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BRAIDED ENDOMORPHISMS OF CUNTZ ALGEBRAS

ROBERTO CONTI and FRANCESCO FIDALEO

Abstract

We discuss sufficient conditions ensuring that certain endomorphisms of infinite factors arising
from Cuntz algebras are braided. We analyze some explicit non-trivial examples associated to
unitary solutions of the quantum Yang-Baxter equation on a Hilbert space of dimension 2: In
particular we show the existence of endomorphisms of index 2 associated to representations of
Hecke algebras at a primitive fourth root of unity. In this case we compute the associated fusion
rules. These fusion rules define a finitely generated �-semiring which is not finite. Such a picture
seems to be closely related to the description of (the dual of) a deformation, at a fourth root of
unity, of some compact matrix group. This could be of some interest for the investigation of
quantum symmetries naturally appearing in low-dimensional Quantum Field Theory.

1. Introduction

In the last years the interest in the study of inclusions of von Neumann al-
gebras (up to coniugacy) and their main invariants as the index and the
paragroup had a considerable growth [32, 33]. On the other hand, en-
domorphic inclusions of algebras of localized observables make their ap-
pearence also in Quantum Field Theory (QFT) since they describe the su-
perselection structure of a given theory [6, 11]. Inclusions arising from en-
domorphisms of a factor were considered in [26], and very remarkable
relations were discovered between the theory of invariants of a given inclu-
sion and the theory of the (statistical) dimension of (localized) endomorph-
isms appearing in QFT, see [25, 26, 27]. More recently these connections
were also studied in the more general framework of tensor C�-categories
[29].

A relevant fact is that representations of Artin braid group naturally ap-
pear in QFT due to the indistinguishibility of quantum particles, and there-
fore link invariants ([13, 42]) are canonically attached to any sector [26, 27]
as in the case of a given inclusion of von Neumann algebras [20]. For the-
ories living in the physical Minkowski space-time, the representations of the
braid group degenerate in representations of the permutation group [6] and
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the emerging structure is completely clarified [7]. The statistical dimension of
a sector, which coincides with the square root of the index of suitable inclu-
sions of local algebras [25], completely classifies the classes of the re-
presentations of the permutation group relative to that sector and it is a re-
levant input in order to recover the observable algebra via a principle of
gauge invariance [7]. However in the case of theories living in a low-dimen-
sional space-time manifold the corresponding gauge structure is not yet fully
understood and it seems to be much more complicated [34, 36].

Motivated by these facts the structure of braided endomorphism, and in
particular those which are standard, are intensively studied in [27, 35]. For
low-channel sectors, the associated representations of the braid group are
classified in terms of representations of Hecke or Birman-Wenzl-Murakami
algebras, see also [11]. Unfortunately, all the known examples of (standard)
braided endomorphisms are very complicated [30, 38] so it is certainly
worthwhile constructing and studying other explicit cases. On the other hand
unital endomorphisms of a Cuntz algebra arise in a very simple way [5], and
one could argue that, if braided ones exist, then they have to be necessarily
simpler.

In a Cuntz algebra od , a unitary U 2 od defines an endomorphism
�U 2 End�od� via its action on the generating Hilbert space H � od

T 2 H ! �U�T� :� UT ;

and every (unital) endomorphism arises in this way [5]. Interesting classes of
endomorphisms are generated by unitaries V � RF with R 2 �H2;H2� sa-
tisfying the pentagon equation [5] (F is the unitary implementing the flip
operator in H2, see below). These endomorphisms are closely related to ac-
tions of finite dimensional Kac algebras on von Neumann factors [28]. Other
relevant classes of endomorphisms are associated with unitaries Y � RF
where R 2 �H2;H2� satisfies the Yang-Baxter equation without spectral
parameter [37].

Some properties of the indices associated with certain endomorphisms of
the Cuntz algebras (or of their UHF subalgebras as well) were first in-
vestigated in [17, 22, 28]. Later, they were sistematically studied in [3], where
many considerations about the Yang-Baxter endomorphisms were also
made.

The Yang-Baxter endomorphisms seem to be the natural candidates to
give examples of standard braided endomorphisms. In fact, if R � YF sa-
tisfies the Yang-Baxter condition, then Y 2 �H2;H2� satisfies the equation

Y�Y �Y�Y � �Y �Y�Y�Y �Y �
therefore
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���i� :� �iÿ1Y �Y�; i � 1; 2; . . .

defines a unitary representation of the braid group B1 inside the Cuntz al-
gebra. In the irreducible case a link invariant is also defined via a canonical
Markov trace [42, 27]. If the endomorphism �Y is standard braided w.r.t. Y
(i.e. �Y is Y -braided for short), that is

d��Y � � j��Y �Y �jÿ1;
then the structure of the tower of relative commutants ��nY ; �nY � seems closely
related to that of the inclusion �Y �M� �M ([29]) where M is a canonical
type-III factor related to od , see below.

A similar situation appears in QFT, where the analog of [n��nY ; �nY � plays
a central role in the description of the observable algebra via a principle of
gauge invariance [7, 34, 36]. This has been succesfully exploited in the case of
theories living on Minkowski space-time, where a compact gauge group is
involved [7].

The aim of this paper is to study conditions for a Yang-Baxter en-
domorphism �Y to be Y -braided, that is the statistical operator of �Y (in the
language of QFT [6, 11]) is exactly Y . In general this is not automatic.
However, when our conditions are fulfilled, we can exhibit very explicit ex-
amples of braided endomorphisms. Namely, we show that many nontrivial
examples of standard braided endomorphisms of the Cuntz algebra o2 exist,
and in particular with index 2, a problem left open in [3].

The final part of this paper is devoted to the study of the fusion rules
generated by the above (essentially unique) Yang-Baxter endomorphism of
o2 of index 2. Hopefully, the detailed knowledge of such fusion rules could
be strictly related to the description of quantum symmetries like those aris-
ing in low-dimensional QFT [31]. The action of this (hidden) symmetry on a
factor (or equally well on a field algebra in QFT) has to be recovered look-
ing at its regular representation viewed as a Longo's canonical endomorph-
ism [10, 28].

2. Preliminaries

For each integer d � 2 we denote by od the Cuntz algebra, that is the C�-
algebra generated by a Hilbert space H spanned by d isometries
Ti; i � 1; . . . ; d with mutually orthogonal ranges summing up to the identity
[4]. As usual, we denote by �Hr;Hs� the image of the natural embedding of
Hom�H
r;H
s� inside od . Then od has a natural inductive limit structure
with the inclusion �Hr;Hs� � �Hr�1;Hs�1� corresponding to tensorization on
the right by the identity operator.
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Any unitary U 2 od gives rise to an endomorphism �U of od completely
determined by

�U �T� � UT ; T 2 H

and any unital endomorphism arise in this way [5]. The inner endomorphism

'H : X !
Xd
i�1

TiXT �i

is induced by the self-adjoint unitary flip F : TS ! ST ; S;T 2 H and it is
independent on the chosen orthonormal basis. In the sequel we often drop
the subscript H when there is no matter of confusion.

A Yang-Baxter endomorphism (YB for short) is an endomorphism of the
Cuntz algebra associated with a unitary Y � RF , with R 2 �H2;H2� satisfy-
ing the YB equation (without spectral parameter) [15, 37]. The YB equation
translates, in the Cuntz algebra language, in the following condition for Y
[5]:

Y'�Y �Y ] � '�Y ]�Y'�Y�
where, for generic X 2 od , we write X ] for X or X � indifferently. The above
equation is also equivalent to

�Y �Y � � '�Y �:
We denote by YB�od� the set of unitaries satisfying the YB equation as

above. Well-known elements in YB�od� are zI ; z 2 C; jzj � 1; and F :
The Cuntz algebra od is endowed with a canonical Z-grading associated to

the automorphic action of the torus z 2 T! �z :� �zI : The fixed point alge-
bra o�0�d coincides with �Sn mn�ÿk�k, where mr :� �Hr;Hr� is isomorphic to
the algebra of dr � dr complex matrices, and hence it is the UHF algebra of
type d1 equipped with a canonical faithful trace �: In particular 'jo�0�d can
be identified with the one-step unilateral shift on the right. Denoting by m
the faithful conditional expectation od ! o�0�d associated with the T-action,
! :� � �m is a faithful state on od : The weak closure M of od in the GNS
representation �! of ! is a copy of the unique AFD factor of type III1

d
: Any

�U with U 2 �Hr;Hr� can be uniquely extended by !-invariance to a (nor-
mal) endomorphism of M (which will still be denoted in the sequel as �U )
with finite Jones-Kosaki-Longo index [28]. The action � can be extended to
an action on M; and (the normal extension of) ! is a KMS state with respect
to the 1-parameter (periodic) modular automorphism group �!t � �dÿit ;

t 2 R: The centralizer M�0� :�M�! is a copy of the AFD factor of type II1
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[17, 28]. Furthermore ([3, 28]) we have the following upper bound for the
index:

Ind�EU� � �M�0� : �U�M�0��� � d2�rÿ1�

where EU is the unique !-invariant conditional expectation M ! �U�M� and
� : � is the Jones index, see also below.

In the following, given any properly infinite von Neumann algebra M,
End�M� will denote the semigroup of all unital injective normal *^en-
domorphisms of M, Aut�M� � End�M� the group of automorphisms and
Inn�M� the normal subgroup of inner automorphisms. We refer the reader
to [19, 24, 33] for the general theory of the index for inclusions of von Neu-
mann algebras and to [16, 25, 26, 27] for sector theory.

Given �; � 2 End�M�, the space of intertwiners between � and � is

��; �� :� fv 2M j v��x� � ��x�v; x 2Mg:
Given an inclusion N �M of properly infinite von Neumann algebras on

a separable Hilbert space, there are joint cyclic and separating vectors �. The
canonical endomorphism  :� ad�JNJM� : M ! N; with JM (resp. JN ) the
modular conjugation of M (resp. N) w.r.t. some fixed common standard
vector � is unique up to inner automorphisms of N. Conversely any canoni-
cal endomorphism is of the form  � �� provided N � ��M� is isomorphic
to M (see below).

If � 2 End�M�; a conjugate is provided by � � �ÿ1 � �; with � : M !
��M� a canonical endomorphism; then � is uniquely defined up to inner au-
tomorphisms and thus there is a well^defined conjugation in the semiring
Sect�M� :� End�M�=Inn�M� [26].

Given � 2 End�M�; let E : M ! ��M� be a conditional expectation of M
onto ��M�; then we can associate a left inverse of � by � :� �ÿ1 � E: It turns
out that this correspondence is a bijection with inverse E � ��.

Given any normal faithful conditional expectation E : M ! N, it is un-
iquely defined an operator-valued weight Eÿ1 : N 0 !M0 such that
Eÿ1�I� 2 Z�M��; the extended positive part of M: The expectation E is said
to be of finite index if Eÿ1�I� 2 Z�M�; and in this case Ind�E� :� Eÿ1�I� is
called the index of E [24]. In the case of a factor-subfactor inclusion it is well
known that if there exists a conditional expectation of finite index (i.e.
Ind�E� 2 R�), then there exists exactly one for which the index attains its
minimal value [14, 25]. In the more general case of an inclusion of von
Neumann algebras the situation is quite different [9].

We say that � has finite index if there exists E : M ! ��M� of finite index.
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We denote by End0�M� the �-subring of endomorphisms with finite index,
and by Sect0�M� the corresponding quotient modulo inners.

Given an infinite factor M and � 2 End0�M� we denote by E� the minimal
conditional expectation, and by �� � �ÿ1 � E� the minimal left inverse cor-
responding to E�. In particular the minimal left inverse of ' introduced
above is given by

�' : X ! 1
d

Xd
i�1

T �i XTi; X 2M:

As usual, we define the minimal index Ind��� as the index of E�, and the
dimension of � by d��� � ��������������

Ind���p
. It turns out that the dimension d is a

(well defined) function Sect0�M� ! �1;1� which is additive and multi-
plicative [27].

If M is a factor and � is irreducible (��M�0 \M � C) with finite index, � is
characterized (modulo inners) by the existence of an isometry w 2 �id; ���
(unique up to a phase). If � is just of finite index, then � is characterized by
the existence of two isometries w 2 �id; ���;w 2 �id; ��� such that

��w��w � d���ÿ1I � ��w��w:
Then

��� � � w��� �w:
Given a factor M and an endomorphism � 2 End�M�, we say that � is

braided if there exists a unitary � 2 ��2; �2� such that ������ � ��������� [27],
Section 3. Furthermore we say that the pair ��; �� is standard if � has finite
index and k�����k � d���ÿ1. In the sequel we say that � is �^braided if the
pair ��; �� is standard braided in the above sense.

To conclude, we remark that we only deal with the Hiai-Kosaki-Longo
minimal index of the inclusion ��M� �M associated to the normal extension
� of an endomorphism �U of the Cuntz algebra to the type III1=d factor M.
Equally well, one could also consider the Watatani index relative to some
inclusion �U�od� � od of finite index type [39]. If the minimal conditional
expectation E0 : od ! �U�od� ([39], Theorem 2.12.3) extends to a normal
faithful conditional expectation E : M ! ��M� we have an obvious inequal-
ity

Ind��� � IndexE0

[39], Section 2.5. However, there are endomorphisms of the Cuntz algebra
which extend to automorphisms of the factor M [1].
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3. Yang-Baxter equation and braided endomorphisms

In this section we study conditions ensuring that an irreducible endomorph-
ism �Y of the Cuntz algebra, with Y 2 �H2;H2� a YB unitary, is Y -braided.
We prove that if a suitable power �n�1Y of �Y contains an automorphism
� 2 Aut�M� of the type-III factor M commuting with �Y ; then �Y is Y -
braided. This case covers examples of endomorphisms which are expected to
be braided such as the case where �Y is essentially self-conjugate (i.e.
��; �2Y � 6� 0 for some � 2 Aut�M�) and the case where a suitable power n of
�Y contains its conjugate endomorphism (�id; �n�1Y � 6� 0). We prefer to prove
this result first for the above two pivotal particular cases to make things
easier.

We start with some elementary lemmas, then we formulate our main re-
sults.

Lemma 1. Let Y 2 YB�od�, � 2 Aut�M�. Then w 2 ��ÿ1; �2Y � if and only if
w satisifies

'�Y �Y'�w� � wU�1�
where U :�Pd

i�1 �
ÿ1�Ti�T�i .

Proof. The assertion follows from �ÿ1�T� � UT ; T 2 H.
If w 2 ��ÿ1; �2Y �; then w�ÿ1�T� � �Y �Y �YTw � '�Y�YTw on H, due to

Yang-Baxter property; multiplying on the left by T � and summing over an
orthonormal basis of H one obtains (1). Conversely, (1) implies that
w�ÿ1�A� � �2Y �A�w on a weakly dense subset of M:

Lemma 2. Let �;Y be as above. If �Y is irreducible then

Yw � z1w;

Y �w � z2w

for some z1; z2 2 T.

Proof. In this case ��ÿ1; �2Y � is one dimensional [8], and by the YB
equation both w1 :� Yw, w2 :� Y �w satisfy (1).

Next result shows that YB endomorphisms are braided under natural ad-
ditional assumptions.

Theorem 1. Let Y 2 YB�od� with � :� �Y 2 End�M� irreducible and es-
sentially self-conjugate.

Then � is Y-braided.

Proof. We have to prove that d��� � j���Y �jÿ1 where �� is the unique
left inverse of �.
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From �2� � id, ��2 � id, it follows that ��, ��, are both conjugate for �,
namely �� � adV�� for some unitary V 2M; one has

����T�V��w� � V��2�T���w�
� V���2�T�w�
� V��w�ÿ1�T��
� V��w�T :

Hence the conjugate isometry is given by �w � V��w� [26]. After some
simplifications one obtains, for the left inverse of �,

����� � ��w�����w�:
Since ww� is the Jones' projection for the inclusion ����M� � ��M�, the

statistical dimension is given by d���ÿ2 � E��ww�� [26]. Moreover ww� 2
����; ���� � ��2; �2� � �H2;H2�, see [3], Proposition 4.2, hence ��ww�� �
Y'�Y�ww�'�Y ��Y �, see [5], Proposition 1.2. One obtains

E��ww�� � ����ww��
� ���w���ww��w�
� ad V���w���ww��w�
� ��w���ww��w�
�: BB�

where B � w�Y'�Y�w. Due to the Yang-Baxter equation together with
Lemma 2, we have B � '�w�Y�Y �w � '�w��w. We note that
���Y � 2 ��; �� � CI by irreducibility, thus from (1), Lemma 2 and Yang-
Baxter property it follows that '�w��w � ����Y �. Finally we obtain
d���ÿ2 � BB� � j���Y�j2.

Corollary 1. Under the same hypotheses of the preceding theorem, we
have

d��� � j��Y �jÿ1

where � is the normalized trace on �H2;H2�.
Proof. Y 2 �H2;H2� ) �Y � �t � �t � �Y and the unique left inverse ��

of �Y satisfies ! � �� � ! ([3], Lemma 3.2). Hence ���Y � � !����Y�I� �
!����Y �� � !�Y� and ! reduces to the normalized trace on �H2;H2�.

For completeness we recall the following well-known elementary results.
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Lemma 3. Let Y 2 YB�od�. Then
(i) �nY �Y� � 'n�Y�.
(ii) �nY � �Un where Un � 'nÿ1�Y� � � �'�Y�Y.

Proof. It follows by induction applying repeatedly the YB property.

Let Y 2 YB�od� with � :� �Y an irreducible endomorphism of M and
suppose that �n�1 contains the identity sector i.e. �id; �n�1� 6� ;.

Lemma 4. The following two statements hold.
(i) v 2 �id; �n�1� if and only if v satisfies

'n�Y � � � �'�Y�Y'�v� � v:

(ii) The free algebra generated by f'k�Y�; 'l�Y ��; k; l � 0; 1; . . . ; nÿ 1g
acts on the finite dimensional Hilbert space �id; �n�1�.

Proof. (i) It follows easily from Lemma 1.
(ii) If k < n we have

'n�Y � � � �'�Y�Y'�'k�Y ]�v� �
'n�Y � � � �'k�1�Y �'k�Y�'k�1�Y ]�'kÿ1�Y � � � �'�Y�Y'�v� �
'n�Y � � � �'k�Y ]�'k�1�Y�'k�Y�'kÿ1�Y� � � �'�Y �Y'�v� �
'k�Y ]�'n�Y � � � �'�Y�Y'�v� � 'k�Y ]�v

and the assertion follows by (i).

The following result can be considered as a generalization of Theorem 1.

Theorem 2. Let Y 2 YB�od� with � :� �Y an irreducible sector such that
�n�1 contains the identity sector.

Then �Y is Y-braided.

Proof. Let v 2 �id; �n�1� and p :� s��n;�n��vv�� the support of vv� in the al-
gebra ��n; �n�, then we get for ��

����� � u��n���u
where u is an isometry with uu� � p [10]. Besides we get w 2 �id; ����,
�w 2 �id; ���� where

w � ��u��v; �w � u�v:

We have ���Y � � v�uu��n�Y�uu�v � v�'n�Y�v. However
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d���ÿ2 � E����w�w��
� ���v���u���u�vv�u���u��v�
� ���v���vv��v�:

Since vv� is an element of degree 0 in ��n�1; �n�1�; then vv� 2 �Hn�1;Hn�1�
([3] Proposition 4.2) and

��vv�� � adY ad'�Y� � � � ad'n�Y ��vv��
([5], Proposition 1.2). Therefore we have E����w�w�� � ���BB�� where B :�
v�Y � � �'n�Y�v.
As we have explained in Lemma 4, part (ii), the operator

Vn :� 'nÿ1�Y �� � � �'�Y ��Y �

is a unitary acting on �id; �n�1� hence it is diagonalizable. Then we can
choose v 2 �id; �n�1� which is an eigenvector for Vn.

The conclusion now follows by

d���ÿ2 � E����w�w��
� ���j���Y �j2I�
� j���Y�j2I :

The proof of Theorem 1 and Theorem 2 above can be generalized in order to
include the following case.

Theorem 3. Let Y 2 YB�od� with � :� �Y an irreducible endomorphism
such that �n�1 contains an automorphism �ÿ1 of M commuting with � in
Sect�M�:

Then �Y is Y-braided.

Proof. First note that, as in the previous cases, the free algebra generated
by f'k�Y�; 'l�Y ��; k; l � 0; 1; . . . ; nÿ 1g acts on the finite dimensional Hil-
bert space ��ÿ1; �n�1�. Let v 2 ��ÿ1; �n�1� be an isometry. Now we compute a
conjugate for � as a subsector of �n� and the corresponding isometries w; �w
[10]. By hypothesis we have �� � ad�V��� for some unitary V in M, hence
�n�V ��v 2 �id; �n���. Putting p :� s��n;�n��vv�� we get

����� � u��n����u
where u is an isometry with uu� � p. We have for w; �w the following for-
mulas:

w � ��u��v; �w � u��n�V ��v:
After straightforward calculations we obtain ���Y� � ��v�'n�Y �v� and
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d���ÿ2 � E����w�w��
� �� ad��ÿ1�V ����v���vv��v�:

The proof now follows as in the last theorem.

Remark 1. Let �Y be an irreducible YB endomorphism. If we set

���i� :� �iÿ1Y �Y�; i � 1; 2; . . . ;

where �i are the generators of the Artin braid group B1, then we have a
unitary representation � of B1 and a link invariant determined by a usual
Markov trace procedure (see [27], Proposition 3.1) which is naturally at-
tached to the endomorphism �Y .

As we have explained in the Introduction, in the standard case (i.e. when
�Y is Y -braided), these invariants seem to have an important role for the
theory of dimension in C�-category ([27, 29]), as well as for relevant appli-
cations in low-dimensional QFT ([11, 26, 31, 34, 36]).

For low-channel sectors, it is well known that these representations fac-
torize via Hecke algebras or Birman-Wenzl-Murakami algebras representa-
tions uniquely determinated by the dimension d��Y � up to tensorization with
a one-dimensional representation of B1, see [27], Theorem 3.2, see also [11,
35]. In the standard case we also have

�m : �Y �m�� � d��Y �2;
where m :� �� �[n��nY ; �nY ��00 is the hyperfinite type II1-algebra generated by
the tower of relative commutants (where � is the canonical faithful Markov
trace on [n��nY ; �nY � obtained via the left inverse), see [11].

To conclude this section, we give a sufficient condition for Yang-Baxter
endomorphisms of index 4 of o2 to be braided. Then we exhaust all the cases
appearing in o2, see [3], Corollary 7.6. As in [3], Section 7 we define

S :� 1���
2
p �T1T2 ÿ T2T1�:

Proposition 1. Let Y 2 YB�o2�. Suppose that there exists a unitary
�Y 2 �H2;H2� (not necessarily YB) such that
(i) '�Y � �Y'�S� � '� �Y�Y'�S� � S,
(ii) �YS � �S for some � 2 T.
Then �Y is Y-braided.

Proof. Denoting by �� (resp. E�) the minimal left inverse (resp. the
minimal conditional expectation) of � :� �Y , we have to prove that
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k���Y�kÿ1 � d���
where the r.h.s. is 2 by [3], Corollary 7.6.

From � � � �Y ; w � ÿ �YS (see [3], Corollary 7.6), and condition (i), we get

d���ÿ2 � E��YSS�Y �� � ��'�S��SS�'�S��:
On the other hand

���Y � � '�S��'� �Y ��S:
The proof now follows from the condition (ii).

The above results suggest that non-trivial endomorphisms �Y of Cuntz
algebras which are standard braided with respect to Y could exist. In the
following section we show that this is in fact the case, studying some prop-
erties of the endomorphisms of o2 associated with Yang-Baxter unitaries.

4. Examples of braided endomorpisms of o2

In this section we discuss explicit examples of braided endomorphisms of the
unique AFD factor of type III1

2
associated to solutions of the YB equation on

a Hilbert space of dimension 2, see [15].

In the following we denote by " 2m2 the 4� 4 YB unitary given by

" :� 1���
2
p

1 � � 1
� 1 1 �
� ÿ1 1 �
ÿ1 � � 1

0BB@
1CCA:

Then " � RF ; with R as in the case RH0:2 from [15]. It is useful to write
" � 1��

2
p �I � y�; with y 2m2 the anti-diagonal unitary

y :�
� � � 1
� � 1 �
� ÿ1 � �
ÿ1 � � �

0BB@
1CCA:

Clearly y2 � ÿI i.e. y� � ÿy; thus "2 � y � ���
2
p

"ÿ I ; "� � 1��
2
p �I ÿ y�: It is

easy to check that y'�y�y'�y�� � I i.e. y'�y� � ÿ'�y�y. It follows that
�y�y� � y�; �2y � ��y�y�y � id thus �y is a localized automorphism of o2 with
�y
ÿ1 � �y:
We will see in the next section that (the normal extension of) this auto-

morphism is outer on M � �!�o2�00: More precisely, our example comes
from an outer action � : Z2 ! Aut�M� with �"�M� �M� �M (see below),
and therefore �"�M� �M� by an obviuos index argument.
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Let us denote by e�, eÿ the two rank-two orthogonal spectral projections
of " associated to the two eigenvalues 1��

2
p �1� i�; then we have

" � 1� i���
2
p e� � 1ÿ i���

2
p eÿ;

where e� are expressed in terms of y as

e� � 1
2 �I ÿ iy�; eÿ � 1

2 �I � iy�:
Moreover both e�; eÿ satisfy the Temperley-Lieb Goldman-type relation

[21]

�e� ÿ '�e���2 � 1
2 I :

The following proposition is a direct consequence of Theorem 1 taking
into account the results contained in [3].

Proposition 2. Ind��"� � 2 � j�"�"�jÿ2: In particular �" 2 End�M� is an
irreducible localized endomorphism of M which is also essentially self-con-
jugate and "-braided.

Proof. From [3], Proposition 8.3 and the discussion above we deduce that
Ind��"� � 2 and the proof now follows from Theorem 1.

Clearly the same arguments may also be applied to "�; see below. It is
worth mentioning that the last result also gives a positive answer to a ques-
tion raised in [3], see the remark after Proposition 9.9.

Remark 2. We also stress that, putting g1 :� iÿ1��
2
p ", we obtain representa-

tions of the Hecke algebras Hn�q� with generators g1; . . . ; gnÿ1 and relations

gigi�1gi � gi�1gigi�1 ; i � 1; . . . ; nÿ 2;

gigj � gjgi ; ji ÿ jj � 2 ;

gi2 � �qÿ 1�gi � q ;

for q � i inside mn 'M2�C� 
 . . .
M2�C� (n times) such that gk�1 � '�gk�;
k � 1; . . . ; nÿ 2; see [3], Section 9, for further details. This construction
parallels the one given by Pimsner and Popa in the case q � 1 (see e.g. [21],
p.247). We were not able to find it in the existing literature.

Remark 3. One can consider also the self-adjoint projection
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P � 1
2

X2
i;j�1

eij 
 eij

where eij are the matrix units in M2�C�.
However, easy calculations show that P together with its shifted projec-

tions satisfy the Temperley-Lieb relations with parameter 1
4, and thus lead to

a representation of the Hecke algebra with parameter q � 1. Namely, such a
representation degenerate into a representation of the group algebra of the
permutations.

The corresponding solution R � 2P ÿ 1 of the YB equation falls within
the class (4) discussed below, with a � ÿ1; b � 1. Therefore, the associated
endomorphism �R has index 4. It is also easy to see that �R is reducible and
essentially self-conjugate whereas �iR is self-conjugate (details are left to the
reader).

Remark 4. It is well known that, in the situation described in Remark 2,

M � �"�M� � �2"�M� � . . .

provides a Jones tunnel with principal graph A3: Therefore it is straightfor-
ward to see that the algebra generated by I and the Jones projections
e�; '�e��; '2�e��; . . . ; 'nÿ2�e�� coincides with ��n"; �n"� just by computing the
corresponding dimensions. In particular ��n"; �n"� � �Hn;Hn�, thus for any
X 2 ��n"; �n"�; n � 1 we have

�"�X� � "'�"� . . .'nÿ1�"�X'nÿ1�"�� . . .'�"��"�:
We now discuss other related examples. We start recalling the following

well-known

Lemma 5. Let Y 2 �H2;H2� � od a YB unitary.
Then YQ :� �Q
Q�Y �Q
Q��; Y �; Yt, �Y�; FYF are all YB unitaries,

where Q 2 U�H�; and � is the matrix with 1 on the anti^diagonal and 0 else-
where.

Thus, starting from ", we can also consider
(a) "Q � 1��

2
p �I � �Q
Q�y�Q
Q���,

(b) "� � �"�,

(c) F"F �
1 � � 1
� 1 ÿ1 �
� 1 1 �
ÿ1 � � 1

0BB@
1CCA

which are precisely obtained applying to " the transformations considered in
[15], pag. 246.
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Many properties of the corresponding endomorphisms can be deduced by
the following

Proposition 3. Let Y be a unitary element in �H2;H2�. Then
Ind��YQ� � Ind��Y �:

Moreover:
If �Y is irreducible, then �YQ is irreducible as well. Furthermore �YQ is self-

conjugate if and only if �Y is.
If Y is a YB unitary and d � 2, then

Ind��Y � � � Ind��FYF � � Ind��Y �:
If in addition Ind��Y � � 2, then �Y , �YQ, �Y � and �FYF are all braided.

Proof. Note that, with the notation as above, we have

�YQ � �Q'�Q�YQ�'�Q�� � �Q�Y�Q� :
Therefore the first identity is obviuos since the index is multiplicative and

� restricts on U�H� to a group homomorphism into Aut�M�: The second
statement follows from F Q
Q � Q
Q F ; see [3], Corollary 4.3. Passing
to equivalence classes it is easy to see that also the third statement is true.
The next statement can be checked looking at the three possible cases. In
fact if d � 2; all the indices are in the set {1, 2, 4 } [3], Proposition 9.9. If
Ind��Y � � 1 i.e. �Y is an automorphism using the fact that the YB equation
is equivalent to Y 2 ��2Y ; �2Y � we deduce that Y 2 CI ; therefore Y � FYF
and Y � 2 CI too, hence Ind��Y � � � Ind��FYF � � 1. If Ind��Y � � 2 then the
two rank^two spectral projections e� � e; eÿ � I ÿ e of Y both satisfy the
Temperley-Lieb relations as above thus the same relations hold for the two
spectral projections of Y � and FYF ; therefore Ind��Y � � � Ind��FYF � � 2.
Finally in this case �Y ; �YQ ; �Y � and �FYF are essentially self-conjugate [3],
Proposition 8.3, thus they are also standard braided by Theorem 1.

Now we consider some YB unitaries giving rise to endomorphisms of o2

of index 4. These unitaries correspond precisely to the classes RH3:1, RH1:4

classified by [15] respectively; the transformations contained in [15], pag.
246, cause no further complications.

We start with a three-parameter family of matrices

Y �
1 � � �
� � a �
� b � �
� � � c

0BB@
1CCA�2�
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where a; b; c 2 T and we have scaled the first entry by multiplication by a
phase factor.

Bearing in mind that the matrix entries Rkl
ij given in the formula (4) of [15]

correspond, in the Cuntz algebras formalism, to the elements Rkl
ij TjTiT�kT

�
l ;

one can compute the formula for the unitary �Y implementing the conjugate
endomorphism of �Y taking into account condition (i) of Proposition 1. We
obtain

�Y � �b

1 � � �
� � b

c �
� b � �
� � � b

a

0BB@
1CCA:�3�

Applying (ii) of Proposition 1, we can easily compute the conditions under
which �Y , or both �Y , � �Y are standard braided.

We summarize these results in the following

Proposition 4. Let Y be a YB unitary belonging to the family (2). Then we
have

(i) �Y is Y-braided if and only if c � 1,
(ii) �Y is Y-braided and � �Y is �Y-braided at the same time if and only if

c � 1 and a � b.

The same considerations can be applied to the case corresponding to the
two-parameter family of matrices

Y �
� � � 1
� a � �
� � a �
b � � �

0BB@
1CCA�4�

obtaining

�Y � ÿ�b

� � � 1
� b

a � �
� � b

a �
b � � �

0BB@
1CCA�5�

In such a situation we have

Proposition 5. Let Y be a YB unitary belonging to the family (4).
Then �Y is Y braided and � �Y is �Y-braided as well.

To conclude this section we note that the conjugation map Y ! �Y given
by formulas (3), (5) respectively, is involutive on the YB unitaries giving rise
to endomorphisms of index 4.
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5. Some fusion rules

Now we compute the fusion rules in Sect�M� � End�M�=Inn�M� associated
to �0 � id, �1

2
� �" and �1 � �y.

We begin by noticing that �1� is not inner: in fact it is easy to see that

�y ' �~y; where ~y � ÿ1 0
0 1

� �
, and the last automorphism is outer since,

otherwise, it should be given by the adjoint action of a unitary in M com-
muting with T1 and anticommuting with T2, which is not possible.

For completeness we report the following result, probably well-known to
experts, which can be immediately deduced e.g. from [17], Proposition 4.5.

Proposition 6. Given any �U 2 Aut�M� with U 2 �H;H�, U 6� I, then its
equivalence class (modulo inners) is not trivial in Out�M�.
Now we have

�0� � �0�; �1� � ���y�ÿ1� � �1�
and

(i) �0��i� � �i��0�; i � 0; 12; 1

(ii) �1�2 � �0�:
Furthermore

(iii) �1��12� � �12� � �12��1�;
implying

(iii') �1��12� � �12� � �12��1�:
Indeed, the first equality in (iii) is a consequence of �y�" � ��y�"�y and

�y�"�y � �y�I�y��2p �y � I�y���
2
p y � "; and the second one follows from �"�y �

��"�y�" � �'�y�" � ad�y���" ' �"; where we used that '�y�" � y�"'�y�: These
relations finally imply

(iv) �12��12� � �12��12� � �0� � �1�:
It is natural to ask if �12� � �12� because of some similarity with the re-

presentation category of uÿi�sl�2��; see e.g. [30]. However we prove that in
fact this is not true.

Proposition 7. �2" does not contain any modular automorphism.
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Proof. We show that it is not possible to find an isometry v 2 ��zI ; �2"�,
z 2 T. Let us assume the converse, then we have

vzTi � '�"�"Tiv

� �I ÿ "�'�"���Tiv

� Tivÿ "�Ti"
�v

� I ÿ 1� i���
2
p "�

� �
Tiv

� I ÿ 1� i
2
�I ÿ y�

� �
Tiv

� 1� i
2

I � 1� i
2

y
� �

Tiv

� 1� i
2
�I � iy�Tiv

� �1� i�e�Tiv;

and finally zv � �1� i�e�'�v�; where we used that "�v � "�vv�v � 1�i��
2
p v and

the sign is chosen according to vv� � e� or vv� � eÿ respectively.
It follows that zv'�v�� � �1� i�e�'�e��; thus

z�'�v�v� ��1� i��'�e��e�
� 1� i

2
e�

� 1� i
2

vv�

since �'�y� � 0. Hence the relation z�'�v� � 1�i
2 v should hold.

Note that, according to [3], Proposition 4.2, such an isometry v should be
contained in �H2;H2� � �H;H2� �H2. Applying sufficiently many times �'
to v we are led to consider v 2 C�H �H2:

The conclusion is easily deduced observing that the minimal left inverse
�' of ' acts as 1

2 I on H; and as 1
2F on H2.

Now we investigate about the structure of the �-semiring generated by
� � �" in Sect�M�. Recall among others the relation �12�2 � �1 � �2 (with
�1 6� �2).

Lemma 6. We have

�1�
ÿ1
2 ��2�

ÿ1
1 � �1�;

�1�2 ��2�1;

�2
1 ��2

2:
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Moreover �i, i � 1; 2 commute with �12�, �12� and �1�.
Proof. �12� � �ÿ11 �12� � �12��ÿ11 � �ÿ12 �12� � �12��ÿ12 ; thus �0� � �1� � �12��12� �

�0� � �1�
ÿ1
2 � �0� � �2�

ÿ1
1 � �12��12� � �0� � �ÿ11 �2 � �0� � �ÿ12 �1:

Therefore � :� �1 and � :� �1� generate, inside Sect�M�, a subgroup h�; �i
which is isomorphic to Zord��1� � Z2. In fact it is not difficult to show that
ord��1� � 1 thus h�; �i � Z� Z2, see below.

The proof of the following lemma is quite similar to the proof of Propo-
sition 7 so we omit details.

Lemma 7. Let " be a YB unitary such that �'�"� � 1��
2
p and � :�

�" 2 End�M�.
Then dim�id; �2n� � 0 for every n 2 N.

We conclude this analysis with the following
Proposition 8. Let " and � be as above. Then dim��n; �m� � 0 for every

n 6� m: In particular " is a braiding for � according to the terminology of [18],
Definition 4.17.

More precisely, the natural representation of the braid group B1 of infinite
strands associated to " is a braided symmetry for � (see [2], Section 2 and [6]
for the original definitions).

Proof. dim��2h�1; �2k� � 0; h; k � 0; 1; 2; . . . since �2h�1 is direct sum of
irreducibles with index 2 and �2k is direct sum of irreducibles with index 1:

dim��2h; �2k� � 0; h; k � 0; 1; 2; . . . ; h 6� k: We may assume that h < k: By
induction �2h � 2hÿ1�h

1 � 2hÿ1�hÿ1
1 �2; and similarly for k: dim��2h; �2k� > 0

implies �kÿh
1 � 1 or �kÿhÿ1

1 �2 � 1 (in Sect�M�) but this is not possible by the
previous result (id is not contained in �2�kÿh��:

��2h�1; �2k�1� � ��2h�2; �2k�2�; h; k � 0; 1; . . . ; h 6� k:

The last statements follow immediately from Remark 4.

The last results contain all informations about the fusion rules relative to
the �-semiring (in Sect�M�) generated by �". A suitable comment is the fol-
lowing. If one thinks to �" as the defining representation of a quantum ob-
ject in the same way as it happens for a (ordinary) compact matrix group,
one can recover its ``dual'' taking tensors of its defining (fundamental) re-
presentation together with the conjugate and then decomposing into irre-
ducibles.

Without assuming any supplementary structure it is interesting to re-
cognize that the fusion algebra computed above falls within the abstract
picture depicted in [12]. More precisely, our situation corresponds to the case
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Z � A3 of Theorem 3.4.11 where, however, one has to consider r � 1 in for-
mula (3.120).

Actually, an interesting problem is to check whether �" generates a brai-
ded tensor C�-category of endomorphisms. A broad class of categories is
classified in [12]. Our fusion rules are compatible only with the case (ii)-(b)
of Theorem 8.2.11 where r � 1, see p.411.

Other explicit occurrences of the fusion algebra as above seem not present
in the literature. Moreover there is some evidence for them to be related to
the dual object of a deformation of some group (possibly U�2�) at a primi-
tive fourth root of unity acting on o2, cf. [23]. Such fusion rules might de-
scribe the physical spectrum of some non-rational conformal quantum the-
ory in low-dimensional space-time.

The detailed knowledge of the monoidal C�-category generated by � � �"
might thus have an important role in the study and the description of some
interesting quantum symmetry like those arising in low-dimensional QFT. In
this case, this quantum symmetry would be realized via (explicit) simple en-
domorphisms of the factor M. We hope to return on this point elsewhere.
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