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ON SOME DEFORMATIONS OF RIEMANN SURFACES. I

RYSZARD L. RUBINSZTEIN

Abstract

We define a family of infinitesimal deformations of compact Riemann surfaces of genus g > 2
which generalizes the Fenchel-Nielsen deformations. Those new deformations are associated to
smooth vector fields on the circle. We compute a representation of the deformations in terms of
Poincare series and determine the corresponding Eichler cohomology classes.

Let R be a compact Riemann surface (a complex manifold of complex di-
mension 1) of genus g > 2. Let C be a simple closed geodesic on R (with re-
spect to the hyperbolic metric). The Fenchel-Nielsen deformation of R is ob-
tained by cutting R along the geodesic C, rotating one side of the cut by
some angle « and then regluing both sides of the cut in their new position.
When the angle « is allowed to converge to 0, one obtains the infinitesimal
Fenchel-Nielsen deformation. This deformation has been extensively stu-
died, see e.g. [5], [6].

In this paper we introduce a new family of infinitesimal deformations of R
generalizing that of Fenchel-Nielsen.

Let X be a smooth vector field on the circle S'. Let Cy and C; be a pair of
geodesics on R which intersect in one point. Given those data, we construct
an infinitesimal deformation ¢¢, ¢,)(¥X) of R. The geometric meaning of the
deformation is as follows: the vector field X on S! generates a 1-parameter
group of diffeomorphisms f; of S! (the flow of X). Identify the geodesic Cy
with S! (the intersection point of Cy with C; is identified with 1 € S'). Cut
the surface R along Cj, change the position of one side of the cut by the
diffeomorphism f; and reglue both sides of the cut in their new position.
When ¢ converges to 0 one obtains an infinitesimal deformation ¢, ¢,)(X)
of the surface R.

In the special case when the vector field X on S! is the constant one,

d . . .
X = i~ (see Sec.1), the 1-parameter group of diffeomorphisms f; is the group
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of rotations of the circle and our construction gives the infinitesimal
Fenchel-Nielsen deformation based on the geodesic Cj.

The contents of the paper are as follows: in Section 2 we construct the in-
finitesimal deformation ¢, ¢,)(X) and compute the Beltrami differential
v = v(X) which represents it. In Section 3 we describe the deformation in
terms of quadratic differentials in the lower half-plane H*. This is done for
the case when X has a finite Fourier expansion. The quadratic differential is
given by a Poincaré series. The main result is Theorem 3.7. In Section 4 we
give a description of the Eichler cohomology class which corresponds to our
deformation (again for X with a finite Fourier expansion). Results of Sec-
tions 3 and 4 generalize some of the results of S. Wolpert, [5], for the
Fenchel-Nielsen deformation. Finally, in Section 5 we point out that the in-
finitesimal deformation ¢, c,)(X) defines a vector field @(¢, ¢,)(X) on the
Teichmiller space T(R) of R.

We construct our deformations in the context of quasiconformal map-
pings. For the background material on quasiconformal mappings and
Teichmiiller spaces we refer to [2].

1. Vector fields on S'

Let S' be a circle. We look upon S! as the unit circle in the complex plane,
St={zeC|lz|=1}.

Let X be a smooth tangent vector field on S'. X determines a 1-parameter
group of diffeomorphisms of S!,

fi: St — St t€R,

. . d
with f; o fy = firs, fo =idg and such that = fi(z)] =2%X(z) forze S
=0
Let p: R — S!, p(x) = ¢*™. The map p is a universal covering of S'. By
the Covering Homotopy Property of p there exists a unique lifting of {f;} .
to a 1-parameter family of smooth maps

fi:R—R
satisfying p of”t =fiopforteR andfo = idg.

By a standard unique path lifting argument it follows then that
fiofs =fis for all 1,5 € R, hence the lifting f, : R — R is a l-parameter
group of diffeomorphisms of R.

Since p : R — S is a local diffeomorphism, there exists a unique tangent
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vector field X on R such that dp,(X(x)) = ¥(p(x)) for all x € R. It is clear
that

%(f,(x)) = X(x), x €R.
=0
Hence {f,},eR is the 1-parameter group of diffeomorphisms of R generated
by the vector field X.
For every t € R the map f;: S' — S! is homotopic to identity, hence
deg(f;) = 1. It follows that

(1.1) filx+1) =fi(x) +1
for all 7, x € R.

Moreover, for every ¢ > 0 there are real constants o/, o/ > 0 such that

<o

(1.2) o < ‘% fi(x)

for all x € R and all s € R with |s| < ¢. There is also a real constant M > 0
such that

d -

Ef,(x) <M

(1.3)

for all x,7 € R.
d . L . . .
e is a nowhere vanishing vector field on R. Via the map p it descends to a

. . d . .
vector field on S! which we denote by i Hence, in our notation
X

—

. . d .
Every smooth vector field ¥ on S' can now be written as X = h—, with

dx
= -d
h:S' — R being a smooth function. Then X = ha with
h:R — R, h=hop. Note that h(x + 1) = h(x).

REMARK 1.4. Let Diff, (S') be the group of orientation preserving diffeo-
morphisms of S!. Considered as a topological space (with a suitable topol-
ogy, see [4]) Diff, (S!) is not simply-connected. Let Diff}”(R) be the space
of all diffeomorphisms g : R — R satisfying

gx+1)=g(x)+1 for all x € R.
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Diff”(R) is a group with respect to composition. There is a continuous map
7 : Diff?(R) — Diff, (S")

given by m(g)(z) = p(g(x)) for any z € S! and x € p~!(z). The map 7 is a
group homomorphism and a covering map.

Moreover, as a topological space Diff}” (R) is contractible. Indeed, a
contraction of Diff}”"(R) to a point is given by

H : Diff (R) x I — Diff? (R),

where H(g,s)(x) = (1 —s)g(x) +sx forx e R, se I =10,1].

Hence : Diffi” (R) — Diff,(S') is a universal covering space of
Diff, (S'). Its group of covering transformations is the additive group of
integers Z acting on Diff}* (R) by n(g)(x) =g(x)+n forneZxcR.

If a 1-parameter group {f},.g of diffeomorphisms of S! is given, we can
look upon it as a curve in Diff, (S'). Then the 1-parameter group {f,}IeR of
diffeomorphisms of R constructed above is just the lifting of this curve to
Diff(R) with the starting point (# = 0) at idg.

2. Construction of a deformation

2.1. Let R be a compact Riemann surface of genus g > 2. By “Riemann
surface” we mean a compact complex manifold of complex dimension 1.

By the Uniformization Theorem R can be described as a quotient of the
complex upper half-plane H by a Fuchsian group I" acting freely and prop-
erly discontinuously on H, R = H/I". The hyperbolic Poincaré metric on H
induces then a Riemannian metric on R.

Let Cy and C; be two simple closed oriented geodesics on R.

DEerINITION 2.1. The pair of geodesics (Cy, Cy) is called a 1-pair if Cy and
C intersect in exactly one point.

Given a smooth vector field X on S', a compact Riemann surface R of
genus g > 2 and a 1-pair of geodesics (Cp, Cy) on R, we shall construct an
infinitesimal deformation of R.

—~

. . . d
If the vector field X is constant i.c. if X = ad— for some constant a € R,
x

then the resulting deformation does not depend on the choice of C; but only
on the geodesic Cy and it represents the infinitesimal Fenchel-Nielsen de-
formation of R along Cj (as described in [5]) with the speed depending on a.
In this sense our construction generalizes the Fenchel-Nielsen deformation.

2.2. Let (Cy,C;) be a l-pair of geodesics on the Riemann surface
R,R=H/I'. There is an element ~, € I" such that Cy is the projection to R
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of the axis of 7 in H. Conjugating I" with a Mobius transformation if ne-
cessary, we can assume that 0 and oo are the repelling respectively the at-
tracting fixed point of ~yy. It follows that

Y(z) = Az, z€H,

with A being a real number > 1. The axis of - is the positive imaginary half-
axis.

iR

™M

Figure 1.

Let xo € R be the intersection point of Cy and C;. Let C; be parametrized
by its arc-length, C; = C;(¢), in such a way that xo = C;(0) = Ci(g), where ¢
is the length of C;. Choose a point zy = si € H, s > 0, lying on the axis of v,
which projects to xo. Let C; = 6‘1([) be the lifting of C; to H with C, (0) = zo.
Cis a geodesic in H. Let z; = C (g¢) € H. Then z; projects to x¢ in R and,
hence, there is an element v; € I" such that z; = 7;(zp). It follows that the
geodesic C) is the axis of the hyperbolic Mobius transformation ;.

By cojugating I" again, if necessary, with a Mdbius transformation « of
the form ~(z) = pz, p > 0, we can assume that s = 1 i.e. thatzo=i€ H .

The only role the geodesic Cj is playing in our construction is to distin-
guish a point on the geodesic Cy (the point of intersection). This point allows
us then to identify C, with the circle S'.

This way to distinguish the point on Cy depends only on the free homo-
topy classes of the curves in R represented by Cy and C;. Therefore, it allows
the construction to be performed on the Teichmiiller space T'(R) of R (see
Section 5).

2.3. Let (Cy,C;) be a l-pair of geodesics on the Riemann surface
R, R=H/I. As explained above there are two elements 7y, vy, € I" with the
axes Cy and C; respectively, such that C; projects to C;, i =0,1. Moreover
we can assume that vy(z) = Az, z € H, for some A > 1 and that the intersec-
tion point of Co and C; is zo = i € H.
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The length of the geodesic Cy is equal to / = log A. By the Collar Theorem,
[1; Thm 4.1.1, p. 94], there is a real number ¢ = £(/), 0 < € < /2, depending
only on / such that the sector

W:{ZGH ‘ §—5<argz<g+5}
of the upper half-plane H projects to a tubular neighbourhood of Cj in R.
Choose a smooth non-decreasing function s:[0,7] — R such that
T € T €
=0 f <z —= =1 f >,
s(6) 00r0_2 2ands(G) or9_2 y
Let X be a smooth vector field on the circle S'. X generates a 1-parameter
group f; : S' — S', 1 € R, of diffeomorphisms of S'. As explained in Sec-
tion 1, this group lifts to a 1-parameter group f, : R — R of diffeomorph-
isms of R satisfying

(2.2) filx+1)=fi(x)+1 for all x,7€ R.

Figure 2.

The geometric meaning of the deformation which we are going to con-
struct is as follows: cut the surface R along the geodesic Cy, change the po-
sition of one side of the cut by the diffeomorphism f; and then reglue both
sides of the cut in their new position.

That, however, requires an identification of C, with the circle S'. Such an
identification is obtained by identifying the intersection point of Cy and C;
with 1 € S! and by the standard parametrization of the oriented closed geo-
desic Cy. (Observe that as long as only the Fenchel-Nielsen deformation was
considered, the identification of the point was not necessary since in that
case the diffeomorphisms f; were just rotations of the circle and these are
rotation-invariant).
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We shall now describe our construction.
Define a 1-parameter family of functions ¢, : H— R, ¢ € R, by

3) 02) = (1) = 1020 ) 10500

for z = re" € H.
Then define a 1-parameter family of mappings F, : H — H, ¢t € R, by

(2.4) Fi(z) = e . z.

Observe that arg Fy(z) = argz for all z€ H, r € R. Tt follows then im-
mediately from (2.3) and (2.4) that

(2.5) Ftl o FIZ = Fl|+fz and F() = ld.

Both v, and F, are C*-functions of variables ¢ and z. Hence, for every
t € R, the map F; is a smooth diffeomorphism of H.
Observe also that, because of (2.2), we have

(2.6) Fioyy =0 Fy, t € R.
| 4 |
F [
_
- \\ // :
Figure 3.

The geometric meaning of the maps F; is as follows: identify the oriented
geodesic Cy with the circle S! in the way described above. Then we can look
upon the 1-parameter group of diffeomorphisms f; as acting on Cy. Choose
some ¢ € R. We want to describe the displacement in the collar neighbour-
hood of Cy which starts with the identity on one side of the collar and then
gradually maps the consecutive layers of the collar into themselves by the
maps f; with varying parameter s until it arrives at the value s = 7. From that
layer on the mapping is done by f; with constant . The map F;, describes the
lifting of such a displacement to the universal cover W of the collar. Actu-
ally, W is a sector in H and the map F, is extended to the whole upper half-
plane H.



186 RYSZARD L. RUBINSZTEIN
We shall now compute the complex dilatation of F,. Using
1 1 D .
2logr =log(zz), we get (logr), = % and (logr), = > Similarily, using
. 1 1
8 = —i(logz —logr), we get (6), = % and (6). = oy Therefore

z

(e = (tuan (1020)) 1020

o1 (d - 1 1/d - 1 1
=150) 35 <E 4 ) o (7 1°g<”) T2 (% 4 ) o (7 1°g<”) "%
and

(Fi(2), = (") - 2), = "I (1 + 2(t(2)).)

teefp-stn(41) () (35), ()]

Similarily we obtain

Hence the complex dilatation of the mapping F; : H — H is

2.7) u(F)(2) =

z ? <j—x j) 15(6) (% log(r))
z 1 — ilts'(6) (% j‘) » G log(r)) + (% f') o G 1og(r)> |

m™—£

and since

REMARK 2.8. 1) Observe that since s(6) =0 for 0 <0 <



ON SOME DEFORMATIONS OF RIEMANN SURFACES. I 187

d -~
(E f) (x) = 1, then for all vector fields X we have u(F;)(z) =0 for z such
0
T—¢€
2

2) Observe also that for the Fenchel-Nielsen deformation which corre-

that 0 < arg(z) <

—

. | d
sponds to the case when the vector field X = cd—, c-constant, we have
X

1, (%f)s(x):c and

W(F)(z) = _g (1 _%) z€H.

(Compare with [5; p. 503] or [2; p. 220].) Since §(6) =0 also for

g—%§ 6 < m, the Beltrami coefficients wu(F,) for the Fenchel-Nielsen de-

. . T € T e . .
formation are supported in the sector ) <0< 37T This is however not

the case if we consider more general deformations.

a=a(tz) = (dix f) o G log(7)>,

b= b(1,2) = I15(8) (% f) » G log(r)).

According to (1.2) and (1.3) there exist real constants a} , af, B >0 such that
al <a<a? and |b| < B forall z€ H. Then

1/2
(1+a)”+b2

4a 12
= (1 S (1+a)(1+ B2)>

fi(x) = x+ ct. Then <% f)s(x)

Denote

l—a—1ib

(2.9) lu(F)(2)| = ’ T+a—ib

40/; 1/2
<max| 1 - —
=12 (1+ap)"(1+ B?)
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for all z € H. Therefore, for every t € R, F, : H— H is a quasiconformal
mapping.

Let (vp) be the subgroup of I" generated by the transformation ~, and let
B(H, {y)) be the space of Beltrami differentials on H with respect to the
group (7o) (see [2; p. 124]). Let B(H, (%)), = {n € B(H, (7)) | | n o<1}
be the corresponding space of Beltrami coefficients.

It follows from (2.6) and (2.9) that

(2.10) W)€ B(H, (), 1ER

Since Fy =1id, we have u(Fy) =0. {u(F;) |t € R} is a curve in the space
of Beltrami coefficients B(H, (70)),. The tangent vector to this curve at t = 0
is

(2.11) 5 1)

- [SW Glogo)) - ﬂs’<9>’3(§1°g(’>ﬂ ’

where X is the lifting to R of the vector field ¥ on S' and the function

h:R — R is given by

Observe again that the infinitesimal Beltrami differential % w(F)|  (2)
t=0
vanishes for z with 0 < argz < (7 —¢)/2.

The 1-parameter family of deformations of the complex structure of the
Riemann surface R which we want to associate with the vector field X on S!
is obtained by cutting R along the goedesic Cy, moving one side of the cut by
the diffeomorphism f; and then regluing both sides of the cut in the new po-
sition.

We shall describe only the infinitesimal deformation of the complex struc-
ture of R obtained in this way.

To this end, let us first define a Beltrami differential v, on H by



ON SOME DEFORMATIONS OF RIEMANN SURFACES. I 189

(2.12) vo(z) = %M(Frﬂr:o(z) if Re(z) > 0,
0 if Re(z) < 0,
ie.

vo(z) = % {5(9)71' (} log(r)> +ils (0)h C log(r))]

if z = re with 0 < § < 7/2 and v,(z) = 0 otherwise.
By our construction v, vanishes outside the sector (7 —¢)/2 < argz < 7/2.
Moreover, we have

o(z
o(2

2

(2.13) Vo (70(2)) =1,(A\z2) = 1v,(2).

)

This follows from (2.10) or can be checked directly (recall that

h(x+ 1) = h(x)).
Now define a Beltrami differential v(X) on H by

'(z
(2

2
S—

(2.14) v(X)(z) = Y w((2)

YE(O)\I

, z € H.

2
S—

Concerning convergence of this series: our choice of ¢ garanties that for
every z € H there is at most one term in the series which does not vanish at z.

It follows from our construction that v(X) is a Beltrami differential on H
with respect to I', v(¥) € B(H, I').

It is the Beltrami differential v(X) which describes our infinitesimal de-
formation of the complex structure of the Riemann surface R induced by the
vector field X on S'.

To be exact: let T(I") be the Teichmiiller space of the Fuchsian group I'.
(For the definitions and notations concerning Teichmiiller spaces, see [2;
Chap. 6]. We follow the notations used in that book).

Let & : B(H,I'), — Tg(I") be the Bers projection, [2; p. 150]. We consider
v(X) € B(H, I') as a tangent vector to B(H,I"), at 0. Then

Do) (X) 1= (dP),(v(X))

is a tangent vector to the Teichmiiller space T5(I") at the base point. Every
such a vector represents an infinitesimal deformation of the complex struc-
ture of R. The infinitesimal deformation of R induced by the vector field X
is, by definition, the one represented by ¢(¢, c,)(X).

Let A>,(H*,I") be the space of holomorphic quadratic differentials on the
lower half-plane H* with respect to I'. Let B: Tg(I") — A»(H*,I") be the
Bers embedding. The Bers embedding identifies the tangent space to Tg(I")
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at the base point with the complex vector space 4,(H*,I"). We shall now
proceed to describe the tangent vector ¢ (¢, ¢,)(X) as an element of A,(H", I').

3. Description of the deformations by quadratic differentials

Let X be a smooth vector field on S'.

Let R be a compact Riemann surface of genus g > 2 and suppose that
R =H/I', where I' is a Fuchsian group.

Finally, let (Cy, C1) be a 1-pair of geodesics on R (see Definition 2.1).

In Section 2, given such data, we have constructed a Beltrami differential
v=v(X) € B(H,I'). We look upon v as a tangent vector to the space of
Beltrami coefficients B(H, "), at 0. Let & : B(H,I'); — T(I") be the Bers
projection. Then ¢ (¢, ¢,)(X) = (d®),(v) is a tangent vector to the Teichmiil-
ler space Tp(I") at the base point and represents a deformation of the Rie-
mann surface R.

The Bers embedding B: T(I") — A>(H",I") gives an identification of
©(co,c)(X) with a quadratic differential on H* with respect to I". We shall
now compute this quadratic differential in case when the vector field X has a
finite Fourier expansion.

First of all observe that the Beltrami differential » = v(X) and, hence, the
quadratic differential ¢, ¢,)(¥) depends linearily on X,

(3.1) oico,en(@Xr + aXy) = a1p(c,,c))(X1) + a20(c,,0,)(X2),

where X, X, are smooth vector fields on S' and a;,a, € R. This follows im-
mediately from (2.12). Moreover, since A4,(H*,I") is a vector space over

complex numbers, we can extend the definition of (¢, c,)(¥) in an obvious

. : . . d
way to the case when X is a complexified vector field on S! i.e. when X = ha

with /4 : S — C being a smooth function. Then (3.1) holds with arbitrary
ay,a, € C and arbitrary complexified vector fields X;, ¥, on S'.

According to [2; Thm 6.10, p. 157] the quadratic differential ¢, ¢,)(X) €
Ay(H*, I') is given by

(3-2) Pco.c)(¥)(2) = (d2),( )()

5

for z € H*. (Here { = £+ in and the integration is with respect to the Le-
besgue measure on H.)
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We shall now compute the integral in (3.2) in the case when X = X, is the
complexified vector field on S! such that its lifting to R is given by

- . - d
%::{n:hn'_
dx

with
B (x) = €27, x €R,

n being an integer, n € Z. The result will be given as a Poincaré series.
From now on log(z) is the branch of log given by 0 < argz < 2.

LEMMA 3.3. Let n be an integer, n #0, and let h,(x) = ™ Let v, €
B(H, {(v)) be the Beltrami differential defined in (2.12) for the vector field

PR AL

dx
6 o
I(v,)(2) = _;// ((I/(Cz))4d§d77 for z € H*.
H
Then
1) (2) = g.%ezﬂinlog&)ﬂ’ CeH,

where A is a constant,

-1, 47 n?
#=%(l,n) = 27Tin(e’4”2"” - 1) e ”/’<1 + len >

Proor. By integrating in the polar coordinates we have

o) — _g rw/z /:; re! [s(t)iz; (%log(r)) + ils' (1), Glog(r))] o

=0 2(reit — z)*

3 /2 oorilit (%log(r)>
/ e s(l)/ — 2 dr
0 0

i (r — ze-ity?*

+ ils' (1) /0 h _ri;n G 10g(r)>

——dr | dt.
r— ze i)
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% 1, (L1
The integral I} = / Mdr is computed by the calculus of re-

0 (r—zeit)?!
CeZm‘n log(¢)/1
;7 along a contour of type

((—ze )

o
N

Figure 4.

sidues. We integrate the function f(¢) =

Observe that the factor ¢>™1°¢(0)/! is bounded in C — {0}. f(¢) has one sin-
gularity at ¢, = ze~* with a residue

1 d3 minlog
Res(f, () = N4 (Cez : °(O/[)

(=ze

- _ 7r_m 1 4r’n’ . ie27rinlog(z)/l . e(27rnt/l)+i2t
31 12 22

Since /4, (M) = h, (@) . 6—4772,1/17 we get

I = (l . 67471'2n/l)*1 i - Res(f, Co) — o 8(271't1t/1)+i2t7

27 A\ 1,
where o7 = (1 — e~ 47 /17! %n (1 + ﬂ;n ) -Z—Zez’””log(z)/l is independent

of ¢.
Since /1, (x) = 2minh,(x), we obtain

3 /2 ] )
1)) = 2ot /0 e (Drins(1) + ils) (1))@ 21 gy

3 /2 1 -
_ 7 - “ wnt/l
= &%ll/o ; (s(l)e )dl

_ 3 e

™

which gives the result of Lemma 3.3.
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In the case n = 0 (which gives the Fenchel-Nielsen deformation) we have
LEMMA 3.4. Let v, € B(H, (y)) be the Beltrami differential defined in (2.12)
for the vector field ¥y = % (i.e. h(x) = 1). Let

1@ =2 [ (C””_(C;)4 dédn for = € H"
H
Then
il 1
1)@ = =57 M

PrOOF. By integrating in polar coordinates (since /' = 0):

/2 00
1) =2 [ %eﬂ'ﬂs'(r)( / —(ref,r_z)4dr)dr

3il [, 1 i [
) e S(t)'6ef2f22dl_ —27T22/0 s'(t)dt
__r1
2 22
Let us recall that the Bergman kernel for the upper half-plane
Hn(z,Q) :12-@1)4, ¢ € H,z € H*, has the following invariance prop-
™ -z
erty:
H(z,0) = A u(1(2),7(0) 7 ()7 (), CeHzeH,

for all v € PSL(2,R).
It follows that
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(3.5) —f// _) dé”dn—— //”"_Z',f dedn
g

167 [ i

=1(1)(7(2) - (2)*.

Since all the partial sums of the Beltrami differential

\g

= Y wbenl

ye()\I' v

~—

are bounded by | v |« and since for every ze& H* the function

1
g(Q) = . )4 is absolutly integrable in H, it follows from (3.2) and (3.5)
z

that

(3.6) P (X)(2) = (d2),(v)(2) =

Z I(Vo)(v(Z)) 'W/(Z)2~

YN\
Finally, we have

THEOREM 3.7. If n is an integer and the complexified vector field X, on St is
given by the function h, : R — C, h,(x) = €™, then the quadratic differ-
ential (¢, c,)(X,) € A2(H*, I') is given by the Poincaré series

2
SD(C().Cl)(Xn) = e@n Z ezmnlOg )/1(7) ,

YN\

with %4, being a constant,
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_ 21_1 if n=0,
By =Bn,l) = T A2
2mine™ ! (1 + 7len )(64”'"/’ 17" ifn#£0,

and the series converges absolutely and locally uniformly in H*.

Proor. The formula for ¢(c, c,)(X,) follows from (3.6) together with
Lemmas 3.3 and 3.4. For the statement about convergence: since
7 < Imlog(z) < 27 for z € H* so for any given n the function e>™1°s()/! ig
bounded in H*. Hence the claim about convergence follows from [2; Thm
7.2, p. 186].

REMARKS 3.8. 1) Theorem 3.7 generalizes a result of S. Wolpert, [5; Thm
2.7, p. 516], [2; Thm 8.2, p. 223], describing the Poincaré series correspond-
ing to the Fenchel-Nielsen deformation. It is the case n = 0 of our Theorem
3.7. Observe that compared to Wolpert’s original version, [5], our constant
A has an extra factor /, the length of the geodesic Cy. This is due to the fact
that our deformations are done by identifying C, with the circle S' and,
hence, when looked upon in the Riemann surface R these deformations are
done with speed / while Wolpert’s deformation was done with speed 1. There
is also a difference of sign when compared to [2]. This is because the Fench-
el-Nielsen deformation in [2] is done in opposite direction when compared to
Wolpert’s one and ours.

2) It follows from Theorem 3.7 that the infinitesimal deformations asso-
ciated to the vector fields X, are independent of the choice of the auxiliary
function s(0) and depend only on n, the Riemann surface R and the 1-pair of
geodesics (Cy, Cp). Consequently, the same holds for any vector field X with
finite Fourier expansion — the infinitesimal deformation depends only on
X, R and (Cy, C1). Actually, this can be proven for any C* vector field X on
S!. That will be shown in another paper.

3) In Section 4 we shall give another, independent proof of Theorem 3.7
closer to the one given in [5] for the Fenchel-Nielsen deformation. This sec-
ond proof is somewhat more complicated, but it gives at the same time a
description of the Eichler cohomology classes corresponding to the de-
formations induced by the vector fields X,,.

4. Description of the deformations by Eichler cohomology classes

Let v = v(X) be the Beltrami differential on H defined in (2.14), v € B(H, I").
v determines an infinitesimal deformation (¢, ¢,)(¥) of the Riemann surface
R =H/I'. In Section 3, assuming that X had a finite Fourier expansion, we
have given a description of ¢(¢, ¢,)(¥) as a Poincaré series. In this Section we
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shall describe the Eichler cohomology class corresponding to ¢, c,)(X)
(again for X with finite Fourier expansion ).
We extend v to a Beltrami differential 7 on C by

L (2), z€eH,
”(Z){o, zeC—H.

Let us consider a potential function F,, : C — C for U given by

_ -1 /)
) ) == // i

(see [2; p. 197] and [3; Chap. IV, Lemma 1.4, p. 136]).
Let I, be the space of polynomials in one complex variable of degree < 2.
The group I" acts on I, via

_POfy

/ b

v

Y« (P) yel,Pell.
The space of infinitesimal deformations of R is identified with a subspace of
the first Eichler cohomology group H!(I, IT;).

The Eichler cohomology class [x,] € H'(I', IT,) corresponding to the in-
finitesimal deformation ¢, ¢,)(¥) is given by the cocycle

Xv -+ I — HZ»
where
F,ovy
(4.2) xv(7) = ~ F,.

(See [2; p. 197].)

We shall now determine the cocycle x,.

Let n be an integer, n € Z, and let X = X, be the (complexified) vector field
on S' given by the function 4, (x) = ™ X, = h, - di;c Let v € B(H, (7)) be
the Beltrami differential defined in (2.12) for & = /,. Finally, let I,(z) be the
potential function for v/,

== A .
(4.3) I(z) = - = {/C(C— e ecC.

LEMMA 4.4. If n # 0 then for all z € C — {0} satisfying g <argz < 2w one

has
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In(Z) — an(eZTFil’lOOg(Z)fZﬂ[)/l _ 1)’
where C, is a constant,
Cy = C(n, ) =l (¥ — 1),

PrOOF. The proof is very similar to that of Lemma 3.3. Since

V1(2) = 52 $(0) (10800)) + 01 (10500 )|

if z=re with 0 < <= and /(z) = 0 otherwise, integrating in polar co-
ordinates we obtain

pomth [ / Wi (fostn) + o (qrost))

e~(rel — 1)(re’" — z)

_M/t%eit s(t) /OO . Glog(r)) dr

2w =0 =0 (r—e ) (r — ze™")

dr is evaluated by the cal-
e2min log(¢)/!

(C—e ) (C—ze™)

| *_ in(}log()
Th 1J, = l '
e integral J,(z,1) /r:() (r — e it)(r — ze™ir)

culus of residues. We integrate the function g(¢) =

along

a contour of type

A

a
~/

Figure 5.

[N
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Observe that we are interested in the case when z # 0,1 and that the nomi-
nator of g(¢) is bounded in C — {0}. The function g({) has two singular
points (both simple poles): one at {; = ¢~ with a residue

6727rn(2777t)//

R — it

and one at (, = ze~" with a residue

Res( C) B g2minlog(ze™) /1
g G)=¢ ———————

z—1

Since hy,((27i + log(r)) /1) = hy(log(r) /1) - e*=/ we get

Ju(z,1) = (1 — e/ " 2mi(Res(g, 1) + Res(g, &)

e[t
=2mi(l —e /T

: . (827ri)1log(ze”")/l . 8727m(2777r)/1).
7

If g < argz < 27 then log(ze ™) = log(z) — it forall 0 < ¢ < g and therefore

it
J,/,(Z, l) _ 27_”(1 _ ef4qr2n/l)—lef47r“n/lze_ ; . 627””// . (eZWin(log(z)fhri)/l _ 1)
Let %(z) = i(e*™ /! — 1)7" 7 (¢2minllos(=)=2m)/l _ 1) Then
/2
L(2) = —%(2) / A (deins (1) + il (1)) dt
1=0
t=m/2
— —il%(2) [e%"'/ls(t)] .
=
= —ilg(z)e" ",
which proves Lemma 4.4.

For the sake of completeness let us also consider the case n = 0. This has
been solved by Wolpert in [5; Sec. 2].
il

LEmma 4.5. Io(z):2 z
™

(log(z) —2mi) for all ze€ C—{0} satisfying

g < arg(z) < 2m.

PrOOF. By integrating in the polar coordinates again we get
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/2 ils'(¢)

o e (reit — 1)(rei —z)

drdt

1=

- _% // R

_z(z=1)il /2, 1 )
= _T/;:O s'(1) e (2mi — log(z)) dt.

The last equality holds provided g < arg(z) < 27. Hence

t=m/2

Io(2) = — 22 (i — 1og(2))[s(0)]

t=0

— z (log(z) — 2mi).

Let us now recall that if u is any bounded measurable function on C and if
F,(z) is defined by

i) = -0 [ [ e
then
(i) F,is a continuous function on C,
(4.6) (i1) FN(O) = FM(I) =0,

(iii) (F,), = p in the sense of distributions,
(iv) Fu(z) = o(|2*) as z — oo.
See [3; Lemma 1.4, p. 136].

Applying (4.6) (iii) to [,(z) we see that (I,)
tions and, hence,

=1/ in the sense of distribu-

z

(Inev):=wy07) 7, verl.
It follows that for every v € I

o ho@ [ -1 [ 2OTE
e ( . // <<<—1><<—zw<<>d5d”)

is a holomorphic function on C and P(z) = O(|z *) as z — oo. Therefore
P!(z) is a polynomial in z of degree at most 2. Observe that P;(z) = 0, where
e is the identity element of I.
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Let C, = C(n,[), n # 0, be the constant of Lemma 4.4 and let Log(z) be
the branch of logarithm given by —7 < arg(z) < .

LEMMA 4.8. Let n be an integer, n # 0.
() If m1,m2 € I" represent the same coset in (y)\I" then P} = P .
(ii) If v € (o) then P! =0,
az+b n n
(i) If veI' — (y) and ~(z) = i d ad —bc =1, then P(z) = ag +
@i,z +dy 2 with

a;}y _ ac(eZﬂ'inLog(%)// _ 1) . Cna

dh, = bd(TMes@ 1) . C, and with

PI(1) = (a +b)(c + d)(™osED! 1) . €,

REMARK. The expressions in (iii) are well defined: if v € I' — (y) and
az+b
1(z) =

J then a,b,c,d,a+b,c+d # 0, see [5; p. 514] .
Proor. (i) It follows from Lemma 4.4 that (I, 0v,)(z) = I,(Az) = AL,(z)
for all z € H*, n # 0. Hence
(Ino(v0o7)(z) _ Ino7)(2)
(70 07)'(2) v(z)
The integrand in the second term on the right hand side of (4.7) will remain

unchanged if v is replaced by ~, o 7 since, by (2.13), v2(7,(¢)) = v}(¢),{ € H.
Thus

cz +

zeH" n#£0.

P! =P vyel,neZ n#0.

YooY v’

(i) If v € (y0) then, by (i), P" = P! =0.
az+b
+d’

. z2(z—1) OV ()
@) // G 71 B R

According to (4.6), @) is continuous in C, GI(0)=GI(1) =0 and
Gl(z) = o(|z]*) as z — co. On the other hand, from Lemma 4.4

(iii) Suppose that v € I' — () and (z) = ad —bc=1. Let

L(v(2) @) [ amingogr(z)—2miyyi
oRReEE1G )

= Culaz + b)(ez + d) (20osED 20/ 1) zeH".
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Hence
Pz(O) = lim P:’,(z) = hmM = C,bd (ezvrinLog(g)// . 1)’
ki = ()
zeH zeH
1 . In(r)/(z)) 2rinLog(4kL) /1
P1) =m0 = Cola+ ) +d) (bl 1),
and

1 I ——
lim = P(z) = hmM = Cnac(e%TmLog(?)/l _ 1).
Z—00 22 v 7550 ,YI(Z)

zeH*
This proves part (iii) of Lemma 4.8.

Again, for the sake of completeness let us recall the corresponding result
for n =0 from [5; p. 513-514].

il
Let Cp = —.
et &0 2
LEMMA 4.9.

(i) Forevery~vyel

i’ 4(z)
21 +(2)’

P’ (2)=P(z) +

Y00y Y zeC

. m i
(i) If v = ()", m € Z, then P)(z) =m5-z
_az+b

(i) 1f y € I' = (30) and ~(z) =T

0 0 2 wi
ay,z + ay,z° with

ad —bc =1, then P)(z) = aj +

a% =ac Log(g) - Co,

ag7 = bd Log <Z) -Gy and

Pg,(l) =(a+b)(c+d) Log(%) - Cy.

ProOF. (i) From the explicit description of /j(z) in Lemma 4.5 one has

1h(70(2)) _ i’
W = IO(Z) + ﬂZ.

Hence
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Io((007)(2)) _ I(7(2)) n il*~(z)
(Y0 07)'(2) Y(z)  2m/(2)’

yel.

Since the second term on the right hand side of (4.7) is unchanged when one
replaces v with ~, o 7y (see the proof of Lemma 4.8), we obtain (i).

(i1) follows directly from (i).

(iii) is proven in the same way as in Lemma 4.8.

LeEMMA 4.10. Let X = X, be the complexified vector field on S' given by the
= d
function hy(x) = 2" X, = h ,n-an integer. Let V" € B(H,I") be the Bel-

trami differential defined in (2.14) for X, and let F,» : C — C be the potential
function for v" defined in (4.1). Then

1,
Fo= Y (”"/V—Pg),
YEMON\T v

and the series converges absolutely and locally uniformly on C.

z(z—-1)
(C=D(C—2)

Fu(z) = ——// z) d&dn).

7 (@)

Since "(2) = > conr Vo (1(2) B and all the partial sums of this series
v

Proor. Let R((,z) = We have

are bounded by || V! ||, We can integrate term by term and obtain

F(z) = -= / / vy (y (C, z)d&dn
2(%“)

THEOREM 4.11. The Eichler cohomology class [x,] € H'(I',ITy) corre-

sponding to the infinitesimal deformation ¢, c,)(Xy) of the Riemann surface
R =H/T is given by the cocycle x,», where

Fy,,ow " P",ow
X (W) = G —Fn= Z <P’7°w 7/ >

YEMON\T w

for w € I'. (The series converges absolutely and locally uniformly on C.)
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Proor. The function

ne= (") = [[ a1

R(C, z)d&dn

depends only on the right coset of « in (y9)\I". Hence, for w € I,
DR

ye(y)\I' ye(o)\I'

I,
- > (piee)
seomr\ (row)

Since

YEMO\T yeMON\T
we obtain Theorem 4.11.

REMARK 4.12. According to [2; Thm 6.10] the quadratic differential
@(co.cr)(Xn) € A2(H*, I) is equal to (F,»)". Thus it follows from Lemma 4.10
that ¢(¢,.c,)(X,) can be obtained by differentiating term by term three times

. 1, .
the series Z < 0/7 — Pf,) . Using Bol’s formula (see e.g. [5; p. 515]), we
retonr N 7

get as a result

Prancy(E) =Y (IVo7) - (7).

YEM\L

From the explicit description of 7, given in Lemmas 4.4 and 4.5 we get then
another proof of Theorem 3.7.

5. Vector fields on Teichmiiller spaces

Let R be a compact Riemann surface of genus g > 2 and let (Cy, Cy) be a 1-
pair of geodesics on R (see Definition 2.1).

Let T(R) be the Teichmiiller space of R. We represent points of T(R) by
equivalence classes of quasiconformal maps /' : R — S, S being a compact
Riemann surface of genus g (see [2; p. 14]). Denote by [S, f] the equivalence
class of f, [S,f] € T(R).
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Given [S,f] € T(R), consider the simple closed curves f(Cy) and f(C)) in
S. Let C{)', Cfly be the simple closed geodesics in S in the free homotopy clas-
ses of f(Cp),f(C) respectively. Then (C{;, C{) is a l-pair of geodesics in S.
Indeed, since Cy and C; have just one intersection point in R, so do the
curves f(Cp) and f(C;) in S as well. Hence, by [1; Thm 1.6.7, p. 23], the
geodesics C{;,C{ intersect in at most one point. On the other hand the
homological intersection number (Cy, C;) of Cy and Cj is £1. Since f is an
orientation preserving homeomorphism, we have

(CL,ClY = (F(Co).f(C)) = (G, C1) = +1.

Therefore C{; and C’; cannot be disjoint. Thus Cg and C{ intersect in ex-
actly one point and, hence, (C‘é7 C’; ) is a 1-pair of geodesics. It is also clear
that the pair (C{;, C{) is independent of the choice of f within the equiva-
lence class [S, f].

Suppose X is a smooth vector field on the circle S'. Given a point
[S.f] € T(R) let us consider the infinitesimal deformation ¢, d, CD(%) of the
Riemann surface S constructed in Section 2. We look now upon © c{)',c{')(x)
as a tangent vector to the Teichmiiller space T(R) at the point [S,f]. In that
way every smooth vector field ¥ on the circle S' induces a vector field
P(cy,c;)(X) on the Teichmiiller space T(R).

. d . .
In the special case when %:d— is the constant vector field on
X

St ®(c,,c,)(¥) is equal to the Fenchel-Nielsen vector field with respect to the
geodesic Cy (multiplied by Cy:s length /),

d B
P(cy.c1) (g) = ZaTCO :

which has been introduced and studied in [5] and [6]. See also [2; Sec. 8.3].
Geometry of the vector fields @, ¢,)(X) is a subject of a work in progress.
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