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ANALYTIC SOLUTIONS OF CONVOLUTION
EQUATIONS ON CONVEX SETS WITH AN OBSTACLE IN
THE BOUNDARY

S. N. MELIKHOV and SIEGFRIED MOMM

1. Introduction

Let O ¢ C" be convex and not pluripolar. More than 30 years ago, Marti-
neau [14] investigated the spaces A(Q) of analytic functions on @, in the case
that Q admits a countable fundamental system of compact subsets. These
spaces can also be described in the following way: Q is locally closed, i.e. Q is
the union of its relative interior int,Q and an open portion w of its relative
boundary 9,0, and A(Q) consists of all functions analytic on int,Q having
an analytic extension to some neighborhood of w. In this sense, 9,Q\w can be
considered as an obstacle for the analytic continuation of f.

This setup covers in particular convex domains Q in C", nonpluripolar
convex compact sets Q in CV, and convex domains Q in R".

If P =3 cny @az” is a nonzero entire function on C" of at most order one
and zero type, in the more general setting of convolution equations, we
consider the partial differential equation

PD)f = > aof =g, g.f€AQ).

aENg

By the assumption on P, we know that P(D)f € A(Q) for each f € A(Q). If
Q is open in CV, by an old result of Martineau [15], which for N = 1 has
been obtained independently also by Korobeinik [4], the differential operator
P(D): A(Q) — A(Q) is surjective for every P. If Q is open in R", Hormander
[2] characterized the surjective operators P(D): A(Q) — A(Q) of finite order.
For general Q, only in the case N =1, it is well understood, under which
additional condition on the pair (P,Q), the differential operator P(D):
A(Q) — A(Q) is surjective (Napalkov and Rudakov [30], Korobeinik [5],
Maltsev [13]).

As a consequence of these results, for N =1 the operator P(D):
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A(Q) — A(Q) is surjective for all P if and only if Q C C has a fundamental
system of convex neighborhoods. A geometric characterization of this prop-
erty is that Q is strictly convex at O,w, i.e. the intersection of Q and each
supporting line (= hyperplane in general) to Q is compact. Of course the
strict convexity of @ at Jw is also for N >1 sufficient for
P(D): A(Q) — A(Q) being surjective for all P. It is very likely that this
property is necessary also for N > 1 (see Prop. 1.16).

In the present paper, for surjective operators P(D): A(Q) — A(Q), we in-
vestigate whether there are more explicit solutions /' = R(g) € 4(Q) of the
equation P(D)f = g € A(Q), given by a “formula" R. To be precise, we look
for a continuous linear mapping R: A(Q) — A(Q) with P(D) o R = idyg).
This question makes sense if there is a unique natural topology on the vector
space A(Q). Martineau [14] gave sufficient conditions for the uniqueness of
this topology, which apply to all examples which have been mentioned up to
now and to those Q which are strictly convex at d,w. In view of very recent
results of Vogt [35] and Wengenroth [36], [37], the uniqueness of the topol-
ogy of A(Q) happens to be fulfilled precisely for those sets Q for which a
certain machinery can be applied to characterize the surjective operators
P(D): 4(Q) — 4(0).

Our results on the existence of continuous linear right inverses will be gi-
ven in terms of certain functions C3¥, CY% defined on the unit sphere S of CV
and which are known to describe the boundary behavior of the pluricomplex
Green functions of the interior of Q and of the complement of the closure of
0, respectively (see [25] and [27]). To give their definition we assume that Q
is bounded, has interior points and that 0 is one of them. H:C" — [0, o0]
denotes the supporting function of the closure of @, i.e. the positively
homogeneous function H(z) := sup,.co Re(w,z) ((-,-) being the scalar pro-
duct in CV). By vy and 1), we denote the largest plurisubharmonic functions
which are at the same time bounded by H(z) for all z € C" and by log z| as
|z| = 00 or as |zl — 0, respectively. There are wunique functions
C%:S —]0,00] and C%: S — [0, 00 defined by

{zeCN|y¥(2) = H(2)} = {\ala € 5,0 <A< 1/C¥(a)}
and
{zeCV W (2) = H(2)} = {Mala € §,1/CY(a) < )\ < oo}

By S,,, we denote the set of all directions a € S such that the supporting hy-
perplane Re(z,a) = H(a) intersects Q (in some point of w). Strict convexity
of Q at d,w implies that S, is open in S.

TueOREM 1. If Q C CY is strictly convex at dyw, the following are equivalent:
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(1) Each nonzero P(D): A(Q) — A(Q) admits a continuous linear right in-
verse R.

(ii) After a unitary transformation of C~, Q equals the Cartesian product
0 x ', where o c CcV' is bounded, with nonempty interior, such that
P(D): A(Q') — A(Q') admits a continuous linear right inverse for each non-
zero P' of N' variables, and such that either Q = Q' or Q is open.

For this reason it suffices to consider bounded Q with nonempty interior:

THEOREM II. Let Q C CV be strictly convex at dw, bounded, and with 0 in
its nonempty interior. Then the following are equivalent:

(1) Each nonzero P(D): A(Q) — A(Q) admits a continuous linear right in-
verse R.

(ii) C5¥ is bounded on some neighborhood of S\S.,, and 1/C%, is bounded on
each compact subset of S,.

These equivalent conditions are fulfilled if dQ is of Hélder class C'* for
some A > 0. They are not fulfilled for polyhedra Q ([28]).

Furthermore, in the case N = 1 of one complex variable, we characterize
whether a single operator P(D): A(Q) — A(Q) admits a continuous linear
right inverse.

Our results on the existence of right inverses extend results of Schwerdt-
feger [33], Taylor [34], Meise and Taylor [16] for O = CV, of [20], [23], [22],
[17], Korobeinik and Melikhov [8] for open or compact convex sets in CV,
and of Langenbruch [12] and Korobeinik [6], [7] for intervals of R and for
polygons in C, respectively. Since the locally convex spaces A(Q) have a ra-
ther complicated structure — in general as in the cited results on intervals and
polygons, they are neither Fréchet spaces nor strong duals of Fréchet spaces —
the procedure of proof of most of the former work does not apply. For the
results on intervals and polygons, ad hoc arguments have been used which
are limited to the special situation (in fact, part of the proof is a reduction to
corresponding problems for inscribed or circumscribed open or closed poly-
hedra or discs). Our approach consists in extending the technique used in
[22] for open Q and in [17] for compact Q, which (for the constructive di-
rection of the results) applies a continuous linear right inverse of the 9-op-
erator acting on certain auxiliary spaces.

Our paper is organized as follows. In the first chapter we introduce the
spaces and operators of our interest, and we prove the announced result on
the surjectivity. In the second chapter we obtain an abstract criterion for the
existence of solution operators in terms of the existence of certain plur-
isubharmonic functions. Chapter 3 is devoted to the evaluation of the ab-
stract condition which proves in particular the Theorems I and II. In chapter
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4 we improve the results of chapters 2 and 3 in the special case of one com-
plex variable.
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1. Preliminaries

1.1. Notations. If B c CV, by cv(B), clB, and intB we will denote the convex
hull, the closure, and the interior of B, respectively. By int,B, 9,8 we some-
times denote the relative interior and the relative boundary of B with respect
to a certain larger set (which is determined by the context). For notions from
convex analysis, we refer to Schneider [32].

1.2. LEMMA. A4 convex set Q C CV admits a countable fundamental system
of compact sets if and only if Q is the union of the relative interior int,Q of Q
and an open portion w of the relative boundary 0,Q of Q. In this case, if
(Kn)pen and (wy),en are fundamental systems of compact sets for int,Q and of
w, respectively, the convex hulls Q, := cv(K,Uw,), n € N, define a funda-
mental system of compact subsets of Q.

PrOOF. If (Qy),cy is @ fundamental system of compact convex sets, then
0 =U,en On = int,QUw with w:= Q\int,Q C 9,0. Assume that w is not
relatively open in 0,0Q. Then there are wy € w and a sequence (z,),.y in
9,0\w converging to wy. For n € N, therefore z, ¢ Q and thus z, ¢ Q,. Since
0O, is compact, we can choose w, € Q with |z, — wy,| < min{dist(z,, Q,)/
2,1/n}. By this choice, 4 := {w;|j =0,1,...} is a compact subset of Q which
is not contained in any Q,, n € N. This is a contradiction.

Vice versa, Q, = cv(K, Uwy), (On),en. 18 @ fundamental system of com-
pact sets: Let K be a compact subset of Q. Then « := KN 3,0 is a compact
subset of w and thus contained in some w,. Fix a point wy € K;. If p > n is
chosen such that w, C int,w,, the set U := cv({wo} Uw,) is a neighborhood
of x in Q. Hence K' := K\U is relatively compact in int,Q and is thus con-
tained in some K,,, m > p. This gives

K CK,UUC cv(Ky Uwy).

REMARK. Of course, also Q,, := {z € clQ | dist(z,8,Q0\w) > 1/n and |z| < n},
n € N, is a fundamental system of compact subsets of Q.

1.3. Definition and Remark. A convex set Q C C" admitting a countable
fundamental system (Q,),.y of compact subsets of Q is called locally closed
(since — by Lemma 1.2 — it is locally closed in the affine hull of Q). We will
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write w := QN 0,0, where 0,0 denotes the relative boundary of Q in its af-
fine hull. We may of course assume that the sets Q, are convex and that
Qn C Qn+1-

Q c CY will be called (C-) strictly convex at dw if the intersection of Q
with each supporting (complex) hyperplane to c1Q c CV is compact.

If intQ = 0, by our definition, Q c C" is strictly convex at d,w if and only
if Q is compact. If intQ # 0, Q is (C-) strictly convex at d,w if and only if
each line segment (of which the C-linear affine hull belongs to some sup-
porting hyperplane to clQ) of w = Q N IQ is relatively compact in w.

1.4. Convention. In the sequel, Q will be a nonpluripolar, locally closed,
convex subset of C with fundamental system of compact convex sets
Oy C Qps1, n € N. According to Lemma 1.2 we write O = int,Q Uw. (wy),en
will denote some fundamental system of compact subsets of w = QN 9,0.

K c CV will always denote a compact convex set. We assume that also
O + K is locally closed and that (Q, + K),.y is a fundamental system of
compact subsets of Q + K.

1.5. REMARK. (a) If N =1 or if Q is strictly convex at J,w, then for each
compact convex set K C C¥, also Q + K is locally closed, and Q, + K is a
fundamental system of compact subsets.

Proofr. Assume that Q, + K, n € N, is not fundamental. Then there are
sequences ¢, € O, p, € K converging to ¢ € Q and p € K respectively, such
that z, := g, + p, converge to z € Q+ K, but {z,/n € N} U{z} is not con-
tained in some Q, + K. If z = q¢ + po with ¢o € Q and py € K it follows that
q¢ 0, 14,90 C -0, and [py,p] C K. This is a contradiction if Q is strictly
convex at Jyw. If N = 1, we obtain that the relative boundary of Q + K near
z = ¢qo + po is an interval belonging to Q + K which again implies a contra-
diction to our assumption.

(b) In general Q + K is not locally closed again: Let O C R* be the convex
hull of the unit disc D in R? x {0} and the points (0,1, 1) minus the “bot-
tom" D. Then Q is locally closed, but Q+ K is not locally closed for
K :={(0,0)} x [-1,0] (consider the point (0, 1,0) for example).

1.6. Notations. By U, we denote the open unit ball of C". For each convex
set D C CV let Hp: CV — RU {oco} denote the support function of D

Hp(z) :==supRe(z,w), zeC".
weD
Here (z,w) := Z]ALI zjw;. We put H, := Hp,, n € N. The support function of
QO and K will be denoted by H and L respectively. If u is a function on a
subset of C", we shall write % for the function 7(z) := u(z).
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1.7. DerFINITION. For all n,m € N let 4,,, denote the Banach space of all
entire functions /" on C" satisfying
L = sup |f (2)] exp(=Hy(2) — |2|/m) < co.
zeC’
We consider the Fréchet spaces A%ﬂ = Proj,_seAnm, n € N, and the (LF)-
space
Ag = ind,oe Ay, .
1.8. DEFINITION. For all n,m € N let E,, := A°(Q, —&—%U) denote the

Banach space of all bounded holomorphic functions on the open set
0, +1 U, equipped with the norm

o = sap [f(2)].

ZGQ;H’%U

We consider the spaces A(Q,) = UpenEym of all functions holomorphic in
some neighborhood of Q,, n € N, and endow them with their natural in-
ductive limit topology. If A(Q) is the vector space of all functions which are
holomorphic on some neighborhood of Q, we have 4(Q) =,y 4(Qx), and
we endow this vector space with the topology of

A(Q) = proj A(Qy) = proj,_,ind,, o4 (Qn T — U).
n—oQ

This topology does not depend on the choice of the fundamental system of

compact sets.

1.9. REMARK. (a) There is another reasonable choice for a topology on
A(Q), namely the topology of the inductive limit indy, A({2), where {2 runs
over all open neighborhoods of Q, and where A(f2) denotes the Frechet
space of all analytic functions on (2. However, in order that the question
posed in 1.11 makes sense, we are mainly interested in those sets Q for which
these two reasonable topologies coincide, i.e. for which there is one natural
topology on A(Q). This is the case if and only if the locally convex space
A(Q) defined in Definition 1.8 is ultrabornological (here we note that — be-
cause of the completeness of A(Q) — this space is ultrabornological if and
only if it is bornological).

(b) By Martineau [14], Thm. 1.2, 4(Q) is ultrabornological for example in
the following three cases: If N =1, if 0 c R, or if Q ¢ CV is C-strictly
convex at Jw with nonempty interior. In particular, A(Q) is ultra-
bornological if Q is strictly convex at J,w.

ProOF of (a): The inductive limit topology is of course bornological. Vice
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versa, a priori the inductive limit topology is finer than the topology of
4(0).

The straight forward proof of “A(Q) D NuenA(Qn)" (which has been
omitted in 1.8) shows that each bounded subset of 4(Q) is bounded in the
inductive limit (see Martineau [14], Prop. 1.2). (If B is bounded in 4(Q), it is
bounded in each step A(Q,) of the projective limit. Since 4(Q,) is a (DFS)-
space, B is bounded in some step E,,, of the inductive limit 4(Q,). Then the
proof of “A(Q) D NuenA4(Q,)" of 1.8 shows that B is bounded on each com-
pact subset of some (2, i.e. B is bounded in some A(f2).) Since 4(Q) is now
assumed to be bornological, the identity map from A4(Q) into the inductive
limit is continuous. This follows also from Martineau [14], Prop. 1.7.

*

1.10. LeMMaA. For alln,m € N let | - |, ,, denote the norm of the dual Banach
space Ej . Then the (LF)-spaces A(Q) == indy—0o A(Qy)" and Az are iso-

morphic by the Laplace transformation

FAQ) — Ay, F(u)(2) = (=) i= plexp( 7)), zeCY,
(w-z:=(w,Z)). Moreover for all nym € N there is C > 0 with:

D 17 ()l < N1l for all pu € A(Qn)';
(11) |g;71(f)|;,m < CHf”n,m—H fO}’ allf € AUH,,'

PRrROOF. Since the linear span of the exponentials w — €%, z € CV, is dense
in A(Q,), A(Q) is dense in each step A(Q,), n€N. Hence
A(Q)/ = ind,HOOA(Qn)' holds algebraically, and the assertion follows from
the well known corresponding one for the spaces 4(Q,), n € N (see Hor-
mander [1], Thm. 4.5.3, and see also [17], 1.4).

REMARK. It follows from Schaefer [31], Ch. IV, 4.4, that the (LF)-space
topology of A(Q)' in fact equals the strong topology. However, we will not
apply this fact.

1.11. DeriNITION. For p € A(K)' we define the convolution operator
T,: A(Q+ K) — A(Q) by

LNz =pf(z+), z€@

T, is a continuous linear map, since 7,: 4(Q, + K) — A(Q,) is continuous
for each n (see [17]). If K = {0} we write P(z) := ji(z) = }_,eny daz® and get
PD)f = Yoy auf ) = T, (/).

In the present article we look whether for a given surjective operators 7,
there is a continuous linear right inverse R for T,, i.e. a continuous linear
mapping R: A(Q) — A(Q + K) with T, 0 R=idy). By Lemma 1.10, the
dual map T: 4(Q) — A(Q + K)' can be identified with the multiplication
operator Mj: Ay — A7, [+ fi-f.



300 S. N. MELIKHOV AND SIEGFRIED MOMM

1.12. LEMMA. The following assertions are equivalent for a surjective con-
volution operator A .= T,,: A(Q + K) — A(Q):

(1) A has a continuous linear right inverse

(ii) A" has a continuous linear left inverse

(iii) imA’ is closed and the quotient map q: A(Q + K)' — A(Q + K)'/im4’
has a continuous linear right inverse.

PrROOF. (i) = (ii) The dual map of the continuous linear right inverse of 4
is a continuous linear left inverse for 4'.

(ii) = (i): We recall that A(Q) :=ind, 4(Q,) and A(Q+K) :=
ind, 4(Q, + K)' (see Lemma 1.10). If P: 4(Q + K)' — A(Q)' is a continuous
linear left inverse for A’, by Grothendieck’s factorization theorem, for each n
there is 7’ such that the induced maps P,: 4(Q, + K)' — A(Q,)" are well de-
fined and continuous. Since the (DFS)-spaces A(Q,/) and A(Q, + K) are re-
flexive, the dual maps P,: A(Qy) — A(Q, + K) induce a continuous linear
map R: 4(Q) — A(Q+K) and (Ao R) = Po A' = id. Thus R = P’ is a con-
tinuous right inverse for 4.

(ii) < (iii): If P: A(Q + K)" — A(Q)' is a continuous left inverse for A', i.e.
PoAd = idgy, then Q:= A'o P is a continuous projection onto imA’.
Hence imA’ is closed and R:A(Q+ K)'/imA’ — A(Q + K)' defined by
R(q(v)) := v — Q(v) is a continuous linear right inverse for ¢.

Vice versa, if R is a continuous linear right inverse for ¢, then I — Ro g is
a continuous projection onto ker(R o ¢) = imA’. Thus P:= A4""' o (I — Roq)
is a linear left inverse for 4'. It is continuous by the closed graph theorem for
(LF)-spaces (see Langenbruch [12] for this reasoning).

1.13. DEFINITION. Let pp € A(K). If A C S := {z € CV||z| = 1} is closed, p
and 4 will be called slowly decreasing (or of regular growth) on the cone
I'(4) .= {ta|a € A,t > 0} if the following holds: For each ¢ > 0 there is
R > 0 such that for all z € I'(4) with |z| > R there is w € B(z,¢|z|) with
|i(w)| = exp(L(W) — e[w]).

1.14. REMARK. If K = {0}, i.e. if P = /i is a nonzero entire function of at
most order one and zero type, then P is slowly decreasing on C" (see Mar-
tineau [15], Lemme 15).

The role of the strict convexity at J,w is shown by the following two re-
sults. The next one is a slight extension of a part of Maltsev [13], Cor. 1.

1.15. ProPOSITION. If Q C CV is strictly convex at dw, each nonzero dif-
ferential operator of infinite order P(D): A(Q) — A(Q) and even each con-
volution operator T,: A(Q + K) — A(Q) of which the symbol [i is slowly de-
creasing on cVis surjective.
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PrOOF. Let 2 be open in CV with Q C £2. We show that there is a convex
domain 2, in CV with Q C 2, C 2. Without loss of generality we may as-
sume that Q has nonempty interior, since otherwise Q is compact.

For each z € 0Q we choose a supporting hyperplane R. of clQ at z, and
denote by P, the open half space with boundary R, and with intQ C P,.

For each ne N we put d, :=dist(w,, 912) > 0. For each z € w,\w,_i
(wo :=0), we put 4, := P, +d,U, where U is the open unit ball of C". For
each z € 0Q\w, we put 4, := P,. (By the assumption on Q, we know that
O C A for all z€ Q. But we need more.) Now put {2; := N.cppA4- and
2 := int$2;. Then 2 is a convex domain in C" with 2y C 2. We will show
that Q C (2.

Obviously intQ C (2. Let z € w,\w,_1 for some n € N. As in Martineau
[14], Lemme 1 of the proof of Thme. 1.2 (replace “‘complex supporting hy-
perplane”" by ‘“‘real supporting hyperplane" etc.), there is m > n such that
e = infyepo\u, dist(z, R,,) > 0 and thus #,, := min{d,, ¢,,} > 0 which implies
z+t,U C {2y and thus z € (2.

Since /i is slowly decreasing on C" (as P is, by Remark 1.14), the operator
T,: A(£20 + K) — A(f2) is surjective (Martineau [15], Morzhakov [29], Kri-
vosheev [10], see also [21]). This shows that 7;: 4(Q + K) — A(Q) is surjec-
tive, too.

1.16. PROPOSITION. Let Q C CV be C-strictly convex at d,w (this is always
the case for N =1). If each nonzero partial differential operator
P(D): A(Q) — A(Q) is surjective, then Q is strictly convex at O,w.

Proor. Assume that Q is not strictly convex at J,w. Then there is a sup-
porting hyperplane R = {z € C | Re(z,a) = H(a)} of clQ such that RN Q
contains a line segment / which is not relatively compact in w. After a
translation of Q we may assume that 7 passes through the origin. After a
unitary transformation of CY we may assume that CI = C x {0}. Hence
ONCI = x {0} with a convex, locally closed, noncompact set Q' C C.
Since Q is C-strictly convex at d,w, Q' has no interior points in C, i.e. Q' is a
noncompact line segment (and in particular not strictly convex at d,w'). By
Korobeinik [5], Thm. 2, there is a nonzero differential operator
P(D): A(Q') — A(Q') of infinite order and a function g € A(Q’) such that the
equation P(D)f = g has no solution f € A(Q').

By Martineau [14], Lemme 3 of the proof of Thme. 1.2, because of the
strict convexity at d,w, Q has a neighborhood basis of linearly convex open
sets, i.e. of open sets of which the complement is a union of complex hyper-
planes. Those sets are pseudoconvex (see Hormander [3], Prop. 4.6.3). Thus
we can extend g € A(Q') to G € A(Q), by Hérmander [3], Thm. 4.2.12. If we
consider P(D) as an operator on 4(Q), by the hypothesis, there is F € A(Q)
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with P(D)F = G and hence P(D)F|Q' = G|Q' = g. Since f := F|Q' € A(Q'),
this is a contradiction.

2. An abstract criterion for the existence of a solution operator

2.1. Notation. For all n,m e N, let L,, denote the Hilbert space of all
f e L},.(C") such that

loc

1/2
W g == (/c~ If (2)I exp(—2H, () 2Z|/M)d>\(2)> < 0.

We consider the Fréchet spaces L% ‘= PrOjy_oo Lum, 1 € N, and the (LF)-
space

2 2
Lﬁ.—lndLﬁ.

n—00 n

By l% .~ and Lzﬁ 01y We denote the corresponding Fréchet space of all
0-closed (0’, 1)-forms with coefficients in Lzﬁ and Lzﬁ, respectively. For an
open set £2 C CV, we consider the Frechet spaces W% (CN ,f2) of all f € L?,"

with

of € L%”(O‘l) and 12 € A(2)

endowed with the norms (|[f\|,21m + ||5f\|,21$m)1/2, m € N. We put

2N Oy N
W=(CY,$2) :== ind W5 (CV, 02).

2
n—oo  Hn

By the mean value property of analytic functions, we have Ay =

2(eN N
W=(C™,CH).

2.2. PROPOSITION. Let 2 C CV be open and assume that for each a € CV\ 2
there is a plurisubharmonic function u, on C" with u,(a) > 0 satisfying the
Jfollowing condition: Ynan'Nm3k, C > 0:

us(z) < Hy(2) + |2z|/m — Hy(a@) — |a|/k + C forall zeCN aeCM\n
Then there is a continuous linear projection P: W%(CN ) — Ap =

2 (N AN
Wﬁ(C ,CM).

ProoOF. Asin [17], 1.8, the assertion follows from Langenbruch [11], Thm.
1.3 and Remark 1.11.

2.3. Notation. If F is an entire function, we put V(F):={ze€ C"|
F(z)=0}. By Ar CS, we denote the set of all a€S such that
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a = lim;_. a;/|a;| for some sequence (a;);cy in V(F) with lim; . |a;] = oo
Its tangent cone at infinity is defined by

VOO(F) = F(AF) = {ta|t >0,a€ AF}
We note that dist(a, Voo (F)) = o(|a|) as a € V(F) tends to infinity.

From [17], Lemma 2.2, we recall:

2.4. LEMMA. Let pp € A(K ) be slowly decreasing on V. (i). Then there is a
locally bounded function r:C" — [1,00[ with r(z) = o(|z|) for z — oo and such
that for each € >0 there is R >0 with the following property: Whenever
zeCY and |z| >R satisfies U(z,r(2)) N V(i) #0, then there is
we Uz, (1 +e)r(z)) with |a(w)| > exp(L(W) — e|w|). We put

r(z) := sup{|z — w| + 2r(w) |w € C¥, |z —w| < r(z) +r(w)}, zeCM.

Then 2r < ¢ and ¥ (z) = o(|z]) for |z| — oco. If U(z,r(z)) N U(w,r(w)) # 0,
then also U(w,2r(w)) C U(z,r (2)).

2.5. Auxiliary spaces. Let u € A(K)" be slowly decreasing on V(). For
each open set 2 C CV, let 42(£2) be the Hilbert space of all square integrable
functions in A(£2). Let I(£2) be its closed subspace I(§2) =(i-A(£2))N
A%(£2). We put Eq := A*(02)/1(£2) and for x, € E(£2)

1/2
o . 2
|Xolqg = SIEI;E €], = glenxa (/0 €] d>\> .

We choose #: CY — [1,00[ according to Lemma 2.4, and set 7 := 16/'. For
each z € CV, we write 2(z) := U(z,#(2)).
We put Az, 7(4) := ind,—o A% 7 (f1), where for each n € N, A‘}{ () s

the space of all x = (for) + 1(§2(2))).ccv € [L.ccr Eaz) With
Joe) —fou € I(£2(z) N 2(w)) whenever £2(z) N 2(w) # O
and

X[l = 8UD [X0(s)| () exP(=Ha(Z) = |z|/m = L(Z)) < 00

zeCV
for all m € N.

2.6. PROPOSITION. Let w € A(K) be slowly decreasing on V. (ji) such that

(fi-A(CY)) N A,z = i+ Az Then the linear mapping

P A7/ (- Ag) = Ag (), P+ i Ag) = (£1920) + 1(2()).ccr

is an isomorphism of (LF)-spaces. Moreover: Nn,m3k, C > 0:
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@ [Ipf + (- Ag) O Ay Pl < OV + (- Ag) N Ay gl for - all
feAds

H,+L

(6) 17 ()l < Clixll,  for all x € A%, ().

Proor. By [17], Prop. 2.4, for each n € N,

pidly o= Ay D), p(f) = (£10) + 1(2(2)))

is a well defined surjective continuous linear map. This shows that

zecV’

p:Ag. 1 — Az, z(ft)

has the same properties. The postulated estimates follow from the corre-
sponding ones in [17], Prop. 24. The kernel of p is
(- ACY)) N A .7 = fi- Af;. Hence by the definition of the inductive limit
topology on Az, 7/(ji- A7), p has the announced properties.

2.7. PROPOSITION. Let p be as in Proposition 2.6. If for each a € A, there is

a plurisubharmonic function u, on CY with uq(a) > 0 satisfying the condition:
VYn3n'Vm3k:

us(z) < Hy(Z) + |2|/m — H,(@) — 1/k  forall z€ CY a € 4,

then the quotient map Az, 1 — Ag,7/(fi- Ag) has a continuous linear right
inverse.

Proor. As in [17], Cor. 2.5, but now applying Proposition 2.2.

2.8. ROPOSITION. Let ji € A(K)' be slowly decreasing on C" and such that
T,:A(Q + K) — A(Q) is surjective. Then T,: A(Q + K) — A(Q) admits a so-
lution operator if the following holds: For each a & A there is a plur-
isubharmonic function u, on C~ with ug(a) > 0 such that: YN\n3n'Vm3k with

uy(z) < Hy(Z) +|z|/m — H,(@) — 1/k  for all z€ CY a € 4;.

Proor. By Proposition 2.7, and Lemmas 1.10 and 1.12.

3. Evaluation of the criterion
In this chapter we shall evaluate the abstract condition of Proposition 2.8.

3.1. DerFINITION. We recall that S:={ac C"||a|=1} and I'(B):=
{tx|t > 0,x € B}, whenever B C C. We will say that 4 C S satisfies the
condition U(4, Q) if for each a € A there is a plurisubharmonic function u,
on CV with u,(a) > 0 such that: VnIn'Vm3k with

us(z) < Hy(2) + |z|/m — H,(@) — 1/k  forallze CY ac 4.
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Recall that Q ¢ CV is assumed to be nonpluripolar.
We recall some definitions from [27] and [25]:

3.2. DeriNtTION. If Q € CV is bounded and ¢ > 0, let v} . be the largest
plurisubharmonic function on C" bounded by H and with v?q’c(z) <
clog|z| + O(1) as |z| — 0. A function C%:S — [0, oo is defined by

{zeC" VW (2) =H(2)} ={Xala € S,1/C}(a) <\ < o0}

If Q is bounded and with intQ # (), with 0 € intQ, and if C > 0, let vi7 -~ be
the largest plurisubharmonic function on CV bounded by H and with
v c(z) < Cloglz[ + O(1) as |z| — co. A function C3:S —]0,00] is defined
by

{zeCV| Vigc(2) = H(z)} ={lala € S,0 <A< 1/Cj(a)}.
3.3. Notation. Let Q c C. For v C Q and 4 C S, we define
S, :={a € S| Re(w,a) = H(a) for some w € v}
and
Fy:={we Q| Re(w,a) = H(a) for some a € A}.

We will write S, := S\Sp. We note that a € S, if and only if H,(a) < H(a)
for all n € N. If intQ # 0, obviously S, = Sp.

3.4. LEMMA. Let Q C CV be bounded, with nonempty interior, strictly con-
vex at Oyw. If A C S, is compact then Fy C w is compact.

Proor. If w, is a sequence in F,, there is a sequence «, in 4 with
Re(wy,a,) = H(ay), n € N. By the compactness of 4 and clw, we may assume
that the sequences a, and w, converge to a € A and w € clw, respectively.
Hence Re(w,a) = H(a) = Re(z,a) for some z € w. Thus w € w and hence in
F4, since otherwise Fy,, would not be compact violating the assumption of
strict convexity at J,w.

3.5. LEMMA. Let Q C CV be bounded with nonempty interior. Then (i) <
(il) = (iii):

(1) Q is strictly convex at Ow.

(i1) For each compact v, C w there is a compact 7y, such that v C v» C w and
Fyay does not intersect ) and w\v, for some a € S,, i.e. such that there is no
line segment in OQ that meets v, and w\.

(iii) S,, is open in S and (S.,),cy is @ compact exhaustion of S,,.

n

Proor. (i) = (ii): Put 4:=S,,. By Lemma 3.4, Fy Cw is compact.
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Choose 72 C w with Fy N (w\72) = 0. If Fryy Ny # 0 then a € 4 and thus
Fiy N (w\2) =0. (i) = (i) is trivial.

(i) = (iii): By Lemma 3.4, (S,, ),y is @ compact exhaustion of S, since
(wn),en 18 @ compact exhaustion for w. It easily follows from the definition of
strict convexity at J,w that S, is open.

3.6. Proposition. Let Q € CV be bounded with 0 in its nonempty interior,
and which is strictly convex at O,w. Then for a given compact set A C S, the
condition U(A, Q) is fulfilled if and only if Cy is bounded on a neighborhood of
A, =ANS, in A and 1/C% is bounded on each compact subset of
A,:=ANS,.

Proor. Note that by Lemma 3.5, S, is open in S and S, is compact.
“=": We put v:= (sup,_4(iiz + H(a)))". Then v is plurisubharmonic on

C" with v > H on 4 and VaIn'Vm3k such that
(1) v<Hy+|-|/m+1/n—1/k.

Hence v < H and in particular v = H on A. Choose ' for n = 1 according to
(1). Since Hy(a) < H(a) for all a € S,, by the compactness of S, there is
some m with Hy(a) + |a|2/m < H(a) for a € S,, and hence there is some
compact S; C S, such that H, + |- |2/m < H holds on the cone I'(S\S;). If
k is chosen according to (1), we obtain

() v(z) < Hy(2) + |2|/m+1/1 = 1k < H(z) — |z|/m + 1, z € (S\Sy).

For the compact set v; := Fs, Cw, we have S; C §,, C S,. According to
Lemma 3.5 (ii) we can choose 7, C 7, open and relatively compact in w such
that there is no a € S, such that F,) intersects v; and w\72. As in [25], Prop.
2.2, we consider

L(z) := sup Re(w,z) = max Re(w,z), zecCV.
wedO\ 72 weIO\ 2
Obviously L = H on S\S,,. If L(a) = H(a), then Re(w,a) = H(a) for some
w € 00\, hence a € S,,, since otherwise we would get a contradiction with
3.5 (ii). This proves L < H on S,,.

Since S\S,, C S\Sj, by (2) (for large |z|), there is some R > 1 such that the
plurisubharmonic function v := v/2 + L/2 is strictly smaller than H outside
0, R] - (S\S,,). Moreover, # < H on C¥, and ¥ = H on AN (S\S,,). By [25],
2.1 Lemma, this implies that C3 is bounded on 4 N (S\S.,).

Now let k be a compact subset of 4,. By Lemma 3.5  (iii), there is some
n with x C S,,. The plurisubharmonic function v := (sup,.x(#iz + H(a)))"
satisfies v > H on %. Since H = H, on S, there is #’ such that for all m
there exists k with
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v< Hy+|-|/m+0-1/k.

Hence v < H, < H, in particular v = H on R. Since v(0) < —1/k <0 (for
m = 1), it follows from [27], 2.14, that 1/C? (and even I/C%”,) is bounded on
K.

“«": By the hypotheses, there are a neighborhood A of 4, in 4 and some
(large) C >0 such that vij - = H on A. Let ne N. Since H, < H on A,,
there is an open neighborhood 4, of 4, in 4 with H, < H on cl4,. We may
assume 4A; C A and A, C A,_,. By the hypotheses, there is some (small)
¢n >0 with vy, . = H on A\A,.

Fix n and p'ut % := A\A,. We claim that — essentially — we may replace
Wy, by v} . for some n’ and some ¢,. The following suffices: By Lemma
3.5, the setnF,: C wis compact and thus contained in Q; for some 7. We claim

that there is ' > 7 with
1H +{H; < Hy.

If w € clQ and z € Q;, we have either w/2 + z/2 € intclQ and hence in Q, or
z,w € 0clQ, i.e. z € wp, and [z,w] C 9Q. Since Q is strictly convex at J,w, we
obtain [z, w] C w, in particular z/2 + w/2 € Q. We may of course assume that
(n+1)" > n'. Define
V= %v%m + %Hﬁ.

v, is plurisubharmonic, v, = H on &, v,(0) < 0, and v, < H,,.

For a € 4,, we put v, :=vjj . If a € A\A, we set v, := v;. For each n > 1
and a € A,_1\A,, we put v, :=1v¥ - +1v,. Then v,(a) = H(a), a € A;, in all
three cases. In the last case this is true because vij - = H on 4.

Now, let n be given. Since H, < H on cl4,, we may assume that »’ is in
addition chosen such that

V¥ e < Hy+ min (H(a) — Hy(a))/2

accl4,

If m is given, by [17], Lemma 2.9 (applied with H; instead of H), we can
choose k so large that

v <Hy+|-|/m—1/k forallj=1,...,n,
and 1/k < mingcay,(H(a) — Hy(a))/2. If a € A, we obtain
Wic < Hy -+ min (H(a) ~ Hy(@) ~ 1k < Hy + |- |/m+ H(a) ~ Hyla) ~ 1/k.
’ aeclAd,

This is the desired estimate of v, if « € A4,. For a € A4,\ A4, this estimate fol-
lows from

Va S%(Hi1’+||/m+H(a) _Hn(a)_ l/k)""%Ha
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since — by the strict convexity of Q at d,w — we have 1H, +1H < H, for
some n'.
By the choice of k, foralla e Sandj=1,...,n

Vi < Hy +|-|/m+ H(a) — Hy(a) - 1/k

holds, which implies in particular the desired estimate of v, if a € A\A4;.
Moreover, we get for a € A\ 4, that

vo SYH +3(Hy +|-|/m+ H(a) - Hy(a) = 1/k).

Again the strict convexity of Q at J,w implies the desired estimate for v, in
this case.
Finally, we define

uy,(z) :==vz(zZ) — H@), acA.

3.7. COROLLARY. The assertion of Proposition 3.6 also holds if we replace in
the condition U(A,Q) the numbers H,(a)+1/k by numbers H,(a) <
H,(a) + 1/k, a € A, which are increasing in n and decreasing in k and have the
following properties:

(1) limy,—, oo infyen Hy k(@) = H(a) uniformly on A.

(i1) For each k C S, N A compact and each n there is some m such that for
each k there is | with

H,(a)+ 1/l < Hyi(a), ack.

PrROOF. In the proof of 3.6 “=", we apply (i) to get (1) in the proof of the
bounds of C%, while (ii) is applied in the proof of the bounds of CY. “«<"
follows immediately from Proposition 3.6.

3.8. LeMMA. Let Q C CV be bounded. For a € S let L, +a be a complex
supporting hyperplane for {z € CVH(z) < H(a)} at a. For n,k € N define

H,(a) := min (H,(z) + |z|/k).
z€L,+a
Let k = {a} C S only have a single element or if Q has nonempty interior and

is strictly convex at d,w let k be a compact subset of S,. Then for each n there
is some m such that for each k there is | with

H,(a) < Hy(a) + |a|/l < Hux(a), aé€ k.
Furthermore, lim,, . infren Hy (@) = H(a) uniformly on S.

Proor. We note that after a translation of Q we may assume that
0 €int, Q. If K C S, is compact, by Lemma 3.5, there is ny € N such that
F,. C Qn» and we conclude that L, +a C {z € CV| Re(w,,z) = H(a)} with
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Wwg € Op,. This shows that L, + a is also a complex supporting hyperplane for
the sets {z € CV | H,,(z) < H,,(a)} for all m > ny. Hence for all m > ny

min (H,(z) + H(z)/k) > min H,,(z) + min H(z)/k = Hy,(a) + H(a)/k,

z€L,+a z€L,+a z€L,+a
which proves the first part of the assertion also for x = {a} if a € S, in the
general case.

For the proof of the second part, we may assume that Q,, = cv(K,,w,,) as

in Lemma 1.2, where K, := (1 — 1/m)clQ. Thus we get the lower bound

Hyi(a) > (1= 1/mH(a) + H(a)/k = (1 = 1/m)H(a), a€S,
for all m and k. This also proves the first part for x = {a} if a € S,.

By Proposition 1.15, the strict convexity of Q at 0,w is sufficient for all
nonzero P(D): A(Q) — A(Q) to be surjective. By Propositions 1.16 this con-
dition is also necessary in the case N = 1.

3.9. THEOREM. Let Q C CV be strictly convex at dyw, bounded, with 0 in its
nonempty interior. Then each nonzero partial differential operator P(D):
A(Q) — A(Q) has a continuous linear right inverse if and only if C55 is boun-
ded on a neighborhood of S, in S, and 1/C% is bounded on each compact subset

of S,.

Proor. The sufficiency: By Proposition 3.6, the condition U(S, Q) is ful-
filled. By Proposition 2.8 together with Definition 1.11 and Remark 1.14,
each P(D): A(Q) — A(Q) admits a continuous linear right inverse.

The necessity: Choose a dense sequence (). in S. Fixj. Let Ly, + a; be a
complex supporting hyperplane for {z € C¥| H(Z) < H(a@;)} at a;. We choose
rapidly increasing sequences (\;;),cy of positive reals, such that the canoni-
cal product P; € A(CN) with V(P;) = UienLy, + Ajga; converges, and such
that even the product P = H P; converges and defines a function in A?o}
(see [22], Lemma 2.5).

By the definition of L,, + a; we have H(a;) = min:er, 14 H(zZ). For n,k and
a € S we define

jeN

Ho(@) := min (H,(2) + [21/K).

a

If P(D) has a right inverse, Mp has a left inverse L, hence each Mp, has the
left inverse L o Mp,p,, and the corresponding quotient map p;: Az — Az (P))
in the proof of Proposition 2.6 has the right inverse

Ri(pi(f)) :==f — Mp, o Lo Mpp(f) =f — P;L(fP/P)).
As in [22], Lemma 2.5, it follows that the condition U(S, Q) is fulfilled with
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H,(a) — 1/k replaced by H,x(a). Now because of Lemma 3.8, by Corollary
3.7, the functions C¥ and C% have the postulated bounds.

The following propositions show that in fact it is no restriction to consider
in Theorem 3.9 only bounded Q with nonempty interior.

3.10. PROPOSITION. If Q C CV is strictly convex at dyw, the following are
equivalent.

(1) Each nonzero P(D): A(Q) — A(Q) admits a continuous linear right in-
verse.

(ii) After a unitary transformation of C~, Q equals the Cartesian product
0 x V', where 0 c CcV' is bounded, with nonempty interior, such that
P'(D): A(Q) — A(Q') admits a continuous linear right inverse for each non-
zero P'(z) = ZaeNg” a,z® of N' variables, and such that either Q = Q' or Q is
open.

ProoOF. (i) = (ii): In any case, after a unitary transformation we have the
representation with some ¢/ € CV' such that the set {z € CV'|H'(z) < o} is
not pluripolar in cV (see [22], Thm. 2.7). Obviously, Q' is again locally
closed and convex. Since @' x C" is strictly convex at d,w, N” = 0 unless
the Q' C cV s open. In the second case, the assertion follows from [22],
Thm. 2.7. In the first case, we have to show that Q = Q' is bounded with
nonempty interior. First we show that Q is bounded: Assume that Q is not
bounded. Then there is some a € S with Rya C Q (we may assume that
0 € Q). Furthermore we may assume that the compact exhaustion of Q is
chosen such that the hyperplane {z| Re(z,a) = H,(a)} touches Q, in some
point of I'(a). Let L, + a denote the complex hyperplane which is contained
in this real one. We now proceed as in [22], Thm. 2.7, and get a partial dif-
ferential operator P(D) of infinite order, such that the zeros of P are positive
multiples of L, + a. Since P(D) admits a continuous linear right inverse on
A(Q), as in [22], Lemma 2.5 (applying the proof of Proposition 2.6), i.e. as in
Theorem 3.9, we see that condition U({a}, Q) is fulfilled. Hence for all n

u,(z) < HE) — H,(@), zeCV.

Since lim, ., H,(a@) = oo, this implies that the nonzero plurisubharmonic
function u, equals —oco on {z| H(Z) < co}. This contradicts the definition of
Q.

We show that Q has nonempty interior: Assume that the interior is empty.
Then there is b €S such that Q C {z € CV|Re(z,h) =0}. Put a:=ib.
Choose L,+a to be the complex hyperplane which contained in
{z| Re{z,a) = H(@)}. We choose P(D) as above. Since P(D) admits a con-
tinuous linear right inverse, we see as above — but now applying Lemma 3.8
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— that condition U({a}, Q) is fulfilled. As in the proof of Proposition 3.6 we
see that v, (a) = H(a). On the other side ¢ — H((@) vanishes for +i which
implies that the positively homogeneous function H({a) is harmonic for
Re¢ > 0. Since %,(0) < 0 this yields a contradiction, applying the maximum
principle to the subharmonic function ¢ — V%, (¢a) — H((a).

(i1) = (i): If Q is open, the assertion has been proved in [22], Thm. 2.7. If
Q = Q' there is nothing to prove.

4. The case of one complex variable

In the special case of N =1 the results of the previous sections can be im-
proved considerably.

4.1. LEMMA. For N =1 let € A(K) such that T,: A(Q + K) — A(Q) is
surjective. Then (fi- A(C)) N Az, 7 = i~ Ag.

Proor. By Remark 1.9 (b), 4(Q) is ultrabornological. Since 4(Q + K) is a
webbed space, it follows from de Wilde’s theorem, that 7, is even an open
mapping. Hence im7) = (kerT,)" is closed in A(Q+K)'. Since T, =
M;: Az — Ag.,7, f— fif, by Lemma 1.10, the space fi- Az is closed in
Az
On the other hand fi-A(C) is closed in A(C). Since the embedding
Az 1 — A(C"Y) is continuous for each n &N, also the embedding
Az, 7 — A(CY) is continuous. Thus also (ji-A(C))N Ag,7 s closed in
Az
By Krasickov-Ternovski [9], Thm. 4.4 (see [17], 1.6 (c)), fi - A3 is dense in
(fi- A(C)) N Az 7 for each n€ N and hence in (ii-A(C)) N Agz,z. This

proves the postulated identity.

+L-

REMARK. In the case that fi is slowly decreasing on C (for example if
K = {0}), the conclusion of 4.1 follows simply dividing by /i (and it does not
matter whether 7, is surjective or not). Of course, also the next Lemma is
much simpler in this case.

4.2. LEMMA. For N =1 let € A(K)' such that T,: A(Q + K) — A(Q) is
surjective. Let A be a compact subset of S having a neighborhood on which H is
finite and such that A is contained in the support of AH, i.e. for each a € A
there is no neighborhood of a on which H is harmonic (and finite). Then [i is
slowly decreasing on I'(A).

ProoF. Again by de Wilde’s open mapping theorem, 7),: 4(Q + K) —
A(Q) is an open mapping. Hence for each equicontinuous set B C
A(Q + K)', its preimage (Tl’t)fl(B) is equicontinuous again. Since obviously
(see the proof of 1.9), B C A(Q)" is equicontinuous iff it is equicontinuous in



312 S. N. MELIKHOV AND SIEGFRIED MOMM

some step A(Qm)/, by the Laplace transformation 1.9, we obtain the follow-
ing condition:
If f;, j € N, is a sequence in A7 and if there is n such that for each /

sup |a(2)fi(2)exp(—Hu(Z) — L(Z) — |2|/1), j €N,
ze
is bounded, then there is some m such that also

sup [fi(2)l exp(=Hm(Z) — |2|/1), j €N,

ze

is bounded for each / € N. (See Meyer [18], Lemma 4.13, or [19], Lemma
3.12, for this kind of reasoning.)
We will now argue by contradiction applying a well known procedure of
Ehrenpreis. We make use of some improvements made in [24].
If /i is not slowly decreasing on I'(4), then there is some k and a sequence
zj € I'(4), j € N, with |z;| — oo such that
|a(w)| < exp(L(W) — [w|/k)  for all |w—z| <|z|/k, jeN.

For sufficiently large k; > k and n, and for each j € N we consider the
largest subharmonic function p; := h(H,, z;, |zj| /k1) on C which equals H, on
|z — zj| > |zj|/k1. Since p; is subharmonic, it is well known (see Hormander
[1], Thm. 4.4.4) that there is f; € A(C) with f;(z;) = expp;(z;) such that

/()] < Crexp(p;(z) + Cilog(l +z)), z€C,
where C; > 0 is a universal constant and

pj(z) == sup p;j(w), ze€C.

[w—z|<1
We obtain from the bound on f; that for some C = C, >0
/()] < Cexp(Hy(2) + Cilog(1+ [2) + A(H, 51 51/k + 1)), z€C,
where

A(Hy, 2, |zl [y + 1) = |zfzv|r£\?ﬁk|+l(h(ﬁm2j7 lzl/k1 + 1)(2) = Ha(2))-

In particular, f; € Aoﬁ C Ag. Put a;:=z;/|z;|. We may assume that k; is
chosen so large that |z;|/k; + 1 < |zj|/k and
A(Hy, zj, |zl [ky + 1) = |5 A(Hu, a5, 1/ky +1/15]) < |z1/k, j€N.

Because of the assumptions on A, the functions H, H,,, m € N, are equi-
continuous on a neighborhood of 4. Hence the choice of k; does not depend
on n. We obtain
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[A(2)fj(2)] < Cexp(Hy(2) + Crlog(l + |2]) + L(Z))  for [z — z] < |z|/ki + 1.
Since [ € A%, this implies that for each / there is C; > C with

sup (=) (2)| exp(~Hu(2) — L(E) — |/ < € forallj € N,

Since 4 is compact and H is finite on 4, we can extend H|A4 to an appro-
priate continuous function in a neighborhood of 4. Since 4 C suppAH this
shows that there is some n € N and some k, such that

h(H,,a,1/ky)(a) — H,(a) > 1/ky forallae€ 4.

Since H|A is continuous, n can be chosen such that h(H,, a;, 1/ki)(a;)—
H(a;) > 1/k, for all j. Hence

fi(z) = exp(|zj|h(Hy, a;, 1/k1))(a;) > exp(H(Z) + |7|/k2), j €N,
and we obtain that for each m € N there is / = 2k, such that

5up Uf(2)] exp(~Hy(2) = [21/1) > exp(lz]/(2K)) - for all j € N.

Obviously, this yields a contradiction.

4.3. LEMMA. For N = 1, assume that the multiplication operator M: Az; —
Az, 7 admits a continuous linear left inverse. Then condition U(Ay, Q) holds.

Proor. If 4, # (), we can choose an entire function g € A({)o}’ i.e. at most
of order one and zero type, with zeros (b;),.y and with 4, = 4; and
fi/g € A(C). Then also M,: A; — Ay has a continuous linear left inverse.
Hence the canonical mapping p: A — A5(g) has a continuous linear right
inverse R (Lemma 1.12 with K = {0}).

Let 2(z), z€ C, be as in 2.5. We choose f; € Ay(g) with f;|02(z) =1
modI (£2(z)) if b; € £2(z), and with f£;|£2(z) = 0 modI(£2(z)) if bi¢2(z).

We put v, :=1log|R(f;)|, / € N. Then v;(b;) >0, / € N. Since R: Ax(g) —
Az is continuous, by Grothendieck’s factorization theorem, Vn3n’ such that
R: A%” (g) — Aoﬁ, is continuous, i.e. Vm3k, ki, B, B; > 0 with

sug(w(Z) — Hy(2) = |2|/m) < By +1og |Ifill, 4, < B — Hu(br) — |bil/k, 1 €N.
ze

Now if a € A, with a = lim;_. by /|b; |, we put

(zby, *
us(z) := (limsupM> , z€C,

j—oo LA

where * denotes the upper semicontinuous regularization. Then u, is sub-
harmonic with u,(a) > 0. By straight forward estimation, we get the postu-
lated upper bounds.
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4.4. LEmMA. For N =1 and i € A(K)' let T,: A(Q + K) — A(Q) be surjec-
tive. If the condition U(A;, Q) holds and H is finite on a neighborhood of Ay,
then i is slowly decreasing on I'(A;) = Vo (f).

Proor. By Remark 4.10, we know that V (/i) is contained in {ra|t > 0,
a € S,H(a) < oo} UsuppAH. Hence, by Lemma 4.2, /i is slowly decreasing
on V. (ii).

4.5. PROPOSITION. For N =1 let u€ A(K) such that T,:A(Q+K) —
A(Q) is surjective. If Q is bounded or T, = P(D) is a differential operator of
infinite order, then T,: A(Q + K) — A(Q) admits a continuous linear right in-
verse if and only if condition U(A, Q) holds.

PrOOF. =: By Lemma 4.3 and Lemma 1.12.

<: By Lemmas 4.1 and 4.4, the hypotheses of Proposition 2.7 are fulfilled.
Hence by Proposition 2.7 and Lemmas 1.10 and 1.12, the map
M;: A — Az, 7 admits a continuous linear left inverse. Thus the assertion
follows from Lemma 1.12.

4.6. PROPOSITION. For N = 1, assume that 0 is contained in the relative in-
terior of Q. Each nonzero differential operator P(D): A(Q) — A(Q) has a
continuous linear right inverse if and only if either Q = C or if Q is strictly
convex at O,w, is bounded, has nonempty interior, such that C; is bounded on a
neighborhood of S, in S, and 1/C% is bounded on each compact subset of S,.

In this case even each surjective convolution operator T,: A(Q + K) — A(Q)
has a continuous linear right inverse.

Proor. The first part of the assertion follows immediately from Proposi-
tions 1.15 and 1.16, and from Proposition 3.10 and Theorem 3.9.

If Q = C, each convolution operator admits a continuous linear right in-
verse, by Schwerdtfeger [33] and Taylor [34] (see also [23]).

If Q is bounded with nonempty interior and strictly convex at d,w, then
each surjective 7, admits a continuous linear right inverse by Propositions
4.5 and 3.6.

4.7. PROPOSITION. For N =1, assume that Q is strictly convex at 0w, is
bounded, with 0 in its nonempty interior. Then a given surjective convolution
operator T,: A(Q+ K) — A(Q) has a continuous linear right inverse if and
only if C5 is bounded on a neighborhood of A, == A; NS, in A and 1/CY is
bounded on each compact subset of A, = A; N S,.

ProOF. By Propositions 4.5 and 3.6.

For N =1, in some special cases, we are going to prove a charactarization
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of the existence of a right inverse also if Q is not bounded, or has empty in-
terior, or is not strictly convex at d,w.

4.8. DEFINITION. Let a € CV\{0}. A plurisubharmonic function v defined
on a neighborhood of « is called a plurisubharmonic saddle for H at a if
v<H, v(a) = H(a), and v(z) < H(z) whenever z € I'(a)\{a}. v is called
proper if even v(z) < H(z) whenever z € CV\{a}. (See [26] and [28].)

4.9. PROPOSITION. For N =1, let Q # C and A C S with #A < oco. Then the
condition U(A, Q) holds if and only if for each a € A we have H(a) < oo and
there is a proper subharmonic saddle for H at a.

ProoF. For the proof we may assume that 4 = {a}.
“=". By condition U(4, Q), there is a subharmonic function # on C with
u(a) > 0 and VnIn'Vm3k such that

u<Hy+|-|/m—Hy(a)—1/k.

Note that %(z) := u(z) is again subharmonic, #(a) > 0, and Vn3n'Vm3k such
that

3) W< Hy+|-|/m— Hy(@) - 1/k.

Hence for each n there is ' with u < H,, — H,(@), which implies H(a) < co;
otherwise, if z° is chosen with H(z°) < oo, we could conclude that
u(tz°) < H(tz°) — H(a) = —oo for all ¢ > 0, which is impossible since ]0, oo[
is not polar.

We define v:=u-+ H(a). Then v(a) > H(a), and as above we obtain
v < H, and thus v(a) = H(a).

Let a € S,: (3) applied to n =1 gives some n’. By the hypothesis we can
choose m such that H,(a) + |a|2/m < H(a). Hence there is even an open
neigborhood A’ of @ in S such that H, +|-|2/m < H holds on the cone
I'(A"). If k is chosen according to (3), we obtain with some C > 0 that

v(z) < Hy(z2) + |z|/m+ H(@) — Hy(a) = 1/k < H(z) — |z|/m+ C, ze (4.

Let L be an R-linear function with L < H and L(a) = H(a). Then L=H
precisely on a convex cone I'p. If we I'(4") and v(w)= H(w), then
w & intI'; otherwise v — L would be (by the preceding estimate for large |z|)
a non constant subharmonic function attaining its maximum in an inner
point of its domain of definition. This shows that there is a neighborhood
A C A" of a and some R > 1 such that

§:=v/2+ L/2 < H on I'(A)\([0, R] - {a}),
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v < H, and v(a) = H(a). Since v is subharmonic, as in [26], Prop. 5, this im-
plies that there is a proper subharmonic saddle for H at a.
Leta € S,: Then H,(a) = H(a) for some n. By (3) In'Vm3k with

v < Hy+ |- |/m+ H@) — H,@) — 1/k = Hy + |- |/m — 1/k.

In particular v(0) < —1/k <0 (m = 1), and v is even bounded by H,, not
only by H. By [26], Prop. 5, this implies that there is a saddle for H,, and
hence for H at @. As in the case “a@ € S," one can modify v to become a
proper saddle.

“«<": Leta e S,: If u: D — R is a proper subharmonic saddle for H at @
defined on a open bounded neighborhood of @, we can choose p so large that
u < H, on 0D. We consider the subharmonic function v := max{u, H,} on D
and v := H, on C\D. It satisfies v(@) = H(a) and v < H. We claim that Vn3n'
with

v< Hy+1/n.

This is obvious on C\D. Since u —1/n < H on D, there is n’' such that
u— 1/n < Hy there. This proves the claim.

Now, if an arbitrary n is given, because of @ € S,, we choose n with
1/n < (H(a) — Hy(a))/2. Next choose n’ with v < H,y + 1/i. We obtain for
all m and for k with 1/k < (H(a) — H,(a))/2

v<Hy+1/n
< Hy +H(a) _Hn(a) - l/k
< Hy+|-|/m+ H(@) — Hy(a) — 1/k.

Let @ € S,,: The supporting line Re(z,a) = H(a) to clQ touches 9Q in some
point w of w. If w is an exposed point of clQ, then (since w is open in 0,Q)
there is #' with H, = H on a neighborhood of a. Otherwise the supporting
line contains even an open line segment of w. As in Proposition 3.6 one
shows that for sufficiently large »' with H,(a) = H(a), there is a proper
subharmonic saddle for some H,, at @. Hence by the hypothesis, in both
cases there is a proper subharmonic saddle for H,, at a. By [26], Prop. 5, we
have C% (@) > 0. By [17], Lemma 2.9, there is a subharmonic function v on
C with v < Hy, v(@) = Hy(a), and such that ¥m3k with

v< Hy+|-|/m—1/k.

Now, if n is given, for each m we choose k satisfying the preceding estimate
and obtain

v<Hy+|-|/m+ H(a)— H,(a) — 1/k.

Finally, in both cases we define u, := v — H(a), and the proof is finished.



ANALYTIC SOLUTIONS OF CONVOLUTION EQUATIONS ON... 317

4.10. REMARK. For N =1 and « € S assume that the condition U({a}, Q)
holds. Then H(a) < oo and there is no neighborhood of @ on which H is
harmonic.

ProoF. By Proposition 4.9, H(a) < co. If H is harmonic on a neighbor-
hood of @, it follows from the maximum principle that there is no sub-
harmonic saddle for H at a.

In view of Proposition 4.5, the following example contains some of the
main results of Langenbruch [12] and Korobeinik [6]:

4.11. EXaMPLE. For N =1 let Q C C be a polyhedron, i.e. clQ is the inter-
section of halfplanes {w € C| Re(w,a) < H,}, H, € R, a € A, where A C S is
a finite set. We assume that none of these halfplanes is superflous in this re-
presentation of clQ. Then condition U(Ay, Q) is fulfilled if and only if
Ay = {ala e A;} C A.

PrOOF. “=": Let a € A;. By Proposition 4.9, H(@) < co. Hence @ € 4 or
H is R-linear (hence harmonic) in some neighborhood of a@. Again by Pro-
position 4.9, there is subharmonic saddle for A at @. Thus, by Remark 4.10,
the latter case cannot occur.

“<" If a € A we have H(a) = H, < co. For a suitable R-linear function L
on C and some ¢ > 0, we obtain after an appropriate rotation and transla-
tion of C that H(z) — L(z) > ¢|Imz| in a neighborhood of 1, and
H(1) — L(1) =0. For z—|Imz| there is a proper subharmonic saddle at 1
(for instance z—(Imz)® — (Rez — 1)), thus there is also one for H at a.
Hence the assertion follows from Proposition 4.9.
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