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DIMENSION INEQUALITIES OF MULTIFRACTAL
HAUSDORFF MEASURES AND MULTIFRACTAL
PACKING MEASURES

L. OLSEN

Abstract

Let 1 be a Borel probability measure on R?. We study the Hausdorff dimension and the packing
dimension of the multifractal Hausdorff measure #°%' and the multifractal packing measure 29"
introduced in [L. Olsen, 4 multifractal formalism, Advances in Mathematics 116 (1995), 82-196].
Let b, denote the multifractal Hausdorff dimension function and let B, denote the multifractal
packing dimension function introduced in [Olsen, op cit]. For a fixed ¢ € R, we obtain bounds
for the Hausdorff dimension and the packing dimension of Jffl‘h“(‘f) and QZ‘B“ @ in terms of the
subdifferential of b, and B, at g. For ¢ = 1, our result reduces to

log 1B(x, ) log 1B(x,r)

< limsup

~D.B,(1) < liminf
(%) +B,(1) < T ns logr

< -D_B,(1) for p-aa.x

where D_B, (1) and D, B, (1) denote the left and right derivative of B, at 1. Inequality (x) im-
proves a similar result obtained independently by Y. Heurteaux and S.-Z. Ngai. It follows from
(*) that if the mulifractal box dimension spectrum (or L? spectrum) 7, of p is differentiable at 1
then 77—/&(1) equals the entropy dimension (or information dimension) of p. This result has been
conjectured in the physics literature and proved rigorously in certain special cases.
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1. Introduction

Let p is a probability measure on a metric space X. The Hausdorff multi-
fractal spectrum function, f,, and the packing multifractal spectrum func-
tion, F,, of u are defined by
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: . log uB(x, 1)
= X|lim————— = >
Su(a) dlm{xe R ar, a>0,
and
log uB
F#(a):Dim{xeX limM:a}, a>0,
~No  logr

respectively, where B(x,r) denotes the closed ball with center x and radius r,
dim denotes the Hausdorff dimension and Dim denotes the packing dimen-
sion. It has recently been conjectured in the physics literature [HIKPS,HP]
that for “good” measures the following result, known as the Multifractal
Formalism, holds.

THE MULTIFRACTAL FORMALISM — A PHYSICS FOLKLORE THEOREM
(1) For each q € R there exists a unique number 7(q) such that

_ foo if t < 7(q)
(L.1) hm sup Zu (xi, 1)1 (2r) = { 0 if r(q) < ¢’

where the supremum is taken over all countable packings (B(x;, 1)),
support of p with sup,;r; < r.
(ii) For each q € R the following limit exists and equals 7(q),

. log (sup >, u(B(xi,r))")
(1.2) m(9) = }1\0 —logr

of the

where the supremum is taken over all countable packings (B(x;,r)); of the sup-

port of .
(iii) The function T is convex, decreasing and differentiable with (1) = 0.

Furthermore, if we let

alq) = =7'(q),
then
(1.3) fuleq)) = qalq) +7(q) for g €R,
or equivalently
fula) =7*(@) foracR,
where T denotes the Legendre transform of 7, i.e. 7" (a) = inf,(ag + 7(q)).

Very recently there has been an enormous interest in verifying the Multi-
fractal Formalism and computing the multifratcal spectrum of measures in
the mathematical literature, and within the last 3 or 4 years the multifractal
spectra of various classes of measures in Euclidean space R exhibiting some
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degree of self-similarity have been computed rigorously. Specifically, the
Multifractal Formalism (1.3) has been proved rigorously for random and
non-random self-similar measures [AP, CM, EM, OIl1, O12, RM], for self-
conformal measures [KG, Pa, PW, Ra] and for self-affine measures [Ki,
Oo13].

The proofs of the Multifractal Formalism (1.3) in the above-mentioned
references [AP, CM, EM, KG, Ki, Oll, 012, OI3, Pa, PW, Ra, RM] are all
based on the same key idea. The upper bound for f,(a(g)), i.e. the inequality
fula(q)) < ga(q) +7(q), is obtained by a standard covering argument (in-
volving Besicovitch’s Covering Theorem or Vitali’s Covering Theorem). The
lower bound for f,(a(q)), ie. the inequality f,(a(q)) > ga(q) +7(q), is
usually much harder to prove and is obtained as follows. Fix ¢ € R. By
making use of the ergodic theorem and a number of ad hoc arguments based
on the particular setting, the authors construct a ‘“‘natural” probability
measure j, with the following two properties (for positive functions

f.e: (%oo) — (0,00), we will write f(r) < g(r) as r\, 0 if lim,.\g% =
i, g %220;

The support condition. The measure p, is tailored to see only the multi-
fractal decomposition set {x € R’ | lim,« o % =a(g)}, ie.

w(B(x,r)) =< r*@ asr\, 0 for Hg-a.a. X,
or equivalently

(1.4) Jim 108 1B(x7)

S =a(q) for pg-a.a. x.

The local scaling condition. The measure p, has the “correct” almost sure
local scaling behaviour, i.e.

pg(B(x,r)) < p(B(x, M1 as r\, 0 for Hg-a.a. X,
or equivalently (by (1.4))

log g B(x,r)

(1.5) 11{101T = ga(q) +7(q) for psa.a. x.
It is well-known that (1.5) implies that (cf. [Ma, Theorem 6.9])

(1.6)  inf{dimE| EC R’ and p,(R’\ E) = 0} = ga(q) + 7(q)

The inequality f,,(a(q)) > ga(q) + 7(¢) is now easily obtained from (1.4) and
(1.6) as follows
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fulalq)) = d1m{x cR?

log uB(x,r)
1 _— =
rl\o logr o(4)

> inf {dimE|E C R? and ;y(R*\ E) =0}  [by (1.4)]
= qa(g) +7(q) . [by (1.6)]

In an attempt to develop a general theoretical framework for studying the
multifractal structure of arbitrary measures, Olsen [Oll], Pesin [Pes] and
Peyriére [Pey] suggested various ways of defining measures analogous to 1,
in very general settings. For an arbitrary Borel probability measure p on a
metric space X, they introduced two two-parameter families of measures,

St N
{#7" gt € R} and {2]'[q,1 € R},

based on certain generalizations of the Hausdorff measure and of the pack-
ing measure. Let £ C X and 6 > 0. A countable family 4 = (B(x;,r;)); of
closed balls in X is called a centered 8-covering of E if E C U; B(x;,ri),
x; € Eand 0 < r; < 6 for all i. The family 4 is called a centered é-packing of
Eif x; € E, 0 <r; <6 and B(x;,r;) N B(xj,r;) = & for all i #j. For E C X,
q,t € R and 6 > 0 write

Jf = inf { Z,u (xi, ) (2r;)

(B(x;,1;)); is a centered 6-covering of E}, E+J

(D) =0

%Z’I(E) - sup%j’;;(zz)

HU(E) = sup A (F)
FCFE

and

g —sup{z,u (xi, ) (2r;)

(B(x;, 1)), is a centered §-packing of E}, E+

(D) =0

@‘“(E) = inf 7} (E)

Q’qr = inf Q
ECU;E;

It follows from [Ol1] that JKZ” and QZ” are measures on the family of Borel
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subsets of X. The measure %’Z’t is of course a multifractal generalisation of
the centered Hausdorff measure, whereas ,@Z” is a multifractal generalisation
of the packing measure. In fact, it is easily seen that the follwing holds for
t>0,
— —t —0,¢

AN <A SAY, P =P, P =P,
where #' denotes the t-dimensional Hausdorff measure, 2’ denotes the ¢-
dimensional packing measure and 7' denotes the -dimensional prepacking
measure. It is easily seen that the measures Jfff and WZ”, and the pre-mea-
sure ?Z’t in the usual assign way a dimension to each subset £ of X (cf.
[011]): there exist unique numbers AY(E), Dim/ (E), dim? (E) € [~o00, 0] such
that

@q,t(E) _Joo fort< AJ(E)
# 10 for AN(E) <t
(E) = oo fort < Dim/ (E)
0  for Dimf(E) <t
H9(E) = oo for 1 < dimj(E)
o 10 for dim{(E) <t

The number dim!(E) is an obvious multifractal analogue of the Hausdorff
dimension dim(E) of E whereas Dim/(E) and A?(E) are obvious multi-
fractal analogues of the packing dimension Dim(E) and the prepacking di-
mension A(E) of E respectively. In fact, it follows immediately from the
definitions that dim(E) = dim)(E), Dim(E) = Dim) (E) and A(E) = A (E).
Next we define multifractal dimension functions A,, By, b, : R — [—00, 0]
by

Ayt q — A (supp p),

B, : ¢ — Dim{supp p),

b, :q — dim] q(supp p).
One of the main importances of the multifractal measures %Z” and WZ” , and
the corresponding dimension functions b,, B, and A, is due to the fact that

the multifractal spectra functions f,, and F, are bounded above by the Le-
gendre transforms of b, and B, respectively, i.e.

Jula) < by(@)

and



114 L. OLSEN
F,(a) < B;(a)

for all & > 0, where the Legendre transform f* of a function f: R — R is
defined by f*(x) =inf,(xy+ f(y)) (cf. [Oll]). These inequalities may be
viewed as rigorous versions of the Multifractal Formalism. Furhermore, for
many natural families of measures we have f,(a) = b}, (@) and Fj,(a) = B ()
for all & > 0, cf. [Co, Dal, Da2, Ol1, Ol2, O13]

It is clear by comparing the definitions of the measures ij{*’ and ?/"Z" , and
definition (1.1) that b,(¢q) and B, (q) are mathematically rigorous versions of
7(q), and that the one-parameter families

w0 |qger} and {242 |qeR),

play the role of the auxiliary measures {y, | ¢ € R}. In particular, we would
expect that the measures {,’/{’Z’bm) | ¢ € R} and {QZ'B/‘W) | ¢ € R} have prop-
erties similar to those of the auxiliary measures {x, | ¢ € R}. This has been
proved rigorously for self-similar measures, for quasi self-similar measures
and for self-conformal measures, cf. [Co, Dal, Da2, Oll, OI2, O’N]. In this
paper we prove this result for arbitrary measures, cf. Theorem 1.1, Theorem
1.2, Theorem 2.1 and Theorem 2.2. As an application of Theorem 1.1 we
obtain a formula relating the derivative of the multifractal box dimension
function of p and the entropy dimension of p, cf. Corollary 1.3.

For a function f : R — R and x € R, we denote the left and right deriva-
tive of /" at x (if they exist) by D_ f(x) and D, f(x), and we will denote the
derivative of f at x (if it exists) by f'(x) or Df(x).

We can now state two special cases of the main results. Theorem 1.1
should be viewed as a general version of (1.4) and states that if B, is differ-

entiable at ¢, then the measure %Z’bﬂ@ only sees the multifractal decom-
log uB(x,r)

position set {x € R’ | lim, o<

obtained in Theorem 2.2.

= —B/(¢q)}. A more general result is

THEOREM 1.1. Let p be a Borel probability measure on RY and q € R. Write
t =b,(q) and Ay = D+B,(q). If b,.(q) = B,(q), then

logpBx,r) _ 1 log uB(x, )

—A, <liminf
™0 IOg r JaN() log r

<-4 for #¥'-aa. x.
Theorem 1.2 should be viewed as a general version of (1.5) and states that

4.bu(q) N e
if B, is differentiable at ¢, then 1iminf,,\()w: —qB,(q)+

B,(q) for %Z’bl‘<q>-a.a. x. A more general result is obtained in Theorem 2.1.

THEOREM 1.2. Let p be a Borel probability measure on RY and g € R. Write
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=bu(q), T = B.(q) and A+ = D.B,(q). If b, is convex, #'(supp p) < oo
and b,(q) = B,(q), then
log A% (B(x,r) N supp j)
logr
< max(—¢gAd_,—q4.) + T,

log A% (B(x,r) Nsu
min(—qgA_,—qA.) + T < limsup & u (B(x,r) pp 1)
™0 log r

min(—gA_,—qA+)+ T < lim\ionf

for J/Z”-a.a. x.

By letting ¢ = 1 in Theorem 1.1 we obtain Corollary 1.3 relating the en-
tropy dimension (or information dimension) of p and the derivative of the
upper multifractal box dimension function of p at 1. We will now define the
multifractal box dimension function and the entropy dimension (or in-
formation dimension) of x. Let u be a Borel probability measure on R? and
g € R. For r > 0 write

M, = SUP{ZM(B(Xh r)?

(B(xi,7));en 1s a centered packing of supp u} .

The lower and upper multifractal g-box dimensions (or L!-dimensions) 7,(q)
and 7,(q) of p are defined by

log M}, log M7,

= T =1l .
—# ~o —logr’ 7u(4) H?\S(}lp —logr

If 7,(q9) = T.(q) we refer to the common value as the ¢g-box dimension of p
and denote it by 7,(¢q). Next we define the entropy dimension (or informa-
tion dimension) of u. For r > 0 write

h (1) { > u(A)log p(A)

Acd/

<f is a finite Borel partition of supp p with sup diam 4 < r}.
Acod

The lower and upper entropy dimensions (or information dimensions) D(u)
and D(u) of p are defined by (cf. [Ré])

T hr(ﬂ) Y T hr(ﬂ)
D(p) = limn inf “logr’ D(p) = lnfl\i}lpTgr :

If D(p) and D(p) coincide, we write D(u) for the common value.
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Since b,(1) = B,,(1) = 0 (cf. Proposition 4.1 below) and %’L;O is equivalent
to u, Theorem 1.1 yields the following corollary by setting ¢ = 1.

COROLLARY 1.3. Let  be a Borel probability measure on RY.
(1) We have

log uB log uB
(1.7) —D.B,(1) <lim infw < lim supw
™0 logr N logr
<-D_B,(1) for p-a.a.x.
If B, is differentiable at 1, then (1.7) implies that hmr\O% = —BL(I)
for p-a.a. x, whence (cf. [ Yo, Theorem 4.4])
D(u) = —B,(1).

(it) Write 1 =7,. Since —D,7(1) < —D,B,(1) and —D_B, (1) < —D_7(1)
(by Proposition 4.1 below), (1.7) implies that

log uB log uB
(1.8) -D.7(1) < liminfw < limsupw
™0 logr 0 log r

< —-D_7(1) for p-a.a. x.

If T is differentiable at 1, then (1.8) implies that lim logl‘(ﬁ(rx”') = —7'(1) for p-
a.a. x, whence (cf. [Yo, Theorem 4.4))

D(p) = —7(1).

Inequality (1.8) has been suggested in numerous physics papers, cf.
[HIKPS, HP], and heuristic arguments can be found in many recent physics
textbooks on chaos and dynamical systems, see for example [BS, Section
11.3] or [Fe, (6.38)]. Inequality (1.8) has also been obtained independently by
Heurteaux [He] and Ngai [Ng] using box counting arguments. Since (cf.
Proposition 4.1 below) —D.7(1) < -D;B,(1) and —D_B,(1) < —-D_7(1)
where 7 = 7,, we see that inequality (1.7) is sharper than Heurteaux’s and
Ngai’s inequality (1.8). The next example shows that inequality (1.7) in gen-
eral is strictly sharper than (1.8).

AN ExampLE. For t>7 and n=7,8,9,... write o(f) =1 —&—log(f—()g,) and

a, = n~¢"_ We first observe that the series > o<, ay is convergent. Indeed,

there exists an integer N > 7 such that (1001((1)%))2 > 2 for all » > N, whence

] 00 1 00 1 —
Zn:7 ap < N + ZH:N o SN+ ZHZN nexp(2log(logn)) — N+
nexp\ oisen

Sy <oo. Let s=3 1" a, € (0,00). Put p, =% and s, =>;_; a,

n(logn)

and define the probability measure p on R by
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Next we compute the multifractal box dimension functions, 7, and 7, and
the multifractal packing dimension function, B, of . We have

o [l—gq for0<g<l;
(1.9) 7,(q0) = Tu(q) = Tu(q) = {0 for 1 <gq,
(1.10) Bu(q) =0 for0<gq.

Before proving (1.9) and (1.10), we consider some of the implications of
these formulas. It follows from (1.9) that D, 7,(1) =0 and D_7,(1) = -1,
and inequality (1.8) therefore states that

log uB(x, )

1 B
0 < liminf < lim supw

<1 for p-a.a. x.
™0 log r NG logr K Y

However, (1.10) shows that D,B,(1) = D_B,(1) =0, and inequality (1.7)
therefore provides the following stronger statement,

B(x 1 B
0 < lim 1nfL() < lim supw <0 for p-a.a. x,
™0 logr N logr
i.e.
I B
limw =0 for p-a.a. x.

™o logr

Inequality (1.7) is therefore in general strictly stronger than Heurteaux’s and
Ngai’s inequality (1.8).
We will now prove (1.9) and (1.10).

PrOOF OF (1.9). Fix 0 < ¢ < 1 and choose N > 14 such that ¢(N/2)g < 1.
Next observe that M“ > Y pgpp 25 oy PR dr = eun! #0240 for
n>N and 1 Fnr <<% a,,+1, where (c,), 1s a bounded sequence. Hence
log(c,n'~ "’("/2)‘1
log(4(n+2)~* "+2>
7,000 <7,(0)<1 and 71,(1)=7,(1)=0, we now deduce that

_u(q):ﬂ( )=1—gq for O<q<1 Next, let 1 <g. Clearly M4, > p? for

w,r —

7u(q) = 7,(q) > liminf, . =1-g¢. Since 7, is convex with

og7

o= = 0. Since also

0 < r < ag. This implies that 7,(q) > 7,(¢q) > liminf\ o=

7,(q) <7u(q) <0 for ¢ > 1, we now infer that 7,(q) = T/L( ) =0 for ¢ > 1.
This completes the proof of (1.9).

ProoF oF (1.10). Since B, is convex and decreasing (cf. [Ol1]) with
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B,(0) = Dim(supp p) = Dim({s7, 53, 59, ...,s}) = 0 and B, (1) = 0 (cf. [Ol1]),
we deduce that B,,(q) = 0 for all ¢ > 0. This completes the proof of (1.10).

Due to a formal analogy between equations (1.1) and (1.2) and the defi-
nitions of the so-called partition function and the free energy in thermo-
dynamics, the quanteties ¢ and 7(g) are often in the physics literature inter-
preted as the inverse temperature and the free energy of “‘the physical system
described by p”’. Similarly, due to a formal analogy between (1.5) and the so-
called Gibbs ensemble in thermodynamics, j, is often interpreted as the
most probable distribution of the system at inverse temperature ¢, i.e. the so-
called “‘equilibrium state” of the system at inverse temperature ¢. The reader
is referred to [BP, 128-132; BS, pp. 114-126; Ot, pp. 309-910] for a discus-
sion of these and other analogies between multifractal analysis and thermo-
dynamics. In thermodynamics, phase transitions are manifested as points of
non-differentiability of the free energy 7(q) as a function of the inverse
temperature ¢g. Our study of the differentiability properties of the dimension
functions b, and B, can therefore be interpreted as the study of “phase
transitions” of the measure u, and the measures Jiﬂﬁ‘bﬂ(”) and WZ‘B“(’)) can be
regarded as natural “equilibrium states’ of p at “inverse temperature” g. It
is natural to ask in what way the presence or absence of ““phase transitions”
of 1 affect the smoothness of the “equilibrium states’ of ;4 as a function of
the “inverse temperature”. In particular, we would expect that if the mea-
sure p does not have a ““phase transition’ at ¢ (i.e. if the function b, is dif-
ferentiable at ¢), then the “equilibrium states” of p vary continuously with
the “inverse temperature” at ¢g. This question is formalised in Question 1.4
below. If (X, &, ) is a measure space and E € &, then AL E denotes the re-
striction of A to E, i.e. (ALE)(F)=XENF) for F € &.

QUESTION 1.4. Let p be a probability measure on R? and g € R. Assume
that for all p in a neighbourhood of q we have b,(p)= B.(p) and
Jﬂz’b"(p)(supp w) < oo. Is the following result true? If b, is differentiable at q
(i.e. if u does not have a “phase transition” at q), then the map

p— AP Lsupp p

is continuous at q with respect to the weak topology (i.e. the “equilibrium
states” of u vary continuously with the “‘inverse temperature’ at q).

We now give a brief description of the organization the paper. Section 2
contains the statements of our main results. In Section 3 we state and prove
various multifractal density theorems which will be used in the proofs of the
main results, and in Section 4 we provide the proofs of the main results.
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2. Statement of Results

Let 2(RY) denote the family of Borel probability measures on R and let
A (R?) denote the family of Radon measures on R?. For a Radon measure
on R? we define the lower and upper local dimension of y at x by
@, (x) = lim supw, a,(x) =lim infw .
N logr # N0 logr
If @,(x) and «,(x) agree we refer to the common value as the local dimen-
sion of 1 at x and denote it by a,(x).

Our main results are formulated in terms of the Hausdorff dimension and
the packing dimension of p € 2(R?). Intuitively the lower and upper Haus-
dorff (packing) dimension of i equals the Hausdorff (packing) dimension of
the “smallest’ set with positive u-measure and the “smallest’ set with full -
measure, respectively, and are thus natural measures of the singularity of p.
The precise definitions are as follows. The lower Hausdorff dimension
dim, p of p and the upper Hausdorff dimension dim* i of i are defined by

dim, ¢ = inf { dim £ | E C R and pu(E) > 0}
dim* ¢ = inf { dim £ | E C R and u(R?\ E) =0} .
Similarly, the lower packing dimension Dim,u of p and the upper packing
dimension Dim*p of u are defined by
Dim, = inf {Dim E | E C R and u(E) > 0}
Dim*y = inf {Dim E|E C R and (R \ E) =0} .
Hausdorff and packings dimensions of a measure x can also be expressed in
terms of the local dimensions of p. Indeed, it follows from [HT] that
dim, p = p-ess inf; o, (x), dim”" p = p-ess sup, o, (x),
Dim,p = p-ess inf, @,(x), Dim*p = p-ess sup, @,(x).
Recall that if (X, &, ) is a measure space and E € &, then AL E denotes the
restriction of A to E, i.e. (AL E)(F) = AMENF) for F € §. Also, recall that if
f R — Ris a convex function and x € R, then we denote the left derivative

and the right derivative of f* at x by D_f(x) and D.f(x), respectively. We
can now state our main reults. The proofs will be given in Section 4.

THEOREM 2.1. Let pu € 2(RY) and g € R. Write t = b,(q), T = B,(q), ar =
Dib#(q) and Ai = DiBM(q).
@) If%ﬁ”(supp p) < oo and b, is convex, then
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If ¢g<0, then —ga +1t
If0<gq, then —gqga, +1¢

If in addition b,(q) = B,(q), then

If¢g<0, then—gd_+T
If0<g, then—gAd,+T

} < Dim, (%" L supp ) < Dim" (A% L supp p)

} < dim,(#'%" L supp p)

sk ¥ —qA+ T
< dim" (A% L supp p) < {—qA T
(i) 1f 2% (supp p) < oo, then

—qA_+T

If ¢ <0, then

If 0 < g then dim, (QZ‘T Lsupp p) < dim” (WZ’TI_supp ) < {

TuroREM 2.2. Let € P(RY) and q € R. Write t=1b,(q) and As =
DB, (q). Assume that b,(q) = B,(q). For #'%' L supp p-a.a. x we have

—Ap <a,(x) <au(x) <-4,

Observe that Theorem 1.1 and Theorem 1.2 in the Introduction follows
from Theorem 2.1 and Theorem 2.2. Figure 1 illustrates the geometrical
significance of the numbers —ga,. + ¢ and —gA, + T in Theorem 2.1 and
Theorem 2.2.

ba(p) EAL

—ag4t ------- ~Aq+T -------

ﬂ,q“f“-x —Awg4T - ----73

Fig. 1. The graphs of b, and B,,, and the geometrical significance of the numbers —a.q + r and
—A+q+ T forg<0and 0 < gq.
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REMARKS. (1) It is natural to expect a rather subtle interplay between the
local properties of the multifractal Hausdorff measure JKZ*’ and the multi-
fractal packing measure 9’3" as indicated in Theorem 2.1. It follows from
[O13] that there exist (self-affine) measures 1 and ¢ € R such that —¢B),(¢)+
B,(q) < 0. Hence, for such measures, the equality Dim"(2%'L supp p) =
Dim..(2%' L supp u) = —¢B,,(¢) + B.(q) cannot hold. It therefore seems ne-
cessary to introduce the regularity condition b,(q) = B,(g), relating the local
Hausdorff measure properties and the local packing measure properties.

(2) Taylor [Ta] defined a fractal to be any subset E of a metric space
which satisfies dim E = Dim E. For ¢ =0 condition b,(q) = B,(gq) states
that dim(supp p) = b,(0) = B,,(0) = Dim(supp ), i.e. supp p satisfies Tay-
lor’s definition of a fractal. The regularity condition imposed on p by re-
quiring that b,(q) = B,(¢q) can therefore be viewed as a multifractal version
of Taylor’s regularity condition.

(3) The numbers A, = D, B,(q) in Theorem 1.1 and Theorem 2.2 cannot
be replaced by ¢+ = D.b,(q). Examples in [O11] shows that there exist mea-
sures such that —a_ < —ay. It is therefore natural to ask if the bounds in
Theorem 2.2 are the best possible.

QuEsTION 2.3. Let p€ ?(RY) and q€R. Write t=b,(q) and A+ =
D, B,(q). Assume that b,(q) = B,(q). Is

(%ZJ L supp p)-ess infy a, (x) = —A4,
and

(A" L supp p)-ess sup, @,(x) = —A4_7

3. Multifractal Density Theorems

In this section we prove some multifractal density results which we will need
in order to prove the main results; however, we believe that the density re-
sults below also have some interest in their own right.

Multifractal densities are defined as follows. Recall that .#(R?) denotes
the family of Radon measures on RY. Let pu,v € .#(R?) and ¢,1 € R. For
x € supp p we define the upper and lower (g, t)-density of v at x w.r.t. u by

d" (x,v) = limsu M d?(x.v) = limin M
A o) =l gy ) = R

of. [Ol1].

THEOREM 3.1 (Besicovitch’s Covering Theorem). There exists a positive in-
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teger C such that the following holds: If E C R? and {ry | x € E} is a family of
positive numbers satisfying sup.cg . < 0o, then there exist { countable or fi-
nite subfamilies 17, ..., 7 of {B(x,ry) | x € E} such that

(1) Foreachi=1,...,(, the family ¥"; consists of pairwise disjoint sets.

(2) E C U; Upey; B.

Proor. See [deG, p. 5].

THEOREM 3.2. Let p,v € %(Rd), q,t € R and let E C supp pu be a Borel
subset of supp p.

() If #7(E) < oo then

1 _ _
— 4% (E) inf d*' (x,v) < v(E) < #%"(E)supd” (x,v)
¢ a xeE # xek
where ( is the constant that appears in Besicovitch’s covering theorem.
(i) If 24'(E) < oo then
P4(E) inf d¥(x,v) < v(E) < 29"(E)supd®(x,v).
xeE~ M H xcE

ProoF.

(i) Proof of v(E) < AU (E) supyep EZ’t(x, v). Follows from [Ol1, Theorem
2.14].

Proof of L#%!(E)infierd, (x,v) < v(E). Let a=infipd, (x,v). We
may clearly assume that a > 0. It suffices to prove that %%Z”(E)(a —n) <
v(E)+eforalle >0and 0 <7 < a. Now fix e >0 and 0 < 7 < a. By inner
regularity it suffices to prove that %J/Z[ (F)(a—mn) <v(E) + ¢ for all closed
subsets F of E. Let F be a closed subset of E. Since #%'(F)=
SUpycr %ﬁ’t(H), it is sufficient to prove that

(3.1) S (H)(a—n) < v(E) +¢

for all H C F. Now let H C F. Forr > 0 let B(F,r) = {x € R | dist(F, x) < r}
denote the closed r-neighbourhood of F. Since B(F,r) \, F as r\, 0 (be-
cause F is closed) and 7Z’t(H) < AH(H) < oo there exists § > 0 such that

= _c
2¢’ 2(a—mn)

Let v ={B(x,r) |x€ H,0<r<&v(B(x,r) > (a—n)uB(x,r)2r)}.
By assumption H C Ugcy B and Besicovitch’s covering theorem therefore
implies that there exist ¢ countable or finite subfamilies ¥7,...,7¢ of ¥~
such that:

(1) foreachi=1,...,¢, the family 7; consists of pairwise disjoint sets;

2) HCU; Upev; B.

(32)  v(B(F,5)) < v(F)+ AV (H) — < AS(H).
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Write 77 = (B(x, 7)) - We then have

Ay (H)(a =) < (a =) Hys(H) +3
¢

< (a=m) 2 D uBlx ) Cry) +5

-1

¢
€ €
< ; v(UiB(xy, 1)) +5 < Cu(B(F,6)) + 5
< Cu(F)+¢e < CU(E)+e¢.
(i1) This statement is identical to [Ol1, Theorem 2.15].

THEOREM 3.3. Let ju € .4 (R%), q,t € R and let E C supp p be a measurable
subset of supp p.
() If #1(E) < oo then

1<d”(x, #" LE) < ¢ for #*'Lsupp p-a.a.x € E
p I p

where  is the constant that appears in Besicovitch’s covering theorem.
(i) If 24'(E) < oo then

di'(x, 24" _E) =1 for 24" supp p-a.a. x € E.
Proor. (i) For k € N write
E; = {x € E’EZ”(x, HLE) <1 —%}
Ef = {x € E’EZ’I(X,%Z”LE) > C-i—%} )
Put v = #'%'L E. For each k € N, Theorem 4.2 implies that

- — - 4 _ 1
HYED) = B < D) sup @) < A (1),
k

CHUES) = CUES) = AED) inf @ (x,v) > #9(E]) (c +%)

xeE!
whence #%(E; ) = 0 and #'%'(E;") = 0. Hence
—q,t ) a0 _
A x € E|d (x, % LE) ¢ [1,(]} = A9 (UeEp) U (UeE)) = 0

which proves the desired result.
(i1)) The proof of (ii) is similar to the proof of (i).
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REMARKS. (1) The results in Theorem 3.3 are multifractal generalizations
of the density results in [Tr].

(2) Let p,v € #(R%), ¢q,1 € R and E be a Borel subset of supp x such that
HW(E) <oo. If p satisfies the doubling condition on E, ie. if
limsup, o super% < 00, then it follows from [Ol1] that the results in

Theorem 3.2. (i) and Theorem 3.3. (i) can be strengthed: we have
AHUE) inf d”' (x,v) < v(E) < AY(E)supd” (x,v)
o YeE M m oy ©w
and

4.1 \t _ t
d, (x, 9" E)=1 for A" Lsupp p-a.a. x € E.

4. Proofs of the Main Results

In this section we prove the main results in the paper. We begin by stating a
result about the behaviour of the dimension functions b, and B, which we
will need later.

PROPOSITION 4.1. Let p € 2(R?) and gq,t € R.

. gt — !

(1) r<P].

(i) There exists an integer ¢ such that #%" < (21,

(iii) dimz < Dim/ql < AZ, in particular b, < B, < A,. Also A, =7,.

(iv) b, is decreasing, and B, and T, are convex and decreasing. Also

b,(1) = B,(1) =7,(1) = 0.

v) D_7,(1) < D_B,(1) < D,B,(1) < D,7,(1).

Proor. Statements (i), (ii), (iii) and (iv) follow from [Ol1], and (v) follows
immediately from (iii) and (iv).

We now turn to the proofs of the main results.

PROPOSITION 4.2. Let p € 2(R?) and gq,t € R.
() If A% (supp p) < oo, then we have for #'%' L supp p-a.a. x,
If ¢ <0, then qa,(x) +t o (x) < qoy,(x) + 1t
If 0 < g, then gay,(x) = SA Lsuppp T = qa,(x) + 1t
<
If ¢ <0, then q%#(x <a e ()
If 0 < g, then ga,(x i =SuppH

.. " "
(1) If 7% (supp p) < 0o, then we have for 21" L supp p-a.a. x,
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If ¢ <0, then ) < qa,(x) + 1t
If 0 < ¢, then Q24! Lsuppp qga,(x) +1

=
If ¢ <0, then qa,(x) +t P () < qa,(x) +1
If 0 < g, then qa,(x) +t| — 7y Lsuppp qaﬂ(x) +t

Proor. This result follows easily from Theorem 3.3 by taking logarithms.

LEMMA 4.3. Let p € 2(RY). Fix E C supp . ¢,p,t,s € R and ¢ > 0. Assume
that for each x € E there exist positive numbers r > 0 arbitrarily close to 0
such that

u(B(x,r))*(2r)" < ep(B(x, )" (2r)".
Then
,}’fﬁ”(E) < (20 (E)
where ( is the constant in Besicovitch’s covering theorem.

Proor. Fix F C E and 6 > 0, and write ¥" = {B(x,r) [ x€ F,0<r <4,
w(B(x,1))(2r)" < cu(B(x,r))’(2r)'}. By assumption F C UpcyB, and it
therefore follows from Besicovitch’s covering theorem that there exist ¢
countable or finite subfamilies ¥7,...,7¢ of ¥ such that:

(1) foreachi=1,...,¢, the family ¥; consists of pairwise disjoint sets;

2) FCU; UBey; B.

Write 77 = (B(xy,ry));. We clearly have

%qt ) < ZZ/,L (xij, 1)) (2ry)" < CZZM (xi, 1)) (2ry)°
< cZ?ﬁi’,& = (P 5(F).
i
Letting 6 \, 0 now yields Wit(F) < Cc@‘zr’s(F) for all F C E.
Hence, if F C E and E C U;E;, then
A (F) = A (U(FNE) <> A} (FNE)
<Y PV(FNE) <Y P (E)

It therefore follows that %Z’t(F) <« (E) for all FCE, whence
HV(E) < (PP (E).

PROPOSITION 4.4. Let yi € 2?(R?) and q € R.
(i) If b, is convex, then we have for A% bu@) | supp p-a.a. x,
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~D.b,(g) < Bu(x),  a,(x) < ~D_b,lg).

(ii) We have for 2% Bua) | supp p-a.a. x,
=D, B,(q) <au(x), a,(x)<-D_B,(q).

ProoF. (i) Proof of —D.b,(q) < @,(x) for %’Zjb*‘(‘” L supp p-a.a. x. Write
a=D,b,(q). Fix ¢,n > 0 and let

hmlnf’u Blx.r) > 7)}.

E= {xesuppu o

It clearly suffices to prove that #7™ b9 (E) = 0.
Since b, is convex, there exists h > 0 such tha
b,(q+ h) < b,(q) + h(a+ ¢), and we therefore deduce that

tm<a+a whence

(4.1) A TP (supp ) = 0.
Also observe that for each x € E there exists a positive number r, such that
(42)  p(B(x,r)? (2D < g~ u(B(x, 1) (2r) DT for 0 < 1 < 1.

It now follows easily from equations (4.1) and (4.2) that %qbﬂ( )(E) <
711%q+h b.(q)+h(a+e) ( ) —-0.

Proof of a,(x) < —-D_b,(q) for %’Z"’ﬂ(‘“l_supp p-a.a. x. Write a=

D_b,(q). Fix ¢, K > 0 and let

(2r)7a+5

It clearly suffices to prove that #7 10D (E) = 0.
9)- Zu(q*h)

B
E= {x € supp u limsupm < K}.
™0

Since b, is convex, there exists h > 0 such that 2! > a — ¢, whence

b,(q—h) < b,(q) —h(a—¢), and we therefore deduce that

(4.3) AP HA) (supp ) = 0.

Next observe that for each x € E there exists a positive number r, such that
(4.4)  p(B(x,r)?(2r)"D < K" u(B(x, 1) " (2r)P D719 for 0 < r < 1.

It now follows easily from equations (4.3) and (4.4) that %qbﬂ( )(E) <
K@}’f" hb,( h(as( )_0
(11) The proof of (ii) is similar to the proof of (i).

PROPOSITION 4.5. Let i € #(R?) and q € R. For A Bu@) | supp p-a.a. x we
have
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_D+B,u(q) S g#(x) S au(x) S _DfB;L(Q)~

PrROOF. Proof of —D,B,(q) <a,(x) for %%Bﬂ(‘” Lsupp p-a.a. x. Write
A =D.B,(q). Fix ,n > 0. It clearly suffices to prove that

. pB(x,r)
lim sup ———= > =0.
R "})

jf;l;&(@ <{x € supp 4
™0

Since B, is convex (by Proposition 4.1), there exists 4 >0 such that

Bula M Bila) — 4 4 ¢, whence B,(q +h) < By(q) +h(4 +¢), and we therefore

deduce that
(4.5) @Z+I1'B/‘(q)+l1(‘4+5>(Supp p)=0.

Let

B
1imsupLi’12 > n} .

E=({x€esu
{ PP Y 2

For each x € E there exist positive numbers r arbitrarily close to 0 such that

p(B(x,1)*(2r) 9 < (B, ) (2r) Pl HATE),

and Lemma 4.3 and (4.5) therefore imply that %Z’Bﬂ(‘” (E) <
n—lzchJrh,B#(q)Jrh(AJre) (E) —0.

Proof of @,(x) < -D_B,(q) for %z"B“(‘f) Lsupp p-a.a. x. Write 4 =
D_B,(q). Fix ¢,K > 0. It clearly suffices to prove that

# B[ x e su l1m 1nf¥ <K% |=0.

Since B, is convex, there exists 4 > 0 such that w
B,(q—h) < B,(q) — h(A — ¢), and we therefore deduce that

> A — e, whence

(4.6) 4B DA (supp ) = 0.

Let

) A+e

E = {xe supp p hmlnfiu(7)< K}.

For each x € E there exist positive numbers r arbitrarily close to 0 such that

w(B(x,r)4(2r)5 9 < K" u(B(x, )" (2r) Brl@) hA=2)



128

L. OLSEN

and Lemma 4.3 and (4.6) therefore imply that ,%’Z’B"(q)(E) <
Khé-y;];h,Bﬂ(q)fh(Afs) (E) —0.

ProoOF OF THEOREM 2.1. Follows from Proposition 4.2, Proposition 4.4
and Proposition 4.5.

Proor oF THEOREM 2.2. Follows from Proposition 4.5.
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