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SPECTRAL REGULARIZATION INEQUALITIES

MIKHAIL LIFSHITS and MICHEL WEBER

Abstract

We develop a recent idea of spectral regularization introduced by M. Talagrand in the study of
covering numbers of averages of contractions in a Hilbert space. We show that this idea can be
concentrated in one inequality, which turns out to be a suitable tool for the study of other
characteristics of the set of averages and yields many useful corollaries. In particular, we recover
some recent results for the Littlewood-Paley square functions in ergodic theory due to R. Jones,
I. Ostrovskii and J. Rosenblatt. We also easily deduce original Talagrand’s estimate of covering
numbers and provide better estimates for geometric subsequences of the averages. Similar re-
sults for the bilateral Hilbert transform as well as for some non Hilbertian case are also ob-
tained. Developing more the idea of spectral regularization towards oscillations of averages, we
obtain a second inequality which allows us to recover some recent results of R. Jones et al, re-
lated to oscillations functions in ergodic theory. In the last section, we prove a new criterion of
the a.s. convergence of random sequences under suitable incremental conditions. Combining this
criterion with our inequalities, we obtain as a corollary the classical theorem of Rademacher-
Menshov on orthogonal series and the famous spectral criterion for the strong law of large
numbers due to V. F. Gaposhkin.

1.1. Main inequality and its consequences.

Let U: H — H be a contraction in a Hilbert space (H,|| -||). Put for any
feHandn>1,

n—1

A(f) = uln),  A() ={4uf),n = 1}.

S| =

Jj=0

The spectral lemma ([8], p.94) reduces the study of sequences of polynomial
operators of U like 4, in many problems from ergodic theory, probability
theory or harmonic analysis to the study of some suitable set of functions in
a space L?([—m,7), ). In our case, the characteristics of the set 4(f) are re-
lated to those of the set of functions
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since we know by the spectral lemma that there exists a measure p on [—m, )
such that p[—m,7) = ||f||* and

(1) [4m(F) = An(O < 1Vim = Vil

with equality when U is an isometry.

Recently, M. Talagrand ([14], cf. also [15]) introduced in the study of the
metric entropy of the set A(f), an idea of spectral regularization. The main
purpose of our paper is to develop this idea and to show that it can be con-
centrated in one inequality which turns out to be a suitable tool for the study
of various characteristics of the set of averages.

We introduce a new measure /i, a regularization of yu by means of an ap-
propriate kernel Q. Namely let the correspondent Lebesgue density be

/an (db) / ||*392u(de)+/ 101 u(d6), 0<|x|<m.
|0]<|x]| |x|<|0| <7

Our main inequality is stated in the next theorem.

THEOREM 1. Let m > n be two positive integers. Then

11
2 ~
@ 1= VilBs 47 |

The following corollaries show the remarkable efficiency of that elemen-
tary inequality.

CoroLLARY 2 (Estimation of the Littlewood-Paley square function [6]).
Let ny, be an increasing sequence of positive integers. Then

Z 14, (F) = A, (NI < 611

ProOF. Inequality (2) of Theorem 1 implies

o0

Z\|Vnm—vn/,||§,ﬂ_4wz (—,—] < 4m(0,m) = 2mi[—. 7).

=1 fp+1 1p

m= [ [ 0xdv(do) -
/ ( | axe s [ dxwl)u(de) < 3pl=mm) = 3IIfII"
[0]<|x] [x]<6|

Besides,
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REMARK. By applying the above inequalities to the measure p = &y, we
also get

Z| Vnp\l(e) - Vn,7(9)|2§ 6.
p=1

That inequality was proved in [6], theorem 1.1, p.268 (see also the proof of
theorem 1.2, p.269) with the constant 25%.

Theorem 1 also allows to recover in a very simple way an entropy estimate
due to M. Talagrand. Recall that the entropy number N(V,¢) of a set V' in a
metric space (L,d) is defined for e > 0 as a minimal possible number of sets
Ci,...C, such that V C Uj<,C; and d — diam(C}) < ¢ for all j.

CoroLLARY 3 (Estimation of the entropy numbers, [14]). Let N(V, ¢) be
the entropy number of order € of the set V in L*([—m, ), i). Then,

N(V,e) <Ke?+1

with K = 6rpu[—m, ).
PROOF. Let i = (47)',e >0 and J > Ke 2 — 1. Put

. 1
VO ={V,: jhe® < Ao, 1< G+ Dhe*},  0<j<J.
By Theorem 1, the diameter of the sets ¥'V) does not exceed (47rh52)1/ o
Moreover,

J
UrV={v. :0< ﬂ[O,%] < (J + Dhe’}.
j=0

We notice that [0, 1] < g[—m,7)/2 < 3u[—m,7)/2. In order to cover V, it is
thus sufficient to have
(J + Dhe* > 3pu[—m,7)/2
or
J+ 12> 6mpu[—m,m)e 2.
This observation achieves the proof.

REMARK. The spectral inequality (1) yields the similar bound for entropy
numbers in H:

N(A(f),e) < 6n||f]>e 2 + 1.

That estimate is also opimal. This can be seen by considering rotations. Take
X = [—m,m) provided with the normalized Lebesgue measure m. Let also
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6 € X be irrational and consider the unitary operator U on L*(X,m) asso-
ciated with the rotation #: 7x =x+ 6 mod(27), x € X and defined by
Uf =for. Let f € L*(X,m), [ = > ez Gnen Where we denote e,(x) = e~
Then || Ay (f) = Au(F) 5= Loy lanl| Vv (16) = Var(n0)[.

By virtue of Weyl’s criterion, we can build inductively two increasing se-
quences of positive integers N} < N, < ---and [} <, < --- such that

. . 1
Vi=1-vi<j o VO] >5, [V (8) <
Let now (ry) be some increasing sequence of integers, and pu Dk
Define f; = f ZRA<A<RA+1 e, and =3 {fk where ¢= \/;if Then, the

system  (fx) is orthonormal and |[|f][,,=1. Moreover for each
R <i<j<Rpq

1 Riy1—1
[ () = A il - 3= Vg (s0) = Vi (0)]*
S=Ry
>1y 1.6) — V. (10 !
_a| N,(z N,( )| l6rk
Hence,  ||dn,(f)—An(")||,2¢]4x () —An. (i), 28577 for  any

Rj, <i<j<Ryy1; which proves that

o) 2w (i) 20

The first inequality shows the optimality of Talagrand’s estimate, by taking
into account its homogeneity properties. The second inequality shows this:
whatever ¢ : R"—R™, with lim,_ ¢(x) = 0, there exists f € L?>(X,m) such
that limsup,_, = (/;(i> > 0.

Relatively surprisingly, entropy numbers attached to i.i.d. sequences behave
more smoothly. To see this, let H be some L*(u1), 1 a probability measure,
and choose U and f € L*(u) with <f,1>=0, ||f]|=1, such that
f, Uf, U,... is a sequence of iid. r.v.s. If we write more simply
A, = AY(f), then ||4, — Ay|l> = 1/n—1/m, for any integers n < m. Let
0 < e < 1 be fixed. Thus ||4,|| < eifn > &2 Foreach 1 <n <e7!, we cover
A, with one ball of radius . Finally if e7! <n <72, let my = [1/((k + 1)e)],
2 <k <e7!, where [x] stands for the integer part of x. Let ny_; < n < my.
Then, |[A, — Ay, ||> < 1/n—1/my < ¢22 for some absolute constant ¢, > 0.
Therefore,

leml < N((4,),) < cre7!

These plain computations would also show, when combined with Ro-
senthal’s inequalities, that this estimate continues to hold in 17, 2 < p < oo,
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with a constant ¢, depending on p only. We conclude these remarks by
pointing out a Cauchy type uniform estimate of averages 4,, easy to draw
from the above estimates and Pisier’s theorem ([11 ], Theorem 2.1), and
which is apparently new, at least to us:

|AN(f) — Au(f)]

E sup —————F><
v 0 - i)

whenever ® : R"—R™" is an increasing map such that fol —ﬁ‘g‘(u) < 0.

The next statement shows that for specific subsets of V' one can get better
estimates than in Corollary 3.

CoROLLARY 4 (Estimation of the entropy numbers for a lacunary sub-
sequence, [15].) Let {n,} be a sequence of positive numbers satisfying for each
D, Mpy1 > 2my. Set V! = {V, , p > 1}. Then, for each e > 0,

N(V'e) < inf 470, u] Jr1n(1/u) Lol <
uel0,1] g2 In2

nf 6mp[—v, v] + drp[—m, ) v+21n(1/v) ol
vel[0,1] g2 In2

ProOF. We notice that n, > 2°~!. We fix u € [0, 1] and observe that
N N
#{p: M[O,—] > u[07u]} <
np
1 In(1
#{p: _>u} </
n, In2

In order to cover the remaining part (large p), we can use the sets V'V) in-
troduced in the preceding proof. We still choose & = (47r)71, but this time J
must satisfy

(J + 1)he? > 1[0, u).

To cover this part, we only need ‘8‘—2‘ 4]0, u] + 1 sets of diameter bounded by ¢;
hence, the first estimate follows. The second one follows from the following
comparison inequalities for 4 and u.

(1[0, u] = / ( /0 ’ 0(, x)dx) (df) <

/9<u1/z </07r (0, x)dx> p(d) + /9|>u1/2 0] u u(do) <

3p[—u'?, 1) )2 + pl—m, m)u'’?,
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Thus, letting v = u'/? we get
4r[0,u]  In(1/u)  6mu[—v,v] + drp[—m,m)v  21In(1/v)
+ < + :
g2 In2 g2 In2

REMARK. The estimate of Corollary 4 is optimal when we choose
u = u,(e) as the solution of equation

@: In(1/u).

Then,

N(V'e) < (47T + ﬁ) In(1/u.) +2= (47?4—&) u[()g,zu*] +2.
The size of the entropy numbers thus strongly depends on the behavior near
0 of the measure u (or f).

We conclude this section by raising the natural question concerning the
possibility to extend all above results in L”-spaces, p > 2. A first step in that
direction was carried out in [16] where entropy estimates are obtained, but
for rotations only. It seems reasonable to hope in getting full extensions by
using Berkson-Gillespie’s spectral theory.

1.2 Proof of Theorem 1.
The proof relies upon the following pair of elementary propositions.

PROPOSITION 5. Let a,b € (0,m) and a < b. Then

jia,b] > / (a,b, 0)(d6)

with
boag? 0] < a;
k(a,b,0) = b 0] € [a,b];
1’[7,” 0] € (b, 7).

Proor. By Fubini theorem,

et = [( "o ) ().

For |0| < a, we have
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b b 2 2 2 _
/Q(G,x)dx:/x_302dx:a b @ p bap

2 242k T T 2a2h

For |0] € [a, b], we also have

b 16| b
/ Q(e,x)dxz/ |9|_1dx+/ x30Pdx =
a a 16|

() (53 3),

The function 6— g + % reaches its maximum on the interval [a, b] at point
6 = a, where we get the bound

3 (1L e\ P-a b-a
2 202)  2p2 T 2b

For |0] € (b, 7], we have

b b
/ Q(G,x)dx:/ 0] dx = (b—a)lo]".

Apply now Proposition 5 with @ =L b =1 for integers m > n. Then,
B <
11 o .
Kma(0) = & %,;70 = om 0] € [;5705
el 6] € (X, 7.

PROPOSITION 6. Let m,n be positive integers with m > n. Then, for each
0 € [—m, ) we have

|Vin(0) = Va(0)* < 47 Fopmn(6).

Proor. For || <1 we use the following inequality, which is valid for all

m’
6 € [—m, ) and integers m > n

3) Vn0) = ValO)] < 5 (m =m0,

see, e.g. [14], p.789. Hence
|Vin(0) — Vn(9)|2 < (W/4)2(m - ”)2|9|2 < (7T/4)2(m - n)m92 < 2kmu(0).

For the case |6] € [1,1], we apply the following general estimate
2 n 2 n 2

- < = _= <

[Vin(0) = Va(O)” < 2[Vin(0) p Va(0)]” + 2] (1 m) Va(0)|” <
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422m71"f“21”21/ 2(1 2(1 af1-m)?
_ n < n _n\_ _m?

2 21 2 o <2(1- 2 4a(1- 2 =e(1- 1)

The latter estimate is valid for all § € [—m, 7) and integers m > n. In the case
|0] € [-,.], we have consequently,

Vu(8) = ValO)P < 4(1 - %)23 4(1-7,) = Bema(®)

When |0] € (4 ’”—”] the estimate (4) gives

n? n(m—n)

m’n}

n\2 mm

4(m—n _

R ()
Finally, in the case || € (n(n’j ik 7], we use the estimate
(5) |Va(0 )|_m, 6e|—mm), n>1.

We have

2 2
Vin(0) = Va(O) < 2|Vn(0) +2|V(0))° 2< We|) +2<n7;|) =

4n2 5 4An? mm = _1
e < e =
n? |n(m—n)
The proof of Theorem 1 is now immediate, since Propositions 5 and 6
provide

g ATk (6).

V= Vall2, = /|V () () <

4r / Fomn(O)11(d6) < ”“(1 l]

n

1.3 Extensions to Hilbert transform.
Results of the previous section have extensions to discrete bilateral Hilbert
transform

M) =3 UG,

0<lj|<n

where U : H—H is still a contraction in a Hilbert space (H,||.||). The prop-
erties of M, were considered in the work of R. Jajte [5].
The associated sequence of spectral kernels is defined as follows
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Wa(0) = Y exp{ijf}/j,=2i Y sin(0)/j, W ={W,}.
0<lj|<n 0<j<n

We also introduce the auxiliary sequence of functions

o0

Sa(0) = > sin(j6) /).

j=n+1
Then, we observe that for all m > n,
[Win(0) = Wa(0)] = 2 [54(0) — Zm(0)]-
By applying the Abel transform, we get

LeEMMA 7. For all 0 € [—m, ) the following inequalities hold.

a) Foralln > 1, [Z.(0)] < 4/(nld)]) ;
b) For allm > n, [3,(0) — X,,(0)] < (m—n)/m;
¢) For allm > n, [2,(0) — Z,,(0)| < (m —n)ld).

One can easily deduce from Lemma 7 the following analogue of Proposi-
tion 6. For all integers m > n and each 6 € [—x, 7), inequality

|Win(0) — VV,1(9)|2 < 32 Kmn(0)
is valid. By combining this inequality with Proposition 5, we get

THEOREM 8. Let m > n be two positive integers. Then,
11
2 .
| Wi — I’Vn”z,y,S 32 N(%vz}

This result yields corollaries similar to those of Theorem 1. In particular,
for any increasing sequence of positive integers (7,)

DM, () = M, (I < 48 1111,
P

and for every € >0 the entropy number N(W,e) of W in the space
L*([—n, ), ) satisfies

N(W,e) <48 u[—m,m)e 2.
For the entropy number of the set {M,} C H we thus obtain the upper
bound 48|//]|*2.
The extensions to the more difficult case of the unilateral Hilbert trans-

form M, = > ., U/(f)/j, will be considered elsewhere. More about the
properties of M, see in [4].
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1.4 An non-Hilbertian case.

We end this section by indicating an extension to the Wiener space S
of correlated sequences, namely the space consisting with sequences
a = {a(n), n € Z} such that for any integer k, the limit

n—1

Ya(k) = lim 12 a(j)a(j + k)

n—oon

Jj=0

exists. We provide S with the semi-norm

1

1 n—1 5 2

A(a) =limsup| — a(j .

@ n%p(n_; 0
Entropy numbers associated to any subset E of (S,A) are noted N(E, A,.).
For any a = ());c, € h(Z), let us write p,(a) = 37, , e *a(j). Let also T be
the right shift on the space of sequences: T'(b,,n € Z) = (by11,n € Z), and
note

J+T+...4 TN-1
AN: ha +N+ ) N:1727

COROLLARY 9. For any a € S, there exists a constant K(a) depending on a
only, such that

K
Y0 < e < K(a), N{Al(a),n>1},A¢) < E(f) :
Proor. By Bessel-Parseval’s equality,
2 1
YN MEN, Y| (A = Aw) (@)= 5 / [pa(@)PIVx(a) = V(@) da

neZ

Hence
VYJ >1, VN, M such that NV M < J,

2 1/
< —
— 27

We can view the right integral as an integration with respect to the measure

Ee’]"‘

O§/<J

Loy ‘(AN—AM)(a)(n)

J 0<n<J-NVM

> e (0) = Vau(o)]? da

0<j<J

AJa dOé

Assume now that ¢ € S. By mean of Herglotz’s theorem, there exists a un-
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ique nonnegative bounded measure A, on [—, 7|, the spectral measure of the
sequence a, such that

VmeZ,  valm) = / M A (dar).
From Theorem 1 of [1], we know that the family of measures A, weakly
converges to A,. We thus deduce

YN, M > 1, lirnsupl Z |(Ay — Aur)(a)(n))*< %/_]VN(O&) — Vi(@)]* Ag(da).

J=oo gz

The result is now easily deduced from Corollary 2.

2. Spectral regularization related to oscillation functions

2.1 Regularization inequality

In this section, we show how to modify the spectral regularization in order
to control the oscillation functions of ergodic averages. We assume
throughout the section that (X, v) is a measure space with a o-finite measure
v, H=L*(X,v), and U is the unitary operator generated by a measure pre-
serving transformation of (X, v). We write Log(u) = max{1,logu} for u > 1.
We still denote p the spectral measure of an element /' € H and define the
regularized spectral measure f by letting its Lebesgue density be

L= [ owxuas)

where this time

o' og?(121) Il <ol
0(0,x) =

AN 0] < |x| <.

The following theorem provides the control of oscillation over arbitrary
block of averages. In the sequel, we denote by K a numerical constant which
may vary at each occurrence.

THEOREM 10. Let n,n, be positive integers such that n < ny. Then
2

sup [An(f) — Au(f)]

n<m<ny

11
SK:U‘(ivf]
2 n,’n

REMARK. The result still holds true for 4,, generated by arbitrary con-
traction of H (not necessarily related to a measure preserving transforma-
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tion) under supplementary assumption n; < Rn. In the latter case the con-
stant K depends on R.

Theorem 10 can be applied to easily recover a recent result due to R. L.
Jones, R. Kaufman, J. Rosenblatt, and M. Wierdl concerning oscillation
functions of ergodic averages. Indeed, Fubini theorem and an elementary
calculation yield

5
pl=m,m) <SP

N D

Al0,1] <

and we obtain

CoroLLARY 11. (Estimation of the oscillation function [7], Theorem A).
Let (ny) be an increasing sequence of positive integers. Then,

00 2 5
Z < K“fHZ,V .
p=l1 2v

sup  [Aw(f) — Anp V8l

1y <M<np.|

REMARKS. 1. The statement of corollary still holds true for 4,, generated
by arbitrary contraction of H under supplementary assumption
sup n,41/n, < oo. The relevant constant K depends on this ratio supremum.

2. It is interesting to point out that Corollary 11 contains the Riesz’s
maximal inequality. Indeed, it suffices to apply it to the sequence
(ny) = (1, M, M +1,...), then let M tend to infinity. We thus obtain

< Kl -
2,v

sup [4n(f))|

= sup|| sup |4, (f)|
M ||[m<M

2v
The proof of Theorem 10 relies upon the following version of Proposition 5.

PrROPOSITION 12. Let a,b € (0,7) and a < b. Then

ia,b] > / (a, b, 6)u(d6)

with
boa g 0] < a;
k(a,b,0) = b 0] € [a, b];

batTog? (i) 0] € (b, 7).

ProOOF. By Fubini theorem

jlabl = [ ( / o0, x)dx)mde).
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We consider four cases

Case 1: (0] < a)

b b 2 _ g2 2 _ 2
B > 3, a-—=b7 5 b—ua 2>b—a2
/a Q(Q,x)dx—/a 0°x " dx = 7 6 = T 6 > 2a2b9'

Case 2: (a < |0] < 45

b b b B 2
/ 00, x)dx > / 0(0, x)dx = 0*x3dx = M _
a 1] 0] 2

b2—92>b—|9|>b—a
202 T 2 T 4b
Case 3: (42 < || < b)

b
/ 0(0,x)dx >

! 1 ! a 2a b—a
2 (N du > =1-">1--= > =
LLog (u)du_/ildu 1 |0|_1 “1b> b

16] 101

Case 4: (b < |0])

b b B b b_
/a Q(&,x)dXZ/a 0] 1Log2(|%l)dx=/%9L0g2(5>d“>L0g2(%) |9|a'

19l

0(8,x)dx = /09| 6] ' Log? (g) dx =

We will apply this proposition with a =1, b =1 for integers m > n. Then,
(m;n)m 92 |9| < %;
0) = 119_ m—n 0 1 1.
Rm.n( )—5 E7E’ = “dm | |e[ﬁ’ﬁ]’

o Log(nldl)  16] € (3. 7).

mn|6)

2.2 Proof of Theorem 10.
At first we prove the theorem for short dyadic block. Namely, let us as-
sume additionally that for some integer p

(6) ny—n=2"<2n.

We use the classical dyadic scheme and thus introduce the following binary
increments

Nilf) = Ao+ (F) = Apep (), 1<k <p, 0<j<2—1.

Each integer m € [n,n + 27) can be written as
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P
m:n—l—ZEk(m)%”k, ex(m) =0or 1.
k=1
Thus,
P
An(f) = Aa(f) + Z 1 (M) Ajiemy i (f )5

k=1

where the indexes {j(k,m)} are easily defined by {ex(m)}. Thus, we have

n<m<n+2/

P
sup [Aw(f) — An(f)] < Zsu_p Ak ()]
k=1 J
Next, we apply Cauchy-Schwarz inequality,

< sup |An(f) — An(f) (ZSUP|Ajk(f |>

n<m<n+2°

)4 )4 V4
< sup | AR Zi ”—Zsupm PR <
= : e A ,

2

P
gl 2
S L

k=1

Integration of the latter pointwise inequality produces the following in-
equality for norms.
2

sup |An(f) — A4

n<m<n+2°

P
<KDY D AR
k=1 j

We now can leave the space (X,v) for the space L*([—m, ), u), u being the
spectral measure of f, by replacing ||A;x (f)H%” by ||Aj’k||§~,/l’ where

Ajk = V12 (0) = Vi« (6).

It thus remains to study

P g
DD AKIE,A = / Dy, (0) u(d),
k=1 j -

where we put D, ,(0) = 12 A (0 )|*k%. To this aim, we integrate the
basic estimates (3),(4), and (5) in

2v

ProposITION 13. Let m,, n, be positive integers such that m, > n,. Then,
for each § € [—m, )
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2
m, — 1
Vi (0) — V, (6 ’< Kmin m, — N, 292,( i) , .
Vi (0) = V. O)P {( ) TYTTIE

We apply this Proposition with n, =n+;2"% m,=n+ (j+1)2°7*,
m, —n, = 2’7 in order to get a uniform estimate of Ajr(0) in j:

o 1 1
Ajx(0)]F < Kming 2207Kg? 2200 .~ 4
| j-,k( )| = Hlll’l{ ’ nzan2|0|2
Taking now into account the number of terms in each internal sum, we have
< i : 22([)7]()92 22([)*1{) 1 1
D, < k*min , - — .
8 k=1 n?’ 2|9

Now, we can pass directly to the proof of Theorem 10 in the case (6).
According to the previous estimates, it is enough to prove that D, ,(#) <
Kknio n(0). We distinguish four cases.

Case 1: (|0] € [0,725)). Then,
P P
Dyp(0) < K 28220 Rg> = K276 (Z 2kk2> <
k=1 k=1
K27 (27 +n)0* = K#ipyr 1(0).
Case 2: (0] € [15,1]). Then,

Dy (0) SKZ(Z"QZ(P*") Ly ) < k2 (Zz kk2> < Kf,
p

On the other hand,
2p
2_: 2 (n427) 2_1’<K 2°
n  (n+2) n n—  (n+27)

Case 3: (n > 2 and |0] € (1,}]) The previous estimate D,,(0) < K27, is still
sufficient, since

= Kli,/H,Zp‘n (9) .

2 2% n 1 221
= Log? > . >
@ a8 D =y el

Hence, D, ,(0) < Kkni2 4(0).

Case 4. (0] € (5;,7]). Consider the intervals (3% ,5%), 0 <k, < p+ 1 cov-
ering (3, . Let |0] € (3% ,52): then 2% < [9|27 < 2%*! We split our esti-
mate for D, ,(#) in two parts, with k <k, and k > k,, respectively. For the

first sum, we have the bound

Rn+420 n (9) =
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20 20
E XK < K- < K— " |2
<k n292 n20] " = n(n+27)[0] °

For the second sum, we have a bound of the same order,

p+l k2 22,, p+1
DA ) kk2<K (k, + 1727 <
kg1 n T on o1
2% (ko + 1) 2r
<K= — k,
<Ko~ Kog e+ 1

We also have
kolog2 <log(2"|0]) < Klog(2n|0|) < Log(n|f]) + Klog2 < KLog(n|0]).

Consequently, the total estimate is

D,,(0) <K ogz(n|6‘|) = Kkpy24(0).

op

w20
The proof of Theorem 10 is now finished for the case (6). Next, we con-

sider the short but not necessarily dyadic block assuming only that

(7) ny —n<n.

Choose p such that 22~! < n, —n < 2. We can apply the result to the dyadic
block [n,n + 27] for which we have proved that

sup |An(f) -

n<m<n-+2

<K/ p(0) ps(d6) <K//£n+2pn O)u(do).

Moreover, it follows from the definition of the kernel &,,, that inequality
n- <m < n; yields

Hn+2ﬁ,n (0) S Kﬂmﬂn (0) .

By natural monotonity of oscillations and by the previous line and the case
that has already been proved, we have

2
sup ‘Am(f) - A'l(f)|

n<m<n+2P 2

2
sup [Au(f) — A (f)]

n<m<ng 2

K [ ra Ot < K u(%l]

Now, Theorem 10 is proved under assumption (7), i.e. for short blocks. For
the control of oscillations over long blocks, the following result will be use-
ful.

< <
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LeMMA 14. Let ky < ky and put B = {2%,k = ky,--- k»}. Then
2

I 1
<Kigl—,—
Z,Vi u<b+ b—:|

where b_ = min{b € B} and b; = max{b € B}.

sup [4y(f) — A4, (f)]
beB

We postpone the proof of Lemma 14 to the end of the section and now
finish the proof of Theorem 10 by considering the remainder case ny > 2n.
The set B={2f€[n,n.]} is not empty. Let b_ =min{h € B} and
by = max{b € B}. For each m € [n,b,) we have

|Am — An+| < inf |Am — Ab| + sup ‘Ab — Ab+| + |Ab+ — An+|.
beB beB

Moreover,
sup inf |4, —Ay| < sup |Am—Ap |+ sup sup |4m — Apl-
melnb, ) bEB meln,b_) beB\{b, } me[b,2b)
Therefore, we have

sup |Am —Ap | < sup |Aw—Ap |+ sup sup |Am — Ap|+
melnn,y) melnb_) beB\{b.} me[b,2b)

sup |Am - An+| =+ sup |Ab - Ah+ |
melby.ny) beB

By the definition of B, each block mentioned in the right hand side is short in

the sense of (7). By application of Theorem 10 to those blocks and using

Lemma 14, we finally obtain

2

(11
sup |Am - An| < Kjp (b_7_:| +
melnny) 2 - n
11 1 1 1 1 1 1
K | —,— Kol —,— Ko|l—,—| <Kpgl—,—|.
2 M(Zb’b} i u(n+’b+} " M(b+’b] B u(m’n}

beB\{b}
Now, the proof of Theorem 10 is achieved completely.
We finish this section with the

PrOOF OF LEMMA 14: Let E(6) be the resolution of the unit; that is the
increasing family (E£(6)) of projectors in L?>(X,v) such that

U= / e dE(6).

s

Then,
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Ay =AY = /W V,(0) dE(6).

We approximate 4, with

A, = /_idE(G) = E(%) —E(%l).

This operator appears as the rest of the orthogonal series in the seminal
work of V. F. Gaposhkin [3]. Our strategy will take advantage of two facts:
— a maximal inequality for the averages A,(f),

—an internal commutation property for the operators A;,: A'blA'b2 =

A;nux b1,by)"

Tﬁelfezt)ore, we go on as follows: we pass from A, to A;} to use the com-
mutation, and thus make appear a difference 4, — 4, instead of oscilla-
tion. Next, we return to A, in order to apply the maximal inequality.
Namely,

2
<

(s — A ) P= | (A = 4, )+ (s — i) + (4, — 43,

< 3] (A’,, - A},+)f‘2+6 sup (Ab - A},)f‘z.

beB

Apply now the commutation property

(4, V7 = (s — Aty ) = 454, — 4, )= o+ (4~ A

’

where we put fy = (Ab, — A;M)f. Thus,

[ (4, 4,)1[ < 2140 42| (4, — 40) 0]

Consequently,
‘2

2 ’ 2 ’
sup| (4p — 4y, )f| < 6 sup|dyfo|*+6 sup‘ (Ab - Ab)f‘ +6 sup (Ab — Ab)fo .
beB beB beB beB

We control the first term by using the dominated ergodic theorem ([8], The-
orem 6.3, p. 52):

1 1

suplAifo "< ol = 140 < 10] € (=51}
beB + —

It was the only point of the proof which does not go through for arbitrary
contractions and appeals to the ergodic nature of the operator U.

To control the second and the third terms, we make use of the lacunary
property of the set B.
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, 2 , 2
supl (4 = || <3 (4, - s, -
[ |vs0) = 13y i) = [ wa@yutas)
beB
where we put ko(0) = >, 5|Vs(0) — 1[,%%]‘2. It remains to estimate ro(6).

Consider two cases

a) (b|0| < 1): Then, by (3), [V,(0) — 1| < b4

b) (6[6] > 1): Then, by (5), |V3(0)] <

Thus, we have

blof”

71_2

2
™2 | 2 )
Ko(6) < ;1—61) 0> + Z—z 16|
blo|<1 blo]>1
or
w2 1.2 2
b0 6] < I
7T2 7r2
ko) ={ B+ <372 |0l € [E.4
bl < 6] € (-, 7]
3p2 |67 — 3b-16] LR

Comparing now ko(#) with the function &;, , (), and taking into account
the fact that b, > 2b_ (otherwise b, = b_ and there is nothing to prove),

leads to

ro(0) < 6m°kp, 5 ().

Integration over [—m, 7) yields, via Proposition 5,

Since the spectral m

Summarizing, what we have proved is

This achieves the proof of Lemma 14.

"

sup
beB

easure of fy is bounded by u, we also have

(1

sup
beB

sup| (4 — 45, )|
beB

2

2v

2

2v

< 6772ﬂ<

<kt

1 1]
b b |
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REMARK. Looking at the simple form of the function ky, attentive reader
can observe that in the statement of Lemma 14 we can replace our regular-
ized spectral measure by the smaller analogous measure from Section 1.1.
Therefore, the control of oscillation along lacunary sequence proves to be
easier than the same task for full short blocks.

3. Almost sure convergence

In what follows, we assume again that H = L*(X,v), where v is a non-
negative finite measure. In Section 1 we studied (in the more general setting)
contraction operators U : H—H and the families of averages 4,(f) gener-
ated by U and by an element / € H. The general principles of ergodic theory
suggest to complete Theorem 1 with investigation of v-almost sure con-
vergence of the averages 4,(f) on X.

Though inspired by inequality (2) from Theorem 1, the following theorem
embraces, however, more general framework. For example, it contains as
immediate corollary the celebrated Rademacher-Menshov convergence cri-
terion for orthogonal series.

THEOREM 15. Let p be a measure on [0, 1] such that

1
/0 log?(1/u)u(du) < oo.

Let B={B,, n € N} C H, be a sequence satisfying for all m > n,
11
1B — Bn“%,u < l‘(%vg]
Then, the sequence B converges v-almost surely on X.
ProoF. First, observe that B is Cauchy sequence in Banach space H.
Hence, there exists an H-limit B,. Moreover, for each n we have
1B = Bul3,, < (0, Y. In particular,

o0 50 1
2 B =Bl < Z“(“z—} -

00 277 2!
le%@ﬁéﬁI@WWWKm
p=1

—p—1

Thus we have Z;Ozl [Boo — sz\z < 00 and By = lim, o By v-almost surely.

Consider now the oscillations over dyadic blocks. Fix p > 1 and define the
set B, = {B,,2" <n <21} C H. We have a simple bound for its entropy
numbers,
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N(B,,¢e) < min{2p,u,,672 + 1},

where j1, = ,u(z,,l+1 ,21,] The first part of this bound is obvious. The second one

appears when we cover B, by the subsets

1
BPJ = {Bn : N(Ovzipil} + 152 < M(O’Z:| < u(0727p71] + (l + 1)52’}7 /= Oa 1a
(Recall that we used such coverings in the proofs of Corollaries 3 and 4.)

Next, we make use of G. Pisier entropy estimate ([11 ], Theorem 2.1) and
thus obtain

12
sup |B, — By |

Ky,
< K/ \/N(By,e)de <
B,eB,
2—/7/2H11)/2 Kul/z
K(/ 21’/2d5+/ u],/z 1d5> <
0 202

log2
(8) K(u,‘,/2+u,l,/2(log1<+7p>> < Kp/*(1+p),

with (different at each occurrence) numeric constants K.

It is interesting to notice that this key inequality follows not only from
Pisier estimate but also by applying of a result of F. Moricz on the sums of
dependent variables, which we recall here for convenience of the reader.

THEOREM 16. ([10]) Let (X;) be a sequence of random variables and
S(ni,m) =32, ey, Xj. Assume that there exists an array of reals g(ni,n>)
such that two following conditions are satisfied.

1) For all integer ny < ny and some real r > 1

E[S(n1,m)['< g
i) If ny < ny < n3, then
g(m,n3) < g(ni,m) + g(na, n3).
Then, for all n| < ny,

E sup |S(n,n)| < (10g2(n2 — nl))rgn],nz.

ny<n<np

One may apply this theorem_ with r=2, X;= By,j— By

(1<j<2), g(n,m)= (35| and obtain
2

sup |B, — By|
BnGBp

sup [S(0,n)]

0<n<2r

2 1 1
) < ((p+1)log2) p,(w,?}’
2v e
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which is equivalent to (8).
We continue the proof of Theorem 15 by writing

o) 1
<> Ku(1+pP <K / log?(1/u) () < oo.
20 b=l 0

sup |B, — By|

Finally we have

o0

2
E sup |B, — By|” < o0
=1 B:€B,

and thus

lim sup |B, — B»| =0
P B.eB,

v-almost surely. Now, the convergence of By, which was proved earlier,
yields the convergence of the whole sequence B,.

REMARK. There exists also a completely different proof of Theorem 15
(see [9]) based on Talagrand’s technique of majorizing measures [13].

CoroLLARY 17 (Rademacher-Menshov theorem, [2], Ch.4.4). Let
{&} C H be an orthogonal sequence satisfying

> lgl3, log*k < oo.

Then, the series . & converges v-almost surely on X.

PrOOF. It is enough to put B, = Y | & and define the measure

((k+ 1)+ k7).

R —

o0
2
n= Z kaHz,yéuk? Uy =
k=1

Applying Theorem 15 to B and pu, we obtain the result.

Sometimes the following modification of Theorem 15 may be useful for
the investigation of subsequences.

THEOREM 18. Let J: Ry—R. be an increasing map such that J(N) C N.
Let B={B;, j € J(N)} C H, be a sequence satisfying for all integer m > n,

11
l

By — Biw 3, < plo—,——
|| J(m) .I(H)HZ,V—H(J(m) J(n)

for a measure i on [0, 1] such that

/(logj’l(l/u))zu(du) < 0.
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Then, the sequence B converges v-almost surely on X.

ProOF. Consider the transformation S(u) = (1 - We have S( 7 (n)]
(m,n] Therefore, Theorem 15 works for the sequence B, = By and measure

po=pSt
CoROLLARY 19. (Spectral criterion of V. F. Gaposhkin for the strong law

of large numbers for weakly stationary processes, [3]). Assume that the spec-
tral measure 1 of an element f € H with respect to unitary operator U satisfies

/log 10g| | wuldu) <

Then the sequence of averages (A,(f)) converges v-almost surely on X.

Proor. Let fi be the regularization of p defined in Section 1. It is plain
that also

/ (log? Jog(1/|uf)du) < oo,

Apply Theorem 18 with J(p) = 27, By = Ax»(f). Theorem 1 provides that the
assumption of Theorem 18 is valid. Therefore, we obtain the convergence of
Ax»(f), p—o0. Moreover, Corollary 11 (with subsequent remark) yields that

e8]
sup  |4(f) = Az ()P < o0

521 Y <m<y!

v-almost surely. Hence,
lim  sup |A,(f) — A»(f)| =0,

P00 2p << op !

and Corollary 19 follows.

4. Continuous time

The results of the article remain valid, if we consider a semigroup of unitary
operators {U,, t € R, } in a Hilbert Space H and the correspondent averages

Ar(f) :%/0 U,(f)dt .

In this case, one must replace the space L?([—,7), ) with L*(R', i), and the
family of kernels V' becomes

iTo
;L , e -1
V' = {VT(H) =~7T% }

Since the basic elementary inequalities
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and

M—-T 2(M —-T
V3 (6) — V4(0) gmin{ e >}, M>T,
2 M
2
/a
<_

hold true, we still have the analogue of Theorem 1,

1 1
! 7 112 ~

— < — .
[ Vv T||2,u > 8M<M> T}

All corollaries about entropy numbers and oscillations follow straightfor-

W

ard.
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