case n � 3 in Appendix 2.

2. Relations in the dual ring and Lie monomials of degree 2

In [1] we give the relations for two commuting matrices. There the ideal is
generated by the entries of one matrix XY ÿ YX . Now we have 3 sets of the
same type of generators in which the monomials do not mix. We therefore
get 3 sets of relations similar to the ones in [1].

For the sake of claritiy we introduce a new multigrading in the dual ring
defined in the following way: a Lie monomial m has the degree �n1; n2; n3� if
n1 � X -degree of m, n2 � Y -degree of m and n3 � Z-degree of m.

Monomials of degree 2 that do not occur in the generators of I give zero
Lie monomials in the dual ring so we clearly have the following relations:

�Xij;Xrs� � 0
�Yij;Yrs� � 0
�Zij;Zrs� � 0:

So all Lie monomials of degrees �2; 0; 0�, �0; 2; 0� and �0; 0; 2� are 0 in the
dual ring. We also get

�Xij;Yrs� � 0 if j 6� r and i 6� s

�Xij;Yij� � 0 for all �i; j�
and similarly for Lie monomials of degrees �1; 0; 1� and �0; 1; 1�. The gen-
erators from XY ÿ YX give rise to the following relations:

�Xir;Yrj� ÿ �Xis;Ysj� � 0 r; s; i; j 2 f1; . . . ; ng; i 6� j�1�
�Xir;Yrj� � �Xrj;Yir� � 0 r; i; j 2 f1; . . . ; ng; i 6� j�2�
�Xij;Yji� � �Xji;Yij� � 0 i; j 2 f1; . . . ; ng�3�

�X1i;Yi1� ÿ �X1j;Yj1� � �Xij;Yji� � 0 i; j 2 f2; . . . ; ng:�4�
We see that the only Lie monomials of degree �1; 1; 0� that possibly are
nonzero in the dual ring may be written on the form �Xir;Yrj�, �Xsj ;Yis� and
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�Xij ;Yji� with i 6� j . Relation (1) gives that �Xir;Yrj� is independent of r so we
can define

aij :� �Xir;Yrj� for i 6� j:

Relations (1) and (2) give that aij can also be written as ÿ�Xsj;Yis� for any s.
Relations (3) and (4) give that any Lie monomial of the form �Xij;Yji� with
i 6� 1 and j 6� 1, can be written in terms of Lie monomials of the form
�X1j;Yj1� and �X1i;Yi1� so we define

�i :� �X1i;Yi1� for i � 2; . . . ; n:

We now have a generating set for degree �1; 1; 0� with n2 ÿ 1 elements. This
is a basis for the Lie monomials of degree �1; 1; 0� (see below).

The generators from XZ ÿ ZX and YZ ÿ ZY give relations analogous to
(1)^(4) and as in the case of Lie monomials of degree �1; 1; 0� we define for
Lie monomials of degree �1; 0; 1�

bij :� �Xir;Zrj� for any i 6� j

�i :� �X1i;Zi1� for i � 2; . . . ; n

and for Lie monomials of degree �0; 1; 1�
dij :� �Yir;Zrj� for any i 6� j

�i :� �Y1i;Zi1� for i � 2; . . . ; n:

We now have that the 3�n2 ÿ 1� Lie monomials

aij; bij; dij i; j 2 f1; . . . ; ng; i 6� j

�i; �i; �i i 2 f2; . . . ; ng
generate degree 2. In [3] we have a theorem (2.5) which gives that dim g2 is
equal to the number of generators in a minimal generating set for the ideal I .
By looking at the monomials occurring in the generators of I it is easy to see
that I is minimally generated by 3�n2 ÿ 1� elements (for the details of this
argument see [1]). So our generating set is a basis for degree 2.

3. Degree 3

As the Lie algebra is generated by its elements of degree 1 the Lie monomials
in degree 3 consist of products of Lie monomials of degree 2 and the vari-
ables. We divide degree 3 into 2 cases. In the first case (subsection (3.1)) we
consider Lie monomials of multidegrees �2; 1; 0�, �1; 2; 0�, �2; 0; 1�, �1; 0; 2�,
�0; 2; 1� and �0; 1; 2�. It turns out that there is one Lie monomial of each of
these multidegrees so this case gives 6 Lie monomials of degree 3. In the
second case (subsection (3.2)) we consider multidegree �1; 1; 1�. Our compu-
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tations will show that this divides naturally into 2 parts, one giving at most
n2 ÿ n monomials of degree 3 and the other giving at most n� 1 monomials
of degree 3.

So the total number of Lie monomials in degree 3 is at most n2 � 7.

3.1. Mixed multidegrees
In [1] we had two commuting matrices X and Y . There we showed that:

�Xrs; aij� 6� 0 iff r � j and s � i

�Xrs; �i� 6� 0 iff r � s � 1 or r � s � i

We also showed that all the nonzero ones are equal up to a sign so degree
�2; 1� has a basis consisting of 1 element.

Here we get similarly that there is only one (up to a sign) Lie monomial of
degree �2; 1; 0�, call it �X . We also get only one Lie monomial of degree
�1; 2; 0� call it �Y . By an argument in [1] we have that �X and �Y are non-
zero.

In the same way we get that the pair X ;Z gives two nonzero elements, �X

of degree �2; 0; 1� and �Z of degree �1; 0; 2�. The pair Y ;Z gives �Y of degree
�0; 2; 1� and �Z of degree �0; 1; 2�.

3.2. Multidegree �1; 1; 1�
In this subsection we consider monomials of multidegree �1; 1; 1�. These

arise as products of aps and �s by the Zij-variables, bps and �s by the Yij-
variables and dps and �s by the Xij-variables. In the next 2 claims we examine
which of these products are 0.

Claim 1. For p 6� s we get

�Zij; aps� � 0 if i 6� s and j 6� p

Proof. We have �Zij; aps� � �Zij ; �Xpr;Yrs�� where r can take any value.
Using the Jacobi identity we get:

�Zij; �Xpr;Yrs�� � ÿ�Xpr; �Yrs;Zij�� ÿ �Yrs; �Zij ;Xpr��:
By the relations we have �Yrs;Zij� � 0 if i 6� s and j 6� r. Since r can take any
value we have to have i � s for it to be nonzero. Now look at the latter term,
�Zij ;Xpr� � 0 if i 6� r and j 6� p and since r can take any value we have to have
j � p. So for a given pair �i; j� we pick r 6� i, r 6� j, then we get �Zij ; aps� � 0 if
i 6� s and j 6� p.

The same argument gives

�Yij; bps� � 0 if i 6� s and j 6� p

�Xij; dps� � 0 if i 6� s and j 6� p
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{orders}ms/000850/Hreinsdottir.3d -28.12.00 - 15:43

Claim 2. For s 6� 1 we get

�Zij; �s� � 0 if i 6� 1 and j 6� 1 and i 6� s and j 6� s:

Proof. We have �Zij; �s� � �Zij; �X1s;Ys1�� and using the Jacobi identity we
get

�Zij; �X1s;Ys1�� � ÿ�X1s; �Ys1;Zij�� ÿ �Ys1; �Zij;X1s��:
The first term is 0 if i 6� 1 and j 6� s and the second term is 0 if i 6� s and
j 6� 1.

We get a similar result for monomials of the form �Xij; �s� and �Yij; �s�.
The calculations that follow will show that multidegree �1; 1; 1� divides

into 2 parts. Part 1 consists of

�Zsj; aps� with j 6� p; i.e. only the outer indices are equal
�Zip; aps� with i 6� s; i.e. only the inner indices are equal
�Zij; �s� with i 6� j and i or j equal to 1 or s

and similar products for �Xij; dps�, �Yij; bps�, �Xij; �s� and �Yij ; �s�. We will show
that this part of degree �1; 1; 1� is generated by n2 ÿ n elements.

Part 2 consists of

�Zsp; aps� i.e. both the inner and the outer indices are equal
�Z11; �s�
�Zss; �s�

and similar products for �Xij; dps�, �Yij; bps�, �Xij; �s� and �Yij ; �s�. We will show
that this part of degree �1; 1; 1� is generated by n� 1 elements.

3.2.1. Part 1. In the next 3 claims we assume that p 6� s (otherwise aps is
not defined).

Claim 3. For i 6� s we have:

�Zip; aps� � �Zil ; als� for any p 6� s and l 6� s

Proof. Pick j 6� i, j 6� s and write aps � �Xpj;Yjs�. Using the Jacobi identity
we get the following

�Zip; �Xpj;Yjs�� � ÿ�Xpj; �Yjs;Zip�� ÿ �Yjs; �Zip;Xpj ��
Since i 6� s we have that �Yjs;Zip� 6� 0 if and only if j � p and in that case we
get that the first term is ÿ�Xjj; �Yjs;Zij�� � �Xjj; dis�. By claim 1 we have that
since j 6� s and j 6� i, �Xjj; dis� � 0. So the first term is always 0 i.e.
�Zip; aps� � ÿ�Yjs; �Zip;Xpj ��. By the relations we have �Zip;Xpj� � �Zil ;Xlj � for
any l. The Jacobi identity gives
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ÿ�Yjs; �Zil ;Xlj�� � �Xlj; �Yjs;Zil �� � �Zil ; �Xlj ;Yjs��
and �Xlj; �Yjs;Zil �� � 0 if j 6� l. If j � l we get ÿ�Xjj ; dis� � 0. Hence we have
shown �Zip; aps� � �Zil ; �Xlj;Yjs��. If l 6� s then this is equal to �Zil ; als�.

Similarly we get for i 6� s, �Zpi; asp� � �Zli; asl � for any l 6� s, p 6� s. We now
prove

Claim 4. Let p 6� s, p 6� i and i 6� s. Then we have

�Zip; aps� � ÿ�Zps; aip�

Proof. We have by claim 3 that �Zip; aps� � �Zii; ais�. We can write
ais � �Xii;Yis� so using the Jacobi identity we get

�Zii; ais� � �Zii; �Xii;Yis�� � ÿ�Yis; �Zii;Xii�� ÿ �Xii; �Yis;Zii��:
The first term is 0 and ÿ�Xii; �Yis;Zii�� � �Xii; dis�. We can write dis � �Yip;Zps�
so using the Jacobi identity we get

�Xii; dis� � �Xii; �Yip;Zps�� � ÿ�Yip; �Zps;Xii�� ÿ �Zps; �Xii;Yip��:
Since i 6� s and p 6� i, �Zps;Xii� � 0 so the first term is 0. The last term is
ÿ�Zps; �Xii;Yip�� � ÿ�Zps; aip� so we have proved the claim.

Using the same argument we get the same results as in claim 3 and claim 4
for elements of the form �Yij; bps� and �Xij; dps� and we can prove the follow-
ing

Claim 5. For any i 6� s and p 6� s we have

�Zip; aps� � �Xip; dps� � ÿ�Yip; bps�
and for i 6� p this is equal to

ÿ�Zps; aip� � ÿ�Xps; dip� � �Yps; bip�
Proof. In the proof of claim 4 we got �Zip; aps� � �Xii; dis�. By claim 3 we

have �Xii; dis� � �Xip; dps� so �Zip; aps� � �Xip; dps�. Write dis � �Yii;Zis� then

�Xii; dis� � �Xii; �Yii;Zis�� �Jac ÿ�Yii; �Zis;Xii�� ÿ �Zis; �Xii;Yii��:
The last term is 0 and ÿ�Yii; �Zis;Xii�� � ÿ�Yii; bis� � ÿ�Yip; bps� by claim 3. So
we have shown

�Zip; aps� � �Xip; dps� � ÿ�Yip; bps�:
The rest of this claim now follows from claim 4.

Remark. What we have proved is that for p 6� s, i 6� s we have
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�Xip; �Ypr;Zrs�� � �Zip; �Xpr;Yrs�� � ÿ�Yip; �Zpr;Xrs��
and for i 6� p this is equal to

ÿ�Xps; �Yir;Zrp�� � ÿ�Zps; �Xir;Yrp�� � �Yps; �Zir;Xrp��
We can now define

ÿ is � �Zip; aps� for any i 6� s and any p:

The total number of elements in degree 3 that are of this form is n2 ÿ n.
Now we consider elements of the form �Zij ; �s� with i 6� j. We have from

claim (2) that this is 0 if i 6� 1 and i 6� s and j 6� 1 and j 6� s.
If i � 1, j 6� 1 and j 6� s we get:

�Z1j; �s� � ÿ�X1s; �Ys1;Z1j�� � ÿ�X1s; dsj� � ÿÿ 1j :

If i � 1 and j � s we write (this is possible because of relation (4))

�s � �X1s;Ys1� � �X1r;Yr1� ÿ �Xsr;Yrs� for some r 6� s

then

�Z1s; �s� � �Z1s; �X1r;Yr1�� ÿ �Z1s; �Xsr;Yrs��
�Jac ÿ�X1r; �Yr1;Z1s�� ÿ �Yr1; �Z1s;X1r��
� �Xsr; �Yrs;Z1s�� � �Yrs; �Z1s;Xsr��

� ÿ�X1r; drs� ÿ �Yrs; b1r�
� ÿÿ 1s ÿ ÿ 1s � ÿ2ÿ 1s

The rest of the cases are calculated similarly. We get:

�Zij; �s� �

0 if i 6� 1 and i 6� s and j 6� 1 and j 6� s

ÿÿ 1j if i � 1 and j 6� 1 and j 6� s

ÿ sj if i � s and j 6� 1 and j 6� s

ÿ i1 if j � 1 and i 6� 1 and i 6� s

ÿÿ is if j � s and i 6� 1 and i 6� s

ÿ2ÿ 1s if i � 1 and j � s

2ÿ s1 if i � s and j � 1

8>>>>>>>>>>><>>>>>>>>>>>:
We get similar results for elements of the form �Yij; �s� and �Xij; �s�.

3.2.2. Part 2. What remains to be considered are the elements of the form
�Z11; �s�, �Zss; �s�, �X11; �s�, �Xss; �s�, �Y11; �s�, �Yss; �s� and �Zij; aji�, �Xij; dji�,
�Yij ; bji�. We are going to prove a number of claims on how these elements
relate to each other and show that we need a generating set consisting of
n� 1 elements to generate all of them.
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Claim 6. The elements �Zrr; �Xrs;Ysr��, with r; s 2 f1; . . . ; ng, r 6� s, are all
equal.

Proof. We have

�Z11; �s� � �Z11; �X1s;Ys1�� �Jac ÿ�X1s; �Ys1;Z11�� ÿ �Ys1; �Z11;X1s��
� ÿ�X1s; ds1� � �Ys1; b1s�

and similarly

�Zss; �s� � �Zss; �X1s;Ys1�� � �X1s; ds1� ÿ �Ys1; b1s�
so �Z11; �s� � ÿ�Zss; �s�.

By relation (4) we have �r ÿ �s � �Xrs;Ysr� � 0 for any r 6� s, r 6� 1. We
multiply this equation by Z11 and get

�Z11; �r� ÿ �Z11; �s� � �Z11; �Xrs;Ysr�� � 0:

By using the Jacobi identity we get �Z11; �Xrs;Ysr�� � 0 so this gives �Z11; �r�
� �Z11; �s�. So we have shown

ÿ�Zss; �s� � �Z11; �s� � �Z11; �r� � ÿ�Zrr; �r� for any r; s 6� 1:

Now look at �Zrr; �Xrs;Ysr�� with r 6� s, r 6� 1 and s 6� 1. We have
�r ÿ �s � �Xrs;Ysr� � 0. Multiply through this equation by Zrr. Since
�Zrr; �s� � 0 this gives

ÿ�Zrr; �r� � �Zrr; �Xrs;Ysr��:
So we have proved the claim.

Similarly we get that there is only one element of the type �Xrr; �Yrs;Zsr��
and one of the type �Yrr; �Xrs;Zsr��. We define

H � �Zrr; �Xrs;Ysr�� for any r 6� s

F � �Xrr; �Yrs;Zsr�� for any r 6� s

E � �Yrr; �Xrs;Zsr�� for any r 6� s

and for any i 6� j

Hij � �Zij; aji�
Fij � �Xij; dji�
Eij � �Yij; bji�

We have 3�n2 ÿ n� � 3 elements. We are going to show that these can all be
written in terms of H, F and H12; . . . ;H1n.
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By using the Jacobi identity we easily get for any r 6� s

H � ÿFsr � Ers

F � Ers ÿHsr

E � Hsr � Frs

So E ÿ F � Hrs � Fsr ÿ Ers �Hsr � Hrs �Hsr ÿH. By using the Jacobi
identity we get

Hij � ÿFjr � Eri:

From the above we have Fjr � Erj ÿH and Eri � Fir �H then
Hij � ÿ�Erj ÿH� � �Fir �H� � ÿHji � 2H so

Hij �Hji � 2H�5�
and

E ÿ F � H:�6�
We can now prove
Claim. 7. For any i 6� 1, j 6� 1 and i 6� j we have

H1i ÿH1j �Hij � H

Proof. We have

H1i � ÿFir � Er1

H1j � ÿFjr � Er1

Hij � ÿFjr � Eri

so H1i ÿH1j �Hij � ÿFir � Eri � H.
We can now write this part of degree 3 in terms of H, H12; . . . ;H1n and F :

Hij � H ÿH1i �H1j for any i; j 2 f2; . . . ; ng; i 6� j
Hi1 � 2H ÿH1i for any i 2 f2; . . . ; ng
Eij � F �Hji � F �H ÿH1j �H1i for any i; j 2 f2; . . . ; ng; i 6� j
E1j � F �Hj1 � F � 2H ÿH1j for any j 2 f2; . . . ; ng
Ei1 � F �H1i for any i 2 f2; . . . ; ng
Fij � Eji ÿH � F �H1j ÿH1i for any i; j 2 f2; . . . ; ng; i 6� j
F1j � Ej1 ÿH � F �H1j ÿH for any j 2 f2; . . . ; ng
Fi1 � E1i ÿH � F �H ÿH1i for any i 2 f2; . . . ; ng
E � F �H

This means that it suffices with n� 1 elements to generate this part of degree
3. So we have shown that to generate multidegree �1; 1; 1� it suffices with
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n2 ÿ n� n� 1 � n2 � 1 generators. In subsection 3.1 we got 6 generators so
the total number of generators in degree 3 is at most n2 � 1� 6 � n2 � 7.

4. Degree 4

We multiply the generators in degree 3 by the variables. We are going to
show that this results in 3 Lie monomials of degrees �2; 1; 1�, �1; 2; 1� and
�1; 1; 2� respectively.

We first consider the generators from subsection 3.1. We know from [1]
that multiplying �X and �Y with the X -or Y -variables gives 0, multiplying
�X and �Z with the X -or Z-variables gives 0 and multiplying �Y and �Z

with the Y -or Z-variables gives 0. So the product of this part of degree 3
with the variables can only result in elements of multidegrees �1; 1; 2�,
�1; 2; 1� and �2; 1; 1�.

The product of the elements of multidegree �1; 1; 1� by the variables can
also only result in elements of multidegrees �1; 1; 2�, �1; 2; 1� and �2; 1; 1� so
these are the only possible multidegrees that can occur in degree 4. We study
multidegree �1; 1; 2� and show that it is generated by one element. By sym-
metry the same result will follow for the other multidegrees.

We first prove:

Claim 8. Let i 6� s then

�Zlk; ÿ is� � 0 if l 6� s or k 6� i:

Proof. Write ÿ is � �Zip; aps� with p 6� k. We get

�Zlk; ÿ is� � �Zlk; �Zip; aps�� � �Zip; �aps;Zlk�� ÿ �aps; �Zlk;Zip��
The last term is 0 and by claim 1 the first term is 0 if l 6� s (since p 6� k). By
claim 4 we can also write ÿ is � ÿ�Zrs; air� with r 6� l. We get

�Zlk; ÿ is� � ÿ�Zrs; �air;Zlk�� � �air; �Zrs;Zlk��
and the first term is zero if k 6� i. The last term is 0. So we have shown that
�Zlk; ÿ is� � 0 if l 6� s or k 6� i.

Later we will show that �Zsi; ÿ is� � �Zrj; ÿ jr� for any �j; r� with j 6� r.
Now multiply H with Zkl . We get

Claim 9.

�Zkl ;H� � 0 for any �k; l�:
Proof. We can write H � �Zrr; �Xrs;Ysr�� for any r 6� s. Pick r 6� k, r 6� l

and s 6� l then
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�Zkl ; �Zrr; �Xrs;Ysr�� � ÿ��Xrs;Ysr�; �Zkl ;Zrr�� � �Zrr; ��Xrs;Ysr�;Zkl ��
The first term is 0 and the last term is 0 if s 6� k (since k 6� r and l 6� r, l 6� s).
If n � 4 then we can pick s 6� k and the result follows. For n � 3 we may
have s � k.

In that case we get

ÿ�Zsl ; �Xrs;Ysr�� �Jac �Ysr; �Zsl ;Xrs�� � �Ysr; brl � � ÿÿ sl

and �Zrr;ÿÿ sl � � 0 since r 6� s, r 6� l (by claim 8) so �Zkl ;H� � 0 for any
�k; l�.

We also get

Claim 10. For i 6� j we have

�Zkl ;Hij� �
�Zij; ÿ ji� if k � i � l
ÿ �Zij; ÿ ji� if k � j � l
0 otherwise

8<:
Proof. By definition Hij � �Zij; aji� and the Jacobi identity gives

�Zkl ; �Zij; aji�� � �Zij; �aji;Zkl �� ÿ �aji; �Zkl ;Zij ��:
The last term is 0 and �aji;Zkl � � 0 if k 6� i and l 6� j. If k � i and l 6� j then
we get �Zij ; �aji;Zil �� � �Zij ; ÿ jl �. By claim 8 we have that this is 0 if l 6� i. The
case k 6� i, l � j is similar. If k � i, l � j and i 6� j we have �Zij;Hij�. By
equation (5) we can write Hij � 2H ÿHji so

�Zij;Hij� � 2�Zij;H� ÿ �Zij;Hji� � ÿ�Zij;Hji� � ÿ�Zij; �Zji; aij��
�Jac ÿ�Zji; �aij;Zij �� � 0 since i 6� j:

From this we easily get

Claim 11. For any i 6� j we have

�Zij ; ÿ ji� � �Zji; ÿ ij�
Proof. We have

�Zij; ÿ ji� � �Zii;Hij� � �Zii; 2H ÿHji� � ÿ�Zii;Hji� � �Zji; ÿ ij �
We also get

Claim 12. Let i 6� s. For any p 6� s, p 6� i we have

�Zsi; ÿ is� � �Zps; ÿ sp�
Proof. By claim 4 we can write ÿ is � ÿ�Zps; aip� then
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�Zsi; ÿ is� � ÿ�Zsi; �Zps; aip�� �Jac ÿ�Zps; �aip;Zsi�� � �Zps; ÿ sp�
The last two claims give that all the elements of the form �Zij ; ÿ ji� are

equal so we can define

�Z :� �Zsi; ÿ is�
We now prove:

Claim 13.

�Zij;F � � 0 for any �i; j�
Proof. We can write F � �Xrr; �Yrs;Zsr�� for any r and s with r 6� s so

�Zij;F � �Jac ÿ��Yrs;Zrs�; �Zij;Xrr�� � �Xrr; ��Yrs;Zsr�;Zij��:
By subsection 3.1 we have �Zij; �Yrs;Zsr�� � 0 unless i � j � r or i � j � s. If
i � j we pick r and s different from i and get that both terms are 0 (since
�Zii;Xrr� � 0). For i 6� j we get that the last term is 0 and the first term is 0 if
we pick r 6� i, r 6� j.

What remains to be considered in multidegree �1; 1; 2� is �Xps; �Z� and
�Yps; �Z�. We get

Claim 14.

�Xps; �Z� � 0 for any �p; s�:
Proof. Let �p; s� be given. Pick �i; j� such that i 6� j, i 6� p, i 6� s and j 6� p

and write �Z � �Zij; dji�. Then

�Xps; �Zij; dji�� �Jac �Zij ; �dji;Xps�� ÿ �dji; �Xps;Zij��:
The last term is 0 since i 6� s and j 6� p. The first term is also 0 if j 6� s. If
j � s then the first term becomes

�Zij ; �dji;Xpj�� � �Zij ;ÿÿ pi� � 0 since j 6� p (claim 8)

so �Xps; �Zij; dji�� � 0.

A similar argument gives that �Yps; �Z� � 0 for any �p; s�. So we have
shown that multidegree �1; 1; 2� is generated by 1 element.

By symmetry we get that the multidegree �2; 1; 1� is generated by one ele-
ment, call it �X and the multidegree �1; 2; 1� is generated by one element, call
it �Y .
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5. Degree 5

Here we look at the products of �X , �Y and �Z and the variables and show
that this results in zeros, i.e. there are no elements in degree 5.

We first look at �Zkl ; �Z�. For any i 6� s we can write �Z � �Zsi; ÿ is�. Pick
s 6� k. Then we get

�Zkl ; �Zsi; ÿ is�� � ÿ�Zsi; �ÿ is;Zkl �� ÿ �ÿ is; �Zkl ;Zsi��:
The last term is 0 and �ÿ is;Zkl � � 0 since s 6� k (by claim 8) so the first term
is 0.

To show that �Xkl ; �Z� � 0 we pick �i; s� such that i 6� s, i 6� k, i 6� l and
s 6� l. We get

�Xkl ; �Zsi; ÿ is�� � �Zsi; �ÿ is;Xkl �� � �ÿ is; �Xkl ;Zsi��:
The first term is 0 since i 6� l (by claim 8) and �Xkl ;Zsi� � 0 since i 6� k and
s 6� l so the last term is 0. Similarly we get �Ykl ; �Z� � 0 so multiplying �Z by
the variables does not give any elements in degree 5. We easily get the same
result for �X and �Y so g5 � 0 i.e. the Lie algebra is nilpotent of index 4.

6. Conclusion

We have now shown that the Lie algebra is generated by the following ele-
ments:

deg 1 : Xij ;Yij ;Zij for i; j � 1; . . . ; n
deg 2 : aij; bij ; dij; for i; j � 1; . . . ; n and i 6� j

�k; �k; �k for k � 2; . . . ; n:
deg 3 : ÿ ij for i; j � 1; . . . ; n and i 6� j

F ;H;H12; . . . ;H1n
�X ; �Y ; �X ; �Z; �Y ; �Z

deg 4 : �X ; �Y ; �Z

The multiplication tables are given in the next section.

7. Multiplication tables

In this section we give a summary of the multiplication in each degree in the
Lie algebra.

7.1. Degree 2
We have:

�Xij;Xrs� � 0 for all i; j; r; s 2 f1; . . . ; ng
�Yij;Yrs� � 0 for all i; j; r; s 2 f1; . . . ; ng
�Zij;Zrs� � 0 for all i; j; r; s 2 f1; . . . ; ng:
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�Xrs;Yij� �

0 if s 6� i and r 6� j
arj if s � i and r 6� j
ÿais if s 6� i and r � j
�s ÿ �r if r � j 6� 1 and s � i 6� 1 and r 6� s
�s if r � j � 1 and s � i 6� 1
ÿ�r if r � j 6� 1 and s � i � 1
0 if r � s � i � j

8>>>>>>>><>>>>>>>>:

�Xrs;Zij� �

0 if s 6� i and r 6� j
brj if s � i and r 6� j
ÿbis if s 6� i and r � j
�s ÿ �r if r � j 6� 1 and s � i 6� 1 and r 6� s
�s if r � j � 1 and s � i 6� 1
ÿ�r if r � j 6� 1 and s � i � 1
0 if r � s � i � j

8>>>>>>>><>>>>>>>>:

�Yrs;Zij� �

0 if s 6� i and r 6� j
drj if s � i and r 6� j
ÿdis if s 6� i and r � j
�s ÿ �r if r � j 6� 1 and s � i 6� 1 and r 6� s
�s if r � j � 1 and s � i 6� 1
ÿ�r if r � j 6� 1 and s � i � 1
0 if r � s � i � j

8>>>>>>>><>>>>>>>>:
7.2. Degree 3
Let p 6� s then

�Xij; aps� � �X if i � s and j � p
0 otherwise

�

�Yij; aps� � �Y if i � s and j � p
0 otherwise

�

�Zij; aps� �

0 if i 6� s and j 6� p
ÿ is if i 6� s and j � p
ÿÿ pj if i � s and j 6� p
H ÿH1i �H1j if i � s 6� 1 and j � p 6� 1
H1j if i � s � 1 and j � p 6� 1
2H ÿH1i if i � s 6� 1 and j � p � 1
0 if i � s � j � p

8>>>>>>>><>>>>>>>>:
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Let s 6� 1 then

�Xij; �s� �
�X if i � j � 1
ÿ�X if i � j � s
0 otherwise

8<:
and

�Yij; �s� �
�Y if i � j � 1
ÿ�Y if i � j � s
0 otherwise

8<:
and

�Zij ; �s� �

0 if i 6� 1 and i 6� s and j 6� 1 and j 6� s
ÿÿ 1j if i � 1; j 6� 1; j 6� s
ÿ sj if i � s; j 6� 1; j 6� s
ÿ i1 if j � 1; i 6� 1; i 6� s
ÿÿ is if j � s; i 6� 1; i 6� s
ÿ2ÿ 1s if i � 1; j � s
2ÿ s1 if i � s; j � 1
H if i � j � 1
ÿH if i � j � s

8>>>>>>>>>>>><>>>>>>>>>>>>:
Let p 6� s then

�Xij ; bps� � �X if i � s and j � p
0 otherwise

�

�Zij; bps� � �Z if i � s and j � p
0 otherwise

�
and

�Yij; bps� �

0 if i 6� s and j 6� p
ÿÿ is if i 6� s and j � p
ÿ pj if i � s and j 6� p
F �H ÿH1j �H1i if i � s 6� 1 and j � p 6� 1
F � 2H ÿH1j if i � s � 1 and j � p 6� 1
F �H1i if i � s 6� 1 and j � p � 1
0 if i � s � j � p

8>>>>>>>><>>>>>>>>:
Let s 6� 1 then

�Xij; �s� �
�X if i � j � 1
ÿ�X if i � j � s
0 otherwise

8<:
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and

�Zij; �s� �
�Z if i � j � 1
ÿ�Z if i � j � s
0 otherwise

8<:
and

�Yij; �s� �

0 if i 6� 1 and i 6� s and j 6� 1 and j 6� s
ÿ 1j if i � 1; j 6� 1; j 6� s
ÿÿ sj if i � s; j 6� 1; j 6� s
ÿÿ i1 if j � 1; i 6� 1; i 6� s
ÿ is if j � s; i 6� 1; i 6� s
2ÿ 1s if i � 1; j � s
ÿ2ÿ s1 if i � s; j � 1
F �H if i � j � 1
ÿF ÿH if i � j � s

8>>>>>>>>>>>><>>>>>>>>>>>>:
Let p 6� s then

�Yij; dps� � �Y if i � s and j � p
0 otherwise

�

�Zij; dps� � �Z if i � s and j � p
0 otherwise

�

�Xij; dps� �

0 if i 6� s and j 6� p
ÿ is if i 6� s and j � p
ÿÿ pj if i � s and j 6� p
F �H1j ÿH1i if i � s 6� 1 and j � p 6� 1
F ÿH �H1j if i � s � 1 and j � p 6� 1
F �H ÿH1i if i � s 6� 1 and j � p � 1
0 if i � s � j � p

8>>>>>>>><>>>>>>>>:
Let s 6� 1 then

�Yij; �s� �
�Y if i � j � 1
ÿ�Y if i � j � s
0 otherwise :

8<:
and

�Zij; �s� �
�Z if i � j � 1
ÿ�Z if i � j � s
0 otherwise

8<:
and
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�Xij; �s� �

0 if i 6� 1 and i 6� s and j 6� 1 and j 6� s
ÿÿ 1j if i � 1; j 6� 1; j 6� s
ÿ sj if i � s; j 6� 1; j 6� s
ÿ i1 if j � 1; i 6� 1; i 6� s
ÿÿ is if j � s; i 6� 1; i 6� s
ÿ2ÿ 1s if i � 1; j � s
2ÿ s1 if i � s; j � 1
F if i � j � 1
ÿF if i � j � s

8>>>>>>>>>>>><>>>>>>>>>>>>:
7.3. Degree 4
Multiplying the elements

�X ; �Y ; �X ; �Z; �Y ; �Z;F ;H

by the variables gives only zeros.

�Xrs; ÿ ij� � �X if r � j and s � i
0 otherwise

�

�Yrs; ÿ ij � � �Y if r � j and s � i
0 otherwise

�

�Zrs; ÿ ij� � �Z if r � j and s � i
0 otherwise

�
Let k 2 f2; . . . ; ng then

�Xrs;H1k� �
�X if r � s � 1
ÿ�X if r � s � k
0 otherwise

8<:
and

�Yrs;H1k� �
�Y if r � s � 1
ÿ�Y if r � s � k
0 otherwise

8<:
�Zrs;H1k� �

�Z if r � s � 1
ÿ�Z if r � s � k
0 otherwise

8<:
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8. A basis for the Lie algebra

We have shown that dim g1 � 3n2, dim g2 � 3�n2 ÿ 1�, dim g3 � n2 � 7 and
dim g4 � 3. In this section we show that we have equalities in degrees 3 and
4. To do that we use a method given in [2]. We construct a module that has
symbols corresponding to the Lie algebra generators as a kÿbasis and then
we get a 1-1 map from it to the Lie algebra.

8.1. The module
We let M be a graded vectorspace on the following symbols:

deg 0 : m0
deg 1 : Xm

ij ;Y
m
ij ;Z

m
ij for i; j � 1; . . . ; n

deg 2 : amij ; b
m
ij ; d

m
ij ; for i; j � 1; . . . ; n and i 6� j

�m
k ; �

m
k ; �

m
k for k � 2; . . . ; n

deg 3 : ÿm
ij for i; j � 1; . . . ; n and i 6� j

Fm;Hm;Hm
12; . . . ;Hm

1n
�m

X ; �
m
Y ; �

m
X ; �

m
Z ; �

m
Y ; �

m
Z

deg 4 : �m
X ; �

m
Y ; �

m
Z

We assign a multigrading to the generators of M such that multidegree wm �
multidegree w e.g. multidegree amij � multidegree aij � �1; 1; 0�. Let gf be the
free Lie algebra on Xij;Yij;Zij. We make M into a gf -module by defining the
operation of Xij , Yij and Zij on M. We define

Xij:m0 :� Xm
ij for i; j � 1; . . . ; n

Yij:m0 :� Ym
ij for i; j � 1; . . . ; n

Zij:m0 :� Zm
ij for i; j � 1; . . . ; n:

For the operation of the variables on the rest of the elements of M we define
it as the Lie algebra multiplication in g with �U ; � replaced by U : for
U 2 fXij;Yij;Zijg. That is we define e.g.

Xrs:Ym
ij :�

0 if s 6� i and r 6� j
amrj if s � i and r 6� j
ÿamis if s 6� i and r � j
�m
s ÿ �m

r if r � j 6� 1 and s � i 6� 1 and r 6� s
�m
s if r � j � 1 and s � i 6� 1
ÿ�m

r if r � j 6� 1 and s � i � 1
0 if r � s � i � j

8>>>>>>>><>>>>>>>>:
See the multiplication table in section 7. By abuse of notation we may think
of this operation as

U :Wm � �U ;W �m:
We extend the operation to all of gf by the rule
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�a; b�:v � a:�b:v� ÿ �ÿ1�jajjbjb:�a:v��7�
so M is a gf -module.

The Lie algebra g is the quotient of gf by the ideal of relation REL so to
show that M is in fact a g-module it suffices to show r:v � 0 for any r 2 Rel
and any v 2M. This can be done by direct calculations which are given in
appendix 1.

To use the theory of [2] we extend our Lie algebra g to a Lie algebra
g] � k1� g where 1 is an even symbol of degree 0 and the bracket on g is
extended to g] by the rule �g;1� � deg�g�g for g 2 g. This defines a Lie
structure on g] since g ÿ! deg�g�g is a derivation. We make M into a g]-
module by defining

1:v � ÿdeg�v�v for any v 2M

By definition rule (7) holds for any a, b with deg a; deg b � 1 so we only
need to check that �a;1�:v � a:�1:v� ÿ 1:�a:v� holds for any a 2 g and any
v 2M. We get

a:�1:v� ÿ 1:�a:v� � ÿdeg�v�a:vÿ �ÿdeg�a:v��a:v � deg�a�a:v
By definition �a;1� � deg�a�a so the rule holds. Hence M is a g]-module

8.2. The map
We define a map of graded g]-modules Mÿ!g] such that f �m0� � 1 and

f �wm� � w for wm a generator of M�1. By construction f is surjective and by
theorem 5.4 in [2] we have that ker�f � is generated by

ff �a�:m0 ÿ deg�a�a; a 2M�1g:
We will show that for any a 2M�1 we have

f �a�:m0 � deg�a�a
i.e. f is injective.

Degree 1: We have

f �Xlk�:m0 � Xlk:m0 � Xm
lk

and similarly for Ym
lk and Zm

lk.
Degree 2: We write aij � �Xir;Yrj �.
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f �amij �:m0 � aij:m0

� �Xir;Yrj �:m0

� Xir:�Yrj:m0� � Yrj:�Xir:m0�
� Xir:Ym

rj � Yrj :Xm
ir

� amij � amij
� 2amij :

f ��m
k �:m0 � �k:m0

� �X1k;Yk1�:m0

� X1k:�Yk1:m0� � Yk1:�X1k:m0�
� X1k:Ym

k1 � Yk1:Xm
1k

� �m
k � �m

k

� 2�m
k :

Symmetry gives the result for bmij , �
m
k , d

m
ij and �mk .

Degree 3: We write ÿ is � �Zip; aps� with p 6� s and aps � �Xpr;Yrs� with r 6� i
and r 6� p. We have

f �ÿm
is �:m0 � ÿ is:m0

� �Zip; aps�:m0

� Zip:�aps:m0� ÿ aps:�Zip:m0�
� 2Zip:amps ÿ aps:Zm

ip

� 2ÿm
is ÿ Xpr:�Yrs:Zm

ip� ÿ Yrs:�Xpr:Zm
ip�

� 2ÿm
is ÿ Xpr:0� Yrs:bmir

� 2ÿm
is � ÿm

is

� 3ÿm
is

Write H � �Z11; �X12;Y21��.
f �Hm�:m0 � H:m0

� �Z11; �X12;Y21��:m0

� Z11��X12;Y21�:m0� ÿ �X12;Y21�:�Z11:m0�
� 2Z11:�

m
2 ÿ �X12:�Y21:Zm

11� � Y21:�X12:Zm
11��

� 2Hm ÿ X12:dm
21 � Y21:bm12

� 2Hm ÿ Fm �Hm ÿHm
12 � Fm �Hm

12

� 3Hm

180 freyja hreinsdöttir
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Write ai1 � �Xir;Yr1� with r 6� i, r 6� 1

f �Hm
1i �:m0 � H1i:m0

� �Z1i; ai1�:m0

� Z1i:�ai1:m0� ÿ ai1:�Z1i:m0�
� 2Z1i:ami1 ÿ �Xir;Yr1�:Zm

1i

� 2Hm
1i ÿ �Xir:�Yr1:Zm

1i� � Yr1:�Xir:Zm
1i��

� 2Hm
1i ÿ Xir:dm

ri � Yr1:bm1r
� 2Hm

1i ÿ Fm ÿHm
1r �Hm

1i � Fm �Hm
1r

� 3Hm
1i

Write F � �X11; �Y12;Z21��
f �Fm�:m0 � F :m0

� �X11; �Y12;Z21��:m0

� X11:��Y12;Z21�:m0� ÿ �Y12;Z21�:�X11:m0�
� 2X11:�

m
2 � Y12:bm21 ÿ Z21:am12

� 2Fm � Fm � 2Hm ÿHm
12 ÿ 2Hm �Hm

12

� 3Fm:

Write �X � �Xij; aji� and aji � �Xjr;Yri� with r 6� j.

f ��m
X �:m0 � �X :m0

� �Xij; aji�:m0

� Xij:�aji:m0� ÿ aji:�Xij:m0�
� 2Xij:aji ÿ �Xjr;Yri�:Xm

ij

� 2�m
X ÿ �Xjr:�Yri:Xm

ij � � Yri:�Xjr:Xm
ij ��

� 2�m
X � Xjr:amrj

� 3�m
X

The calculations are similar for �m
Y , �

m
X , �

m
Z , �

m
Y , �

m
Z .

Degree 4: Write �X � �Xji; ÿ ij � and ÿ ij � �Zip; apj� with p 6� j, p 6� i and
apj � �Xpr;Yrj� with r 6� p, r 6� j. We get
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f ��m
X �:m0 � �X :m0

� Xji:�ÿ ij:m0� � ÿ ij :�Xji:m0�
� 3Xji:ÿ

m
ij � �Zip; apj �:Xm

ji

� 3�m
X � Zip:�apj:Xm

ji � ÿ apj:�Zip:Xm
ji �

� 3�m
X � Zip:0ÿ apj:bmjp

� 3�m
X ÿ �Xpr:�Yrj:bmjp� � Yrj:�Xpr:bmjp��

� 3�m
X � Xpr:ÿ

m
rp � Yrj:0

� 3�m
X � �m

X

� 4�m
X

The calculations are similar for �Y and �Z.

8.3. Conclusion
We have proved that f is injective and hence an isomorphism. This implies

that the generating set for g is a basis so dim g1 � 3n2, dim g2 � 3�n2 ÿ 1�,
dim g3 � n2 � 7, dim g4 � 3 and g5 � g6 � � � � � 0. This gives that the Hil-
bert series of R! is

HR!�t� � �1� t�3n2�1� t3�n2�7
�1ÿ t2�3�n2ÿ1��1ÿ t4�3

9. Appendix 1

9.1. Degree 0
We start by checking that the relations give zero when operating on m0.

Let U and V be two variables in the Lie algebra. Then

�U ;V �:m0 � U :�V :m0� � V :�U :m0� � U :Vm � V :Um:

Since the operation of the Lie algebra on the module is defined similarly to
the Lie algebra multiplication for elements of degree 1 we have that if
�U ;V � � 0 in the Lie algebra then U :Vm � 0 and V :Um � 0 so
�U ;V �:m0 � 0. So all the relations that are given by a single Lie monomial
give 0 when operating on m0.

Now we look at the relation

�Xir;Yrj� ÿ �Xis;Ysj� where i 6� j; r; s;2 f1; . . . ; ng:
We get

�Xik;Ykj�:m0 � Xik:�Ykj :m0� � Ykj:�Xik:m0� � Xik:Ym
kj � Ykj:Xm

ik

� amij � amij � 2amij for any k 2 f1; . . . ; ng:
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So

��Xir;Yrj� ÿ �Xis;Ysj��:m0 � 0:

We also get for any k 2 f1; . . . ; ng
�Xkj ;Yik�:m0 � Xkj:Ym

ik � Yik:Xm
kj � ÿ2amij :

So

��Xir;Yrj � � �Xrj ;Yir��:m0 � 0

There are two more relations in X and Y that we need to check:

�Xij;Yji� � �Xji;Yij� � 0 for i; j 2 f1; . . . ; ng
�X1i;Yi1� ÿ �X1j;Yj1� � �Xij;Yji� � 0 for i; j 2 f2; . . . ; ng:

We get:

�Xij;Yji�:m0 � Xij :�Yji:m0� � Yji:�Xij:m0� � Xij :Ym
ji � Yji:Xm

ij

�
2��m

j ÿ �m
i � if i 6� 1 and j 6� 1

2�m
j if i � 1

ÿ2�m
i if j � 1

8><>:
and

�Xji;Yij�:m0 � Xji:�Yij:m0� � Yij:�Xji:m0� � Xji:Ym
ij � Yij :Xm

ji

�
2��m

i ÿ �m
j � if i 6� 1 and j 6� 1

ÿ2�m
j if i � 1

2�m
i if j � 1

8><>:
so

��Xij;Yji� � �Xji;Yij��:m0 � 0

and

��X1i;Yi1� ÿ �X1j;Yj1� � �Xij ;Yji��:m0 � 2�m
i ÿ 2�m

j � 2��m
j ÿ �m

i � � 0:

Similarly we get that the relations of degrees �1; 0; 1� and �0; 1; 1� give zeros
when they operate on m0.

9.2. Degree 1
To check that the relations give 0 when operating on degree 1 in the

module it suffices to check this on Xm
kl for any k and l. For symmetry reasons

we get the same results for Ym
kl and Zm

kl .
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We have that the multidegree of �Xij ;Xrs�:Xm
kl is �3; 0; 0� and as there are no

elements in the module of this multidegree this has to be zero.
We now consider the relations of degree �0; 2; 0�. We have

�Yij ;Yrs�:Xm
lk � Yij:�Yrs:Xm

lk � � Yrs:�Yij:Xm
lk �

and

Yrs:Xm
lk �

0 if s 6� l and r 6� k
amls if r � k and s 6� l
ÿamrk if r 6� k and s � l
�m
k ÿ �m

l if r � k 6� 1 and s � l 6� 1 and l 6� k
�m
k if r � k 6� 1 and s � l � 1
ÿ�m

l if r � k � 1 and s � l 6� 1
0 if r � s � k � l

8>>>>>>>><>>>>>>>>:
�8�

so

Yij:�Yrs:Xm
lk � �

�m
Y if j � l; i � s; r � k; i 6� j
ÿ�m

Y if j � r; i � k; s � l; i 6� j
�m

Y if i � j � s � l; r � k 6� i
�m

Y if i � j � r � k; s � l 6� i
0 otherwise

8>>>><>>>>:
In the nonzero cases the second term is

Yrs:�Yij:Xm
lk � �

Yks:�Ysl :Xm
lk � � ÿ�m

Y
Yrl :�Ykr:Xm

lk � � �m
Y

Ykl :�Yll :Xm
lk � � ÿ�m

Y
Ykl :�Ykk:Xm

lk � � ÿ�m
Y

8>><>>:
so the two terms cancel. Similarly we get the same result if we start by ex-
amining the nonzero cases for the second term. So

�Yij;Yrs�:Xm
lk � 0 for any i; j; r; s; l; k

By symmetry we get that the relations

�Zij;Zrs� � 0 for all i; j; r; s 2 f1; . . . ; ng:
give zero when operating on Xm

lk .
We now consider the relations of degree �1; 1; 0�. We start with

�Xij ;Yrs� � 0 if j 6� r and i 6� s
�Xij ;Yij � � 0 for all �i; j�

We get

�Xij ;Yrs�:Xm
lk � Xij:�Yrs:Xm

lk � � Yrs:�Xij:Xm
lk �
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The last term is zero. In (8) we have the different possibilities for �Yrs:Xm
lk � so

we get

Xij :�Yrs:Xm
lk � �

Xij :amls � 0 if i 6� s
ÿXij:amrk � 0 if j 6� r
Xij :��m

r ÿ �m
s � � 0 if i 6� s and j 6� r

Xij :�
m
r � 0 if j 6� r

ÿXij:�
m
s � 0 if i 6� s

0 otherwise

8>>>>>><>>>>>>:
From this we get

�Xij ;Yrs�:Xm
lk � 0 if i 6� s and j 6� r

�Xij ;Yij�:Xm
lk � 0 if i 6� j

and

�Xii;Yii�:Xm
lk � Xii:

amli if i � k 6� l
ÿamik if i � l 6� k
0 otherwise

8<:
9=; � 0

Now we consider the relations

�Xir;Yrj� ÿ �Xis;Ysj� � 0 r; s; i; j 2 f1; . . . ; ng; i 6� j

�Xir;Yrj� � �Xrj;Yir� � 0 r; i; j 2 f1; . . . ; ng; i 6� j

�Xij;Yji� � �Xji;Yij� � 0 i; j 2 f1; . . . ; ng
�X1i;Yi1� ÿ �X1j;Yj1� � �Xij ;Yji� � 0 i; j 2 f2; . . . ; ng:

First we calculate �Xiq;Yqj�:Xm
lk for some q 2 f1; . . . ; ng.

�Xiq;Yqj �:Xm
lk � Xiq:�Yqj :Xm

lk � � Yqj:�Xiq:Xm
lk �

The last term is zero. Using (8) we get

Xiq:�Yqj:Xm
lk � � Xiq:

amlj if q � k and j 6� l

ÿamqk if q 6� k and j � l

�m
k ÿ �m

l if q � k 6� 1 and j � l 6� 1
�m
k if q � k 6� 1 and j � l � 1
ÿ�m

l if q � k � 1 and j � l 6� 1
0 otherwise

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
�9�

the koszul dual of the ring of three commuting matrices 185



{orders}ms/000850/Hreinsdottir.3d -28.12.00 - 15:53

�

�m
X if i � j 6� l and q � l � k
ÿ�m

X if i � k 6� q and j � l
ÿ�m

X if i � k � q 6� 1; j � l 6� 1 and i 6� j
ÿ�m

X if i � k � q 6� 1 and j � l � 1
ÿ�m

X if i � k � q � 1 and j � l 6� 1
0 otherwise

8>>>>>><>>>>>>:
So for i 6� j we have

Xiq:�Yqj:Xm
lk � �

ÿ�m
X if i � k and j � l

0 otherwise

�
i.e. this is independent of q so the relation

�Xir;Yrj� ÿ �Xis;Ysj� with i 6� j

gives 0 when operating on Xm
lk .

Similar calculations give for i 6� j

Xqi:�Yjq:Xm
lk � �

�m
X if i � l and k � j

0 otherwise

�
�10�

So the relation

�Xir;Yrj � � �Xrj ;Yir� � 0

gives 0 when operating on Xm
lk .

Equation (9) also gives us:

Xiq:�Yqi:Xm
lk � �

�m
X if k � q � l 6� i
ÿ�m

X if k � i � l 6� q
0 otherwise

8<:
and similar calculations give

Xqi:�Yiq:Xm
lk � �

ÿ�m
X if k � q � l 6� i

�m
X if k � i � l 6� q

0 otherwise

8<:
so the relation �Xiq;Yqi� � �Xqi;Yiq� gives 0 when operating on Xm

lk .
Let i; j 6� 1 and i 6� j then we get from equations (9) and (10):
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��X1i;Yi1� ÿ �X1j;Yj1� � �Xij;Yji��:Xm
lk

� X1i:�Yi1:Xm
lk � ÿ X1j :�Yj1:Xm

lk � � Xij:�Yji:Xm
lk �

�
�m

X if k � l � i

ÿ�m
X if k � l � 1

0 otherwise

8><>:
9>=>;

ÿ
�m

X if k � l � j

ÿ�m
X if k � l � 1

0 otherwise

8><>:
9>=>;

�
�m

X if k � l � j

ÿ�m
X if k � l � i

0 otherwise

8><>:
9>=>;

� 0

We have now checked that all relations of multidegree �1; 1; 0� give 0 when
operating on Xm

lk . For the relations of multidegree �1; 0; 1� the calculations
are similar. What remains to be checked are the relations of degree �0; 1; 1�.

We get

Claim 15. If i 6� s and j 6� r then

�Yij;Zrs�:Xm
lk � 0

Proof. We have

�Yij ;Zrs�:Xm
lk � Yij :�Zrs:Xm

lk � � Zrs:�Yij :Xm
lk ��11�

and Zrs:Xm
lk � 0 if r 6� k and s 6� l and Yij :Xm

lk � 0 if i 6� k and j 6� l. We now
go through the different cases:

If r � k and s 6� l then (11) becomes

Yij:�Zks:Xm
lk � � Zks:�Yij:Xm

lk �
and we have the following subcases:

subcases Yij :�Zks:Xm
lk � � Zks:�Yij :Xm

lk �

i 6� k, j 6� l Yij :bmls � 0 � 0 � 0 � 0

i � k, j 6� l Ykj :bmls � Zks:amlj � 0 � 0 � 0

i 6� k, j � l Yil :bmls ÿ Zks:amik � ÿÿm
is � ÿm

is � 0

i � k, j � l Ykl :bmls � Zks:�Ykl :Xm
lk � � ÿÿm

ks � ÿm
ks � 0

If r 6� k and s � l then (11) becomes

Yij:�Zrl :Xm
lk � � Zrl :�Yij:Xm

lk �
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and we have the following subcases:

subcases Yij :�Zrl :Xm
lk � � Zrl :�Yij :Xm

lk �

i 6� k; j 6� l ÿYij :bmrk � 0 � 0 � 0 � 0

i � k; j 6� l ÿYkj :bmrk � Zrl :amlj � ÿÿm
rj � ÿm

rj � 0

i 6� k; j � l ÿYil :bmrk ÿ Zrl :amik � 0 � 0 � 0

i � k; j � l ÿYkl :bmrk � Zrl :�Ykl :Xm
lk � � ÿÿm

rl � ÿm
rl � 0

If r � k and s � l then (11) becomes

Yij:�Zkl :Xm
lk � � Zkl :�Yij:Xm

lk �
and we have the following subcases:

subcases Yij :�Zkl :Xm
lk � � Zkl :�Yij :Xm

lk �

i 6� k; j 6� l 0 � 0 � 0 � 0 � 0

i � k; j 6� l Ykj :�Zkl :Xm
lk � � Zkl :amlj � ÿÿm

kj � ÿm
kj � 0

i 6� k; j � l Yil :�Zkl :Xm
lk � ÿ Zkl :amik � ÿÿm

il � ÿm
il � 0

i � k; j � l Ykl :�Zkl :Xm
lk � � Zkl :�Ykl :Xm

lk � � ÿ2ÿm
kl � 2ÿm

kl � 0

If r 6� k and s 6� l then we have the following subcases:

subcases Yij :�Zrs:Xm
lk � � Zrs:�Yij :Xm

lk �

i 6� k; j 6� l 0 � 0 � 0 � 0 � 0

i � k; j 6� l 0 � Zrs:amlj � 0 � 0 � 0

i 6� k; j � l 0 ÿ Zrs:amik � 0 � 0 � 0

i � k; j � l 0 � Zrs:�Ykl :Xm
lk � � 0 � 0 � 0

So we have proved the claim.

Claim 16. For any �i; j� we have
�Yij ;Zij �:Xm

lk � 0

Proof. The previous claim gives that for i 6� j we have �Yij;Zij�:Xm
lk � 0 so

we only need to check that �Yii;Zii�:Xm
lk � 0.

�Yii;Zii�:Xm
lk � Yii:�Zii:Xm

lk � � Zii:�Yii:Xm
lk �

Both terms are 0 if i 6� l and i 6� k. We have the following cases:
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cases Yii :�Zii:Xm
lk � � Zii:�Yii:Xm

lk �

i � k 6� l Ykk:bmlk � Zkk:amlk � ÿm
lk � ÿÿm

lk � 0

i � l 6� k ÿYll :bmlk � ÿZll :amlk � ÿm
lk � ÿÿm

lk � 0

i � k � l Yll :�Zll :Xm
ll � � Zll :�Yll :Xm

ll � � 0 � 0 � 0

Claim 17. For i 6� j

�Yiq;Zqj�:Xm
lk

is independent of q and

��Yiq;Zqj� � �Yqj:Ziq��:Xm
lk � 0

Proof.

�Yiq;Zqj �:Xm
lk � Yiq:�Zqj :Xm

lk � � Zqj:�Yiq:Xm
lk �

and

�Yqj;Ziq�:Xm
lk � Yqj:�Ziq:Xm

lk � � Ziq:�Yqj:Xm
lk �

These are both 0 unless q � k or j � l or i � k or q � l. Assume j 6� l and
i 6� k. We get the following subcases:

subcases �Yiq;Zqj �:Xm
lk � �Yqj ;Ziq�:Xm

lk

q � k, q 6� l Yik:bmlj � Zik:amlj � 0 � 0 � 0

q 6� k, q � l ÿZlj :amik � ÿYlj :bmik � 0 � 0 � 0

q � k � l ÿÿm
ij � ÿm

ij � ÿÿm
ij � ÿm

ij � 0 � 0 � 0

So we have shown �Yiq;Zqj�:Xm
lk � 0 and �Yqj;Ziq�:Xm

lk � 0 if j 6� l and i 6� k
(independent of the value of q).

Assume now that j � l and i 6� k then we get the following subcases:

subcases �Yiq;Zql �:Xm
lk � �Yql ;Ziq�:Xm

lk

q 6� k, q 6� l ÿYiq:bmqk � ÿZiq:amqk � ÿm
ik � ÿÿm

ik � 0

q � k, q 6� l Yik:�Zkl :Xm
lk � � Zik:�Ykl :Xm

lk � � ÿm
ik � ÿÿm

ik � 0

q 6� k, q � l ÿYil :bmlk � ÿZil :amlk � ÿm
ik � ÿÿm

ik � 0

q � k � l ÿZkk:amik � ÿYll :bmil � ÿm
ik � ÿÿm

ik � 0

So we have shown that if j � l and i 6� k then �Yiq;Zql �:Xm
lk � ÿm

ik (in-
dependent of the value of q) and ��Yiq;Zql � � �Yql ;Ziq��:Xm

lk � 0.
Assume j 6� l and i � k then by calculations as above we get

�Ykq;Zqj �:Xm
lk � ÿÿm

lj and �Yqj;Zkq�:Xm
lk � ÿm

lj :
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Assume j � l and i � k then k 6� l since i 6� j. We get

�Ykq;Zql �:Xm
lk � Ykq:�Zql :Xm

lk � � Zql :�Ykq:Xm
lk �

Here we need to divide into several subcases and subcases of those.

Case l � 1:

subcases Ykq:�Zq1:Xm
1k� � Zq1:�Ykq:Xm

1k�

q � 1 ÿFm ÿHm
1k � Hm � ÿFm ÿHm

1k �Hm

q � k ÿFm ÿHm � 2Hm ÿHm
1k � ÿFm ÿHm

1k �Hm

q 6� 1, q 6� k ÿFm ÿHm �Hm
1q ÿHm

1k � 2Hm ÿHm
1q � ÿFm ÿHm

1k �Hm

So we have shown that �Ykq;Zq1�:Xm
1k � ÿFm ÿHm

1k �Hm independent of
the value of q.

Case k � 1: Similar calculations show that

�Y1q;Zql �:Xm
l1 � ÿFm ÿHm �Hm

1l

independent of the value of q.

Case k 6� 1 and l 6� 1

subcases Ykq:�Zql :Xm
lk � � Zql :�Ykq:Xm

lk �

q � 1 ÿFm ÿHm
1k � Hm

1l � ÿFm ÿHm
1k �Hm

1l

q � k ÿFm ÿHm � Hm ÿHm
1k �Hm

1l � ÿFm ÿHm
1k �Hm

1l

q � l ÿFm ÿHm �Hm
1l ÿHm

1k � Hm � ÿFm ÿHm
1k �Hm

1l

q 6� 1; k; l ÿFm ÿHm �Hm
1q ÿHm

1k � Hm ÿHm
1q �Hm

1l � ÿFm ÿHm
1k �Hm

1l

So when k 6� 1 and l 6� 1 we get

�Ykq;Zql �:Xm
lk � ÿFm ÿHm

1k �Hm
1l

independent of the value of q.
We summarize the tables above and get

�Ykq;Zql �:Xm
lk �

ÿFm ÿHm
1k �Hm

1l if k 6� 1 and l 6� 1
ÿFm ÿHm

1k �Hm if k 6� 1 and l � 1
ÿFm ÿHm �Hm

1l if k � 1 and l 6� 1

8<:
Now look at �Yqj ;Ziq�:Xm

lk for j � l and i � k,

�Yql :Zkq�:Xm
lk � Yql :�Zkq:Xm

lk � � Zkq:�Yql :Xm
lk �

The cases to check are the same as for �Ykq;Zql �:Xm
lk and similar calculations

give

190 freyja hreinsdöttir
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�Yql ;Zkq�:Xm
lk �

Fm �Hm
1k ÿHm

1l if k 6� 1 and l 6� 1
Fm �Hm

1k ÿHm if k 6� 1 and l � 1
Fm �Hm ÿHm

1l if k � 1 and l 6� 1

8<:
So we have proved the claim.

A consequence of this is that

��Yir;Zrj� ÿ �Yis;Zsj ��:Xm
lk � 0

and

��Yir;Zrj� � �Yrj ;Zir�:Xm
lk � 0

Claim 18. Let i 6� j then

��Yij;Zji� � �Yji;Zij��:Xm
lk � 0

Proof. We have

�Yij;Zji�:Xm
lk � Yij :�Zji:Xm

lk � � Zji:�Yij:Xm
lk ��12�

and

�Yji;Zij �:Xm
lk � Yji:�Zij :Xm

lk � � Zij:�Yji:Xm
lk �:�13�

We see that they are both 0 unless i � k or i � l or j � k or j � l.
We now go through the different cases.

Cases subcases �Yij ;Zji�:Xm
lk �Yji ;Zij �:Xm

lk

j � k; i 6� l j � l Fm ÿFm

j 6� l ÿm
lk ÿÿm

lk

j � k; i � l 2ÿm
lk ÿ2ÿm

lk

j 6� k; i � l i � k ÿFm Fm

i 6� k ÿm
lk ÿÿm

lk

j 6� k; i 6� l i � k; j � l ÿ2ÿm
lk 2ÿm

lk

i � k; j 6� l ÿÿm
lk ÿm

lk

i 6� k; j 6� l ÿÿm
lk ÿm

lk

So we have proved the claim.
We summarize the above
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�Yij;Zji�:Xm
lk �

Fm if l � k � j
ÿm

lk if j � k 6� l and i 6� l
2ÿm

lk if j � k and i � l
ÿFm if i � l � k
ÿm

lk if i � l 6� k and j 6� k
ÿ2ÿm

lk if i � k and j � l
ÿÿm

lk if i � k 6� l and j 6� l
ÿÿm

lk if i 6� k and j � l 6� k

8>>>>>>>>>><>>>>>>>>>>:
�14�

Claim 19. For i 6� j we have

��Y1i;Zi1� ÿ �Y1j;Zj1� � �Yij;Zji��:Xm
lk � 0

Proof. We use (14) for each of the terms and get that this is 0.

9.3. Degree 2
We now check that the relations give 0 when operating on degree 2 in the

module. For symmetry reasons it is enough to check this for amij and �
m
k . We

have that

Rel: deg 2 � deg 4:

Degree 4 in the module is generated by �m
X , �

m
Y and �m

Z which have multi-
degrees �2; 1; 1�, �1; 2; 1� and �1; 1; 2� respectively. The elements amij and �m

k
both have multidegree �1; 1; 0� so if U is of degree 2 and is such that
U :amij 6� 0 (or U :�m

k 6� 0) then U has to have multidegree �1; 0; 1�, or �0; 1; 1�
or �0; 0; 2�. So its enough to check the relations that have these multidegrees.
We start with the relation �Zij;Zrs�

�Zij ;Zrs�:amkl � Zij:�Zrs:amkl� � Zrs:�Zij :amkl�:
The first term is 0 if r 6� l and k 6� s and the second term is 0 if i 6� l and
j 6� k. In the following table we list the nonzero possibilities for the first term
and calculate the corresponding second term

cases Zij :�Zrs:amkl� subcases Zrs:�Zij :amkl�
j � r 6� l � i; k � s Zrl :�Zrk:amkl� � �m

Z r 6� k Zrk:�Zlr:amkl� � Zrk:�ÿÿm
kr� � ÿ�m

Z

r � k Zkk:�Zlk:amkl� � ÿ�m
Z

i � s 6� k � j; r � l Zsk:�Zls:amkl� � ÿ�m
Z s 6� l Zls:�Zsk:amkl� � Zls:ÿ

m
sl � �m

Z

s � l Zll :�Zlk:amkl� � �m
Z

r � l � i � j; s � k Zll :�Zlk:amkl� � �m
Z Zlk:�Zll :amkl� � Zlk:�ÿÿm

kl� � ÿ�m
Z

r � l; s � k � i � j Zkk:�Zlk:amkl� � ÿ�m
Z Zlk:�Zkk:amkl� � Zlk:ÿ

m
kl � �m

Z

So we see that when the first term is nonzero it is cancelled by the second
term. For symmetry reason we get the same result if we start with the second
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term so �Zij;Zrs�:amkl � 0. We now consider �Zij;Zrs�:�m
k . We get the following

nonzero possibilities

cases Zij :�Zrs:�
m
k � Zrs:�Zij :�

m
k �

1 6� s � i 6� k; j � r � 1 Zs1:�Z1s:�
m
k � � Zs1:�ÿÿm

1s� � ÿ�m
Z Z1s:�Zs1:�

m
k � � �m

Z

1 6� s � i 6� k; j � r � k Zsk:�Zks:�
m
k � � Zsk:ÿ

m
ks � �m

Z Zks:�Zsk:�
m
k � � ÿ�m

Z

1 6� r � j 6� k; i � s � 1 Z1r:�Zr1:�
m
k � � Z1r:ÿ

m
r1 � �m

Z Zr1:�Z1r:�
m
k � � ÿ�m

Z

1 6� r � j 6� k; i � s � 1 Zkr:�Zrk:�
m
k � � Zkr:�ÿÿm

rk� � ÿ�m
Z Zrk:�Zkr:�

m
k � � �m

Z

i � s � k; j � r � 1 Zk1:�Z1k:�
m
k � � ÿ2�m

Z Z1k:�Zk1:�
m
k � � 2�m

Z

i � s � 1; j � r � k Z1k:�Zk1:�
m
k � � 2�m

Z Zk1:�Z1k:�
m
k � � ÿ2�m

Z

So we see that the first and the second term cancel.
We now consider the relations of multidegree �1; 0; 1�. We have

�Xij;Zrs�:amkl � Xij:�Zrs:amkl� � Zrs:�Xij:amkl�
We have Xij:amkl � �m

X or Xij :amkl � 0 and Zrs:�
m
X � 0 so the last term is always

0. Now consider the first term:

Xij:�Zrs:amkl� � Xij :

ÿm
rl if s � k and r 6� l
ÿÿm

ks if s 6� k and r � l
Hm ÿHm

1l �Hm
1k if s � k 6� 1 and r � l 6� 1

Hm
1k if s � k 6� 1 and r � l � 1

2Hm ÿHm
1l if s � k � 1 and r � l 6� 1

0 otherwise

8>>>>>><>>>>>>:

�

�m
X if i � l; r � j; s � k; r 6� l
ÿ�m

X if i � s; k � j; s 6� k; r � l
�m
X if i � j � l � r; s � k
ÿ�m

X if i � j � k � s; r � l
0 otherwise

8>>>><>>>>:
i.e. the only nonzero possibilities for Xij :�Zrs:amkl� are

Xlr:�Zrk:amkl� � �m
X�15�

Xsk:�Zls:amkl� � ÿ�m
X�16�

The relations of degree �1; 0; 1� are:
�Xij;Zrs� � 0 if j 6� r and i 6� s�17�
�Xij;Zij� � 0 for any �i; j��18�

�Xir;Zrj� ÿ �Xis;Zsj� � 0 r; s; i; j 2 f1; . . . ; ng; i 6� j�19�
�Xir;Zrj� � �Xrj;Zir� � 0 r; i; j 2 f1; . . . ; ng; i 6� j�20�
�Xij ;Zji� � �Xji;Zij� � 0 i; j 2 f1; . . . ; ng�21�
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and

�X1i;Zi1� ÿ �X1j ;Zj1� � �Xij;Zji� � 0 i; j 2 f2; . . . ; ng:�22�
From (15) and (16) it follows that

�Xij;Zrs�:amkl � 0 if j 6� r and i 6� s

�Xij;Zij�:amkl � 0 for all �i; j�
and

�Xiq;Zqj �:amkl �
�m
X if i � l and j � k

0 otherwise

�
So

��Xir;Zrj � ÿ �Xis;Zsj ��:amkl � 0 where i 6� j

Equations (15) and (16) also give

�Xij;Zji�:amkl � 0

So

��Xij;Zji� � �Xji;Zij��:amkl � 0
��X1i;Zi1� ÿ �X1j;Zj1� � �Xij;Zji��:amkl � 0:

We also have

�Xqj ;Ziq�:amkl �
ÿ�m

X if j � k and i � l
0 otherwise

�
so

��Xir;Zrj � � �Xrj ;Zir��:amkl � 0 for i 6� j:

We have now shown that all the relations of degree �1; 0; 1� give 0 when op-
erating on amkl .

For �m
k we get similarly that Zrs:�Xij :�

m
k � � 0 and the nonzero possibilities

for Xij�Zrs:�
m
k � are:

Xs1:�Z1s:�
m
k � � ÿ�m

X s 6� 1; s 6� k
Xsk:�Zks:�

m
k � � �m

X s 6� 1; s 6� k
X1r:�Zr1:�

m
k � � �m

X r 6� 1; r 6� k
Xkr:�Zrk:�

m
k � � ÿ�m

X r 6� 1; r 6� k
Xk1:�Z1k:�

m
k � � ÿ2�m

X
X1k:�Zk1:�

m
k � � 2�m

X :
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This implies that �Xij;Zrs�:�m
k � 0 if i 6� s or j 6� r so the relations (17), (18),

(19) and (20) give 0 when operating on �m
k . This also gives

�Xs1;Z1s�:�m
k � ÿ�X1s;Zs1�:�m

k

�Xsk;Zks�:�m
k � ÿ�Xks;Zsk�:�m

k

�Xk1;Z1k�:�m
k � ÿ�X1k;Zk1�:�m

k

so

��Xij;Zji� � �Xji;Zij��:�m
k � 0

and finally

��X1i;Zi1� ÿ �X1j;Z1j� � �Xij;Zji��:�m
k �

�m
X if i 6� k

2�m
X if i � k

� �
ÿ �m

X if j 6� k

2�m
X if j � k

� �

�
�m
X if j � k

ÿ�m
X if i � k

0 otherwise

8><>:
9>=>;

� 0

We have now shown that all the relations of degree �1; 0; 1� give 0 when op-
erating on �m

k .
For relations of degree �0; 1; 1� the calculations are similar i.e. instead of

Xij:�Zrs:amkl� we have Yij:�Zrs:amkl� which behaves similarly.

9.4. Degree 3 and 4
Since Rel: deg 3 � deg 5 and Rel: deg 4 � deg 6 and there are no elements

of degree 5 or higher in the module we have that the relations give 0 when
operating on deg 3 and deg 4. Hence we have shown that the relations give 0
when operating on M.
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10. Appendix 2

In this appendix we give the multiplication table for the case n � 3.

Degree 2

Degree �1; 1; 0�.
Y11 Y12 Y13 Y21 Y22 Y23 Y31 Y32 Y33

X11 0 a12 a13 ÿa21 0 0 ÿa31 0 0

X12 ÿa12 0 0 �2 a12 a13 ÿa32 0 0

X13 ÿa13 0 0 ÿa23 0 0 �3 a12 a13
X21 a21 ÿ�2 a23 0 ÿa21 0 0 ÿa31 0

X22 0 ÿa12 0 a21 0 a23 0 ÿa32 0

X23 0 ÿa13 0 0 ÿa23 0 a21 �3 ÿ �2 a23
X31 a31 a32 ÿ�3 0 0 ÿa21 0 0 ÿa31
X32 0 0 ÿa12 a31 a32 �2 ÿ �3 0 0 ÿa32
X33 0 0 ÿa13 0 0 ÿa23 a31 a32 0

By replacing Y by Z, a by b and � by � in the above table we get the table
for degree �1; 0; 1�.

By replacing X by Y , Y by Z, a by d, � by � in the above table we get the
table for degree �0; 1; 1�.

Degree 3

Degree �2; 1; 0�.
�2 a12 a13 a21 �3 a23 a31 a32

X11 �X 0 0 0 �X 0 0 0

X12 0 0 0 �X 0 0 0 0

X13 0 0 0 0 0 0 �X 0

X21 0 �X 0 0 0 0 0 0

X22 ÿ�X 0 0 0 0 0 0 0

X23 0 0 0 0 0 0 0 �X

X31 0 0 �X 0 0 0 0 0

X32 0 0 0 0 0 �X 0 0

X33 0 0 0 0 ÿ�X 0 0 0

Degrees �1; 2; 0�, �2; 0; 1�, �1; 0; 2�, �0; 2; 1� and �0; 1; 2� are similar.
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Degree �1; 1; 1�.
�2 a12 a13 a21 �3 a23 a31 a32

Z11 H ÿ 12 ÿ 13 ÿÿ 21 H 0 ÿÿ 31 0

Z12 ÿ2ÿ 12 0 0 H12 ÿÿ 12 ÿ 13 ÿÿ 32 0

Z13 ÿÿ 13 0 0 ÿÿ 23 ÿ2ÿ 13 0 H13 ÿ 12

Z21 2ÿ 21 H21 ÿ 23 0 ÿ 21 0 0 ÿÿ 31

Z22 ÿH ÿÿ 12 0 ÿ 21 0 ÿ 23 0 ÿÿ 32

Z23 ÿ 23 ÿÿ 13 0 0 ÿÿ 23 0 ÿ 21 H23

Z31 ÿ 31 ÿ 32 H31 0 2ÿ 31 ÿÿ 21 0 0

Z32 ÿÿ 32 0 ÿÿ 12 ÿ 31 ÿ 32 H32 0 0

Z33 0 0 ÿÿ 13 0 ÿH ÿÿ 23 ÿ 31 ÿ 32

Where

H21 � 2H ÿH12

H31 � 2H ÿH13

H32 � H ÿH13 �H12

H23 � H ÿH12 �H13:

�2 d12 d13 d21 �3 d23 d31 d32

X11 F ÿ 12 ÿ 13 ÿÿ 21 F 0 ÿÿ 31 0

X12 ÿ2ÿ 12 0 0 F12 ÿÿ 12 ÿ 13 ÿÿ 32 0

X13 ÿÿ 13 0 0 ÿÿ 23 ÿ2ÿ 13 0 F13 ÿ 12

X21 2ÿ 21 F21 ÿ 23 0 ÿ 21 0 0 ÿÿ 31

X22 ÿF ÿÿ 12 0 ÿ 21 0 ÿ 23 0 ÿÿ 32

X23 ÿ 23 ÿÿ 13 0 0 ÿÿ 23 0 ÿ 21 F23

X31 ÿ 31 ÿ 32 F31 0 2ÿ 31 ÿÿ 21 0 0

X32 ÿÿ 32 0 ÿÿ 12 ÿ 31 ÿ 32 F32 0 0

X33 0 0 ÿÿ 13 0 ÿF ÿÿ 23 ÿ 31 ÿ 32

Where

F12 � F �H12 ÿH

F21 � F �H ÿH12

F13 � F �H13 ÿH

F31 � F �H ÿH13

F23 � F �H13 ÿH12

F32 � F �H12 ÿH13:
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�2 b12 b13 b21 �3 b23 b31 b32

Y11 F �H ÿÿ 12 ÿÿ 13 ÿ 21 F �H 0 ÿ 31 0

Y12 2ÿ 12 0 0 E12 ÿ 12 ÿÿ 13 ÿ 32 0

Y13 ÿ 13 0 0 ÿ 23 2ÿ 13 0 E13 ÿÿ 12

Y21 ÿ2ÿ 21 E21 ÿÿ 23 0 ÿÿ 21 0 0 ÿ 31

Y22 ÿF ÿH ÿ 12 0 ÿÿ 21 0 ÿÿ 23 0 ÿ 32

Y23 ÿÿ 23 ÿ 13 0 0 ÿ 23 0 ÿÿ 21 E23

Y31 ÿÿ 31 ÿÿ 32 E31 0 ÿ2ÿ 31 ÿ 21 0 0

Y32 ÿ 32 0 ÿ 12 ÿÿ 31 ÿÿ 32 E32 0 0

Y33 0 0 ÿ 13 0 ÿF ÿH ÿ 23 ÿÿ 31 ÿÿ 32

Where

E12 � F � 2H ÿH12

E21 � F �H12

E13 � F � 2H ÿH13

E31 � F �H13

E23 � F �H ÿH13 �H12

E32 � F �H ÿH12 �H13:

Degree 4
Degree �1; 1; 2�.

H12 ÿ 12 ÿ 13 ÿ 21 H13 ÿ 23 ÿ 31 ÿ 32 H F

Z11 �Z 0 0 0 �Z 0 0 0 0 0

Z12 0 0 0 �Z 0 0 0 0 0 0

Z13 0 0 0 0 0 0 �Z 0 0 0

Z21 0 �Z 0 0 0 0 0 0 0 0

Z22 ÿ�Z 0 0 0 0 0 0 0 0 0

Z23 0 0 0 0 0 0 0 �Z 0 0

Z31 0 0 �Z 0 0 0 0 0 0 0

Z32 0 0 0 0 0 �Z 0 0 0 0

Z33 0 0 0 0 ÿ�Z 0 0 0 0 0

Multiplication by the X - and Y -variables is similar. Multiplying �X , �Y ,
�X , �Z, �Y , �Z by the variables only results in zeros.
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