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HOMOMORPHISMS INTO SIMPLE LIMITS OF CIRCLE
ALGEBRAS

KAREN EGEDE NIELSEN"

0. Introduction

Given any class of C*-algebras it is an important problem to describe the
nature of the x-homomorphisms connecting the C*-algebras. Indeed, if one
can prove that there is a 1-1 correspondence, up to approximate inner
equivalence, between the x-homomorphisms connecting any two algebras in
the class and the morphisms connecting some natural invariants of the two
C*-algebras, then (as long as the C*-algebras are separable) this auto-
matically yields a classification of the C*-algebras in terms of the same in-
variants, cf. [19].

For a unital C*-algebra, 4, the so-called Elliott Invariant is the tuple
consisting of the K-groups, Ko(4) @ K (4), the tracial state space, T(4),
and the pairing map, r4. Elliott’s classification theorem, Theorem 1 of [10],
says that this invariant is complete for the unital C*-algebras which arise as
inductive limits of sequences of finite direct sums of circle algebras (for short
this class of C*-algebras will be denoted by %1) and which are simple. In
[16], this was clarified by showing that in fact any morphism at the level of
the Elliott Invariants lift to a x-homomorphism at the level of the C*-alge-
bras and further, that this lift is uniquely determined, up to approximate
inner equivalence, by its action on a natural extension of the Elliott In-
variant.

The purpose of this paper is, as a step towards a better understanding of
the non-simple case, to describe the nature of the unital x-homomorphisms
from an arbitrary C*-algebra from %t into a simple C*-algebra from %ér. In
particular, we focus on the existence and uniqueness of *-homomorphisms
liftted from morphisms between the Elliott Invariants of the algebras.

We show that given a unital x-homomorphisms between two C*-algebras
from %, only the target algebra being simple, then the x-homomorphism is
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completely determined, up to approximate inner equivalence, by its action at
the level of the extended invariant from [16]. This is Theorem 2.1 below.

Contrary to the case where both the target and the domain algebra are
simple, in our case, we have natural obstructions against the lifting of some
morphisms between the invariants. These obstructions are discussed, and we
describe exactly which morphism between the Elliott Invariants (as well as
between the extended invariants from [16]) that can be lifted to *-homo-
morphisms between the algebras. For details see Theorem 3.3 below.

For C*-algebras in %1 of real rank zero, the Elliott Invariant reduces to
the K-groups of the algebras and, by [8], any positive, order unit preserving
map between the K-groups of two such algebras lift to a x-homomorphism
between the C*-algebras. In section 4 we show that not all positive, order
unit preserving maps between the K-groups of two simple C*-algebras in €t
lift to *-homomorphisms.

Finally, by applying our results to the special case where the domain al-
gebra is C(T), we obtain a classification, up to approximate unitary equiva-
lence, of the unitary elements in simple C*-algebras from é7. For details see
Theorem 5.1 below.

The author wish to thank the referee for shortening the proof of Lemma
2.2.

1. Preliminaries

Let @1 denote the class of all unital C*-algebras which are inductive limits of
sequences of finite direct sums of circle algebras. If 4 in ¢t is simple and
infinite dimensional, it can be realized as an inductive limit of a sequence of
finite direct sums of circle algebras with injective connecting *-homomorph-
isms (Theorem 1.1 of [16]). Throughout, when dealing with a simple infinite
dimensional C*-algebra in %1, we will assume that it has been realized in
this manner.

When A4 is a unital C*-algebra, U(A4) will denote the unitary group and

DU(A) the closure of its commutator subgroup. Then U(A4)/DU(A) is a
metrizable complete topological group in the quotient metric

D4(Q(u), Q(v)) = inf{ [luv* — ¢/ | c € DU(A) },

where Q:U(A) — U(A)/DU(A) denote the quotient map. We let
p:Ko(4) — Aff T(4) denote the natural map and g¢:Aff T(4) —
Aff T(A4)/p(Ko(A4)) the induced quotient map. If 4’ denotes the quotient
metric on Aff 7(4)/p(Ko(A)), the metric dy on Aff T(A4)/p(Ko(A)), defined

by
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2 for d'(q(f),q(g)) > 3
da(q(f).q(8)) = { |27 @4@) 1| for d'(q(f), q(g)) < i

also induces the quotient topology on Aff T(4)/p(Ko(A4)). Given
a = (az) € Mi(A),, for some k € N, then @ € Aff T(A4) will denote the ele-
ment  w— S5 w(ay), we T(4). When Ae%r, DU(A)C UyA),
K (4) =~ m(U(A4)), Ko(A) =~ 7 (U(A)), cf. [18], and the map

Mt AfE T(A)/p(Ko(A)) — U(A)/DUA) ; (@) = Q™) Y a € A,

is a well-defined embedding, which identifies Aff T(A4)/p(Ko(4)) with
Uy(A)/DU(A), cf. [20] and [16]. Tt follows that we have an exact sequence

0 — AL T(4)/p(Ko(A)) 5 U(4)/DUA) =5 Ky(A4) — 0

where 74(Q(u)) = [ulg,, u € U(A4). Moreover, by Lemma 3.1 of [16], this
sequence is split exact and A4 is an isometry with respect to the metrics dy
and Dy.

A unital *-homomorphism ¢ : A — B between unital C*-algebras induces
in a natural way a contractive homomorphism ¢°: U(A4)/DU(A) —
U(B)/DU(B) between the unitary groups modulo the closure of their com-
mutator subgroups. Moreover, when 4 and B are from the class %7, the ac-
tion of ¢ at the level of K; can be recovered from ¢ as the map between the
groups of connected components.

Let A =lim{A4,,u,} be an inductive limit of a sequence of finite direct
sums of circle algebras. Then (cf. Lemma 3.2 and Lemma 3.3 of [21]) the
order unit space Aff 7'(A4) is the inductive limit

~

Aff T(4;) 25 Aff T(4y) 25 Aff T(43) 2 -

and the canonical map Aff 7'(4,) — Aff T(A) is the map fiw ,. Similarly,
U(A4)/DU(A) is the inductive limit, in the category of complete metric
groups, of the sequence

S |

U(41)/DU(41) 4, U(42)/DU(4,) “, U(43)/DU(A3) — - -

where the canonical map U(4,)/DU(4,) — U(A4)/DU(A) is the map p?_ .
This will be used freely in the following.
2. Uniqueness

We will prove the following theorem, which is the counterpart of [16] Theo-
rem B.

THEOREM 2.1. Given A, B € %1 with B simple. Let p,1p: A — B be two
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unital x-homomorphisms. Then ¢ and 1) are approximate inner equivalent if
and only if ¢, = 1. on Ko(A), * = ¢* on T(B) and ©* =% on U(A)/DU(A).

It is possible to give an example of a simple unital C*-algebra in ¥7 which
has an automorphism « that is not approximately inner, although « has the
same action as the identity map on the K-theory and the tracial state space -
cf. section 5 of [16]. Thus, in general, it does not suffice in Theorem 2.1 that
the *-homomorphisms ¢ and 1 have the same action on the K-theory and
the tracial state spaces. To prove the theorem we will isolate two lemmas.

LEMMA 2.2. Let A, B be unital C*-algebras with B simple and T(B) # (. Let
w, ¥: A — B be two unital x-homomorphisms. If ©* =" on T(B), then
ker ¢ = ker 9.

ProOF. Given a € 4, then by assumption 7(¢(a*a)) = 7(¢(a*a)) for all
7€ T(B). Since all traces on B are faithful (B is simple) it follows that
o(a) = 0 if and only if ¥(a) = 0.

Lemma 2.3 below is an adaptation of Elliott’s uniqueness theorem for x*-
homomorphisms between finite direct sums of interval algebras, Theorem 6
of [9], to the case of x-homomorphisms from finite direct sums of interval
algebras to finite direct sums of circle algebras.

Given 4 = @jK:lC(X) ® M, a finite direct sum of circle (i.e. X =T), re-
spectively interval algebras (i.e. X = [0, 1]). The canonical generators cg(A4)
of A consist of the standard system of matrix units of EB/K: M), together with
the unitary, respectively selfadjoint element (id, id, - - -,id). When 4 is a fi-
nite direct sum of interval algebras, we let cag(A4) be the set consisting of the
images in 4 of the canonical selfadjoint generator of the center of each of the
summands C([0,1]) ® M,,, j=1,---,K. When 4 is a finite direct sum of
circle algebras, cu(4) denotes the set consisting of the unitaries
Gid,1,---,1),(1,id, 1,---,1),---,(1,---,1,id), whereas the set consisting of
the partial unitaries (id,0,---,0),(0,id,0,---,0),---,(0,---,0,id) will be de-
noted by cug(4). Given n € N let ¢;: [0,1] — [0,1], i=1,---,n, be non-zero

i—1

continuous functions such that supp ¢; C [+, %]

LeEMMA 2.3. For every n € N there is a finite set of functions G C C[0,1]
with the following property: When A is a finite direct sum of interval algebras,
B a finite direct sum of circle algebras, v, : A — B unital x-homomorphisms
and 6 > 0 such that

(1) . =1, on Ko(A4),

(2) 0(¢(p(ag))) >26Vi=1,---,n, € T(B), ag € cag(A),

(3) 10(p(glao))) —O(v(g(a0)))| <6V g € G, 0 € T(B), ay € cag(A).

Then there is a unitary u € U(B) such that
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| uplaj” — (@) | <, ac ca(a).

ProOF. It is straightforward to adapt the proof of Theorem 6 of [9] to the
present situation.

PrOOF OF THEOREM 2.1. Let {4,,u,} and {B,,p,} be generating se-
quences of 4 and B, respectively. It suffices to find a sequence of unitaries
{ux} in B such that

1 k-1
(1) e o pooi(@y = o poola) | <7V a € pusleg(4))) U eg(Ai).

j=1

Let k£ € N be given. By Lemma 2.2, ker ¢ o psx = ker ¢ o pioo . There are
closed subsets Xj,---,X)y of T such that Ai/ker po oo~
oM, C(X;) © M,,. From Lemma 1.3 of [16] it follows that for any finite sub-
set F C @j‘i] C(X;) ® M,, and any e>0 there exist regular subsets
Y;CX; j=1,---,M, and an injective x-homomorphism

¢ &, C(Y)) ® My, — &}, C(X)) ® M,
such that
F C o(e,C(Y) o M,).

By a regular subset of T we mean a subset which is either T or the union of
finitely many points and closed arc-segments. It follows that there exist a
0o > 0 and regular subsets Y¥; C X;, j=1,---, M, such that the estimate (1)
will follow, if we can prove that

H U P O [hoo ke © (b(a)u;: - '(/J O Moo,k © (b(a) ” < 607 ac Cg(A;c)a

where 4} = oM, C(Y;) © M,,,.

Aj, is isomorphic to a finite direct sum of algebras, each summand being
either an interval-, a circle- or a matrix-algebra. However, using that
©x O foojk, © Px = Vs O fioc i, © P ON Ko(A4)), we can treat each summand se-
parately. In particular we can reduce to the following three cases — the case
(i) where A is a finite direct sum of interval algebras, the case (ii) where A4}
is a finite direct sum of circle algebras and the case (iii) where A} is finite
dimensional. In the latter case, the theorem follows from the well-known
fact that two unital *-homomorphisms from a finite dimensional C*-algebra
into a unital C*-algebra with cancellation in K, are inner equivalent. So
what is left is case (i) and (ii);

Case (i): Adopt the notation from Lemma 2.3. Choose n € N such that
3 < §. Let G C C[0,1] be the finite set of functions from Lemma 2.3 corre-
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sponding to the choice of n. Since B is simple and ¢ o pi. 0 ¢ is injective, we
can find 6 > 0 such that

(2) G(Q((po,uw’k o (;S(ao))) > 26, i=1,---,n, 8 € T(B), ay € cag(Ay,).

Now for any finite subset H C 4; and € > 0 we can find an £ € N and unital
s-homomorphisms ¢y, : A} — By such that ||ps 0 (@) — @0 oo ©
p(a)]] < e and ||poor © PYe(a) — 1 o oo © p(a)|| < € for all « € H, cf. Lemma
42 of [8]. Since Pojimiod=1o0amro¢d on Aff T(4,) and
D O fhoof, © Ps = Uy O fic ke, © Py 0N Ko(A4}), we can, by choosing ¢ and H
appropriately, arrange that

Il 2 (gla0)) —de(g(an)) | < 8, g € G, ao € cao(4}),
and, by (2),
Q(Q((p[(ao))) > 25, i= 1, s N, XS T(B@), ap € Ca()(A;(),

and further that ¢y, =1y, on Ko(4)). Applying Lemma 2.3 we obtain a
unitary v; € By such that

. 3
Fvepe(@)vi = vela) | < - a € ca(4y).

Now, if e is chosen smaller than }(8 —2) and if H D cg(4}), then
U = pPooy(Vi) is the desired unitary.

Case (ii): Adopt the notation from Theorem 2.4 of [16] (the uniqueness
theorem for x-homomorphisms between finite direct sums of circle algebras).
Choose m € N such that % < %0 Since B is simple, we can find n € N,;n > 12

and ¢ > 0 such that & < &,

1
() 0§ (0o pskopuo))) >y j=1,2,---,m,0 € T(B),uo € cug(A4y),
and
4) 9(5?"(90 O fook © P(up))) > 26, i=1,2,---,3n,0 € T(B),u € Cuo(Aﬁ().

Let F C C(TU{0},[0,1]) be the finite set of functions from Theorem 2.4 of
[16] corresponding to the present choice of n and m. Analogously to case (i),
we can find /€ N and x-homomorphisms ¢y, : A, — B, such that

Pr. = Yr, on Ko(4p),

max{ |[pocs © pe(@) = @ © prock © H@)l; [|poce 0 Pe(a) = 1o poos 0 Pla)|| }
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<i(#- (%4‘6%)) a € cg(4p),

and

| Ge(fluo)) — De(flwo)) | < 8, f € Fyup € cug(A}).

We can also arrange that
. . 1
dist (¢ (u)pe(u*), DU(By)) < 5, UE cu(4y),

since ¢f o il 0 ¢f = ol , 0¢* on U(A})/DU(A}), and further, by (3)
and (4), we can arrange that

|
9(@4(5}"(1/10))) > e j=12,---m, 0 € T(By), up € CLI()(A;()
and

0(pe(&"(u0))) > 26, i=1,2,---,3n, 6 € T(By), up € cup(A}).

Now the desired unitary can be obtained from Theorem 2.4 of [16].

3. Existence

We discuss the natural obstructions against the lifting of a map at the level
of the invariants to a x-homomorphisms at the level of the C*-algebras, the
domain algebra and the target algebra being an arbitrary and a simple C*-
algebra from the class %1, respectively. Furthermore, we show that the ob-
structions described are the only ones by proving an existence theorem,
Theorem 3.3 below, for unital x-homomorphisms from an arbitrary into a
simple C*-algebra from the class ér.

Let A,B€%1. If ¢y:Ko(A4) — Ko(B) is a positive homomorphism,
or: T(B) — T(4) a continuous, affine map and ¥:U(4)/DU(A4) —
U(B)/DU(B) a group homomorphism, then we will say that the tuple
(po, o1, ¥) is compatible when

ra0pr(w)(x) =rpw)(po(x)), x € Ko(4),we T(B),

and

Aff T(A)/p(Ko(A)) —22— U(A)/DU(A)

d al

Aff T(B)/p(Ko(B)) —2— U(B)/DU(B)
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commutes. Here r():T(-) — S(Ko(-)) denotes the pairing map and
o Aff T(A4)/p(Ko(A4)) — Aff T(B)/p(Ko(B)) the homomorphism induced
by ¢o and ¢7. Let E(A) denote the following extension of the Elliott In-
variant

E(4) = (Ko(A), T(A), U(A)/DU(A), r4, As).

Then a compatible tuple can be considered as a morphism E(4) — E(B).

When ¢ : Ko(4) — Ko(B) is a positive homomorphism and ¢r : T(B) —
T(A) a continuous, affine map, compatible with ¢y. Then the map
o Aff T(A4)/p(Ko(A)) — Aff T(B)/p(Ko(B)) is contractive w.r.t. the me-
trics d4 and dp. Let ¥ : U(A)/DU(A) — U(B)/DU(B) be a group homo-
morphisms for which the first square of the diagram

A —_— TA
AFE T(A)/o(Ro(A)) v U(A4)/DU(A) —2 Ky (4)

& ¥

- A —_— T

Aff T(B)/p(Ko(B)) ——+ U(B)/DU(B) —— Ki(B)
commutes. Then, because A4 and A\p are isometries, it follows that ¥ is con-
tractive. Further, since K;(4) and K;(B) are the groups of connected com-
ponents in U(4)/DU(A) and U(B)/DU(B), respectively, it follows that ¥
induces a group homomorphism ¢; : K;(4) — K;(B) such that the entire
diagram is commutative. Suppressing the x-isomorphisms arising from the
split exactness of the rows, U(A4)/DU(A) ~ Aff T(A)/p(Ko(A4)) & K;(A4)
and U(B)/DU(B) ~ Aff T(B)/p(Ko(B)) ® Ki(B), ¥ decomposes into four

homomorphisms
< Un Yn >
Uy ¥y

where ¥ =@, ¥y =0, Uy =¢; and ¥); can be any homomorphism
K;(4) — Aff T(B)/p(Ko(B)). Conversely, any homomorphism of this form
makes the entire diagram commutative. It follows that if E(4) denotes the
Elliott Invariant, i.e.

E(A4) = (Ko(A4), T(4), K (4),r4),

then E(A4) is a natural extension of E(A) in the sense that any morphism
E(A4) — E(B) restricts to a morphism E(A4) — E(B) and, conversely, any
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morphism E(4) — E(B) extends (although not necessarily in a unique way)
to a morphism E(4) — E(B).

Let A, B be unital C*-algebras. By the tracial scale of A we will mean the
cone

Y (A)={aacAff T(4) |ac A} CAff T(4)".

A continuous affine map 7 : T(B) — T(A4) will be said to be scale preser-
ving when its dual map 7, satisfies that o7, (2'(4)) C X(B). From [5] it
follows that for any unital C*-algebra D, {f € Aff T(D) | f > 0} C X'(D).
Using this, it is easy to see that when A, B are unital C*-algebras and 4 is
simple, then any continuous, affine map ¢r : T(B) — T(A4) is scale preser-
ving. When A4 is not simple, however, this is no longer the case, cf. Example
3.6.

Given a continuous, affine map 7 : T(B) — T(A4), we let I, C A denote
the closed two-sided ideal

L;T:{CIGA | @T*(a/*\a):O}a
and let 7: 4 — A/I,, denote the quotient map.

LEMMA 3.1. Let A, B be unital C*-algebras. Given a continuous, affine map
or: T(B) — T(A), there exists a  unique  Markov  operator
¢ Aff T(A/1,,) — Aff T(B) such that the following diagram

ART(A) 2X . AS T(B)
q 6
AR T(A/T,,)

is commutative. Moreover, ¢ is faithful, and if pr is scale preserving, then so is
.

Proor. For any unital C*-algebra D, let Dy C D, denote the subset of
elements x — y, x,y € Dy,, for which there exists a sequence {d;} C D with
x=Y,ddf and y=)>,dd. Then Dy C Ds, is closed, and for all
d € Dy, : sup{|w(d)| | w € T(D)} = inf{||d — x|| | x € Do}, cf. [5] and [1]. Let
¢ : Aff T(A/I,,) — Aff T(B) be defined by

—

o(m(a)) = pr.(@) Vac€ As.
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By Proposition 3.7 of [5], w(A4o) = (4/I,,),. Therefore if w(/cz\) = 0, there exist
b e Ay and x = x* € I, such that a = b+ x. Hence ¢r,(a) = gaT*(b/Jr\x) =
¢r,(X) = 0, by Cauchy-Schwartz. So ¢ is well-defined, and clearly ¢(1) = 1.
If 0 = ¢(n(a*a)) = @r.(a*a), then a*a e I,,, so ¢ is faithful. ¢ is scale pre-
serving, when ¢ is, because 7(2'(4)) = X'(4/1,,).

In the following we will make extensive use of the fact that the class % is
closed when taking quotients, if this is not clear to the reader, he is urged to
look at Lemma 3.11.

A compatible tuple (¢, o7, ¥) is said to be strongly compatible if there
exist a group homomorphism & : U(4/1,,)/DU(A/I,,) — U(B)/DU(B)
such that

U(A)/DU(A) U(B)/DU(B)
A
7 &
U(A/lpy )/ DU(A[ ¢y )
commutes, and a positive homomorphism ¢y : Ko(4/1,,) — Ko(B) such that
¥o
Ko(A) Ko(B)
O
KO(A/ISPT)

commutes and such that ¢* and ¢y are compatible, i.e.
raj,, © ¢ (W)(x) = rp(w)(do(x)), x€Ko(d/I,;),we T(B),

where ¢* : T(B) — T(A/I,,) is the dual of the map ¢ from Lemma 3.1.
As the following lemma shows, a compatible tuple is strongly compatible
if and only if, as a morphism E(4) — E(B), it factorizes through E(A4/1,,).

LEMMA 3.2. Let A, B € G1. Assume that there is a positive homomorphism
o : Ko(A4) — Ko(B), a continuous, affine map pr:T(B) — T(A), and a

group homomorphism W : U(A)/DU(A) — U(B)/DU(B) such that the tuple
(po, o1, V) is strongly compatible. Then there exist a (unique) faithful Markov
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operator ¢ : Aff T(A/1,,) — Aff T(B), a positive, faithful homomorphism
¢o : Ko(A/1,,) — Ko(B) and a group homomorphism & :U(A/l,,)/
DU(A/1,,) — U(B)/DU(B) such that pr, = ¢ o7, py= ¢gom, ¥=>or
and such that the tuple (¢o, ¢*, ®) is (strongly) compatible. Moreover, if g is
order unit preserving, then so is ¢o, and if pr is scale preserving, then so is ¢.

ProOF. The existence of the maps follows from the definition of strongly
compatibility and from Lemma 3.1, except that we have to check that
¢o is faithful and that Agog =20l , where ¢:Aff T(4/1,,)/
p(Ko(4/1,,)) — Aff T(B)/p(Ko(B)) is the well-defined map induced by the
compatible maps ¢ and ¢o. Let p € My(A4/1,,) be given and assume that
¢o([p]) = 0. Then for all w € T(B) : 0 = rg(w)(do([p])) = ¢()(w), thus, since

¢ is faithful, p = 0. Consider the diagram

P A ———

AR T(4)/p(Ko(A) = U(4)/DUA)
7 h
V. V5 . Y S

@ Aff T(A/LPT)//)(KO(A/LPT)) U(A/Isor)/DU(A/LpT) 4

J) P

AR T(B)/p(Ko(B)) - U(B)/DU(B)

B

The two triangles, the upper inner square and the outer square commutes.
Because 7 is surjective, it follows that so does the lower inner square. When
(o 1s order unit preserving, then [15] = @o([14]) = do(mo([14])) = do([La/z,,]),
S0 ¢g also preserves the unit.

When A4, B € ¥t and B is simple, then for any unital x-homomorphism
1 : A — B the dual map «* is scale preserving. Moreover, because B is sim-
ple, ker 1 = I, and it follows that the tuple (19, %", ") is strongly compa-
tible. Our goal here is to prove the following existence theorem, which can
be considered as the counterpart of Theorem A of [16].

THEOREM 3.3. Let A, B € €1 be unital C*-algebras with B simple and in-
finite dimensional. Let g : Ko(A) — Ko(B) be a positive, order unit preserving
homomorphism, pr : T(B) — T(A) a continuous, scale preserving, affine map
and W : U(A)/DU(A) — U(B)/DU(B) a group homomorphism. Then there
exists a unital x-homomorphism ¢ : A — B such that ¥, = py on Ko(A4),
v*=@r on T(B) and V* =W on U(A)/DU(A) if and only if the tuple
(o, o1, W) is strongly compatible. Moreover, if 1 exists, then ker 1 = I,,.

As an immediate corollary of Theorem 3.3, we have the following.
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COROLLARY 3.4. Let A, B € €1 be unital C*-algebras with B simple and in-
finite dimensional. Let A = (g, o1, 1) : E(4) — E(B) be a morphism between
the Elliott Invariants. Then A is liftable to a unital x-homomorphism
v : A — Bifand only if or is scale preserving and A factorizes through A/1,,,
1.e. there is a morphism I" : E(4/1,,) — E(B) such that

T+

E(A/l4r)
commutes.

REMARK 3.5. Unlike the case considered in Theorem A of [16], in the
present situation when given a liftable morphism (o, @7, ¢1) : E(4) — E(B),
not every extension of (g, @7, p1) to a morphism (v, o7, ¥) : E(4) — E(B)
needs to be liftable, cf. Example 3.9.

Before proving Theorem 3.3 let us show that neither the condition of scale
preservingness nor the conditions making up the strongly compatibility can be
relaxed. In all the examples the domain algebra 4 will be C(T) and the map
(po, 1) : Ki(4) = Ki(B) will be positive w.r.t. the ordering on
K. () = Ko(:) @ K;(+) introduced by Elliott in [8].

ExAMPLE 3.6. Let 4 = C(T) and let B € %t be simple with K¢(B) = Q as
ordered group with order unit 1, K;(B) =0 and Aff T(B) = R® R as order
unit space with order unit (1,1). Such an algebra exists by Theorem 4.2 of
[23]. Now let g : Ko(A4) — Ko(B) be the only order unit preserving map and
let ¢; : K{(4) — K (B) be the zero map. Choose Borel measures p,v on T
such that supp(u) Usupp(r) = T and such that supp(u) N supp(v) is a proper
subset of T. Let or,:Aff T(4) ~ Cr(T) — Aff T(B) be the map
g— ([rgdu, [;g dv). Set Wi, =Wy =¥y =0 and ¥;; = . Then the tuple
(o, 1, V) is strongly compatible, since @7, is faithful. But o7, is not scale
preserving, because by construction there exists an element f € X'(4) such
that o7.(f) € {(x,») | x,y >0} U{(0,0)} = X(B).

ExaMPLE 3.7. [¢o does not factorize] Let B be the CAR-algebra M5~ and
let A= C(T). Let oo : Ko(4) — Ko(B) be the unique order unit preserving,
positive map. Choose three different elements A, A\, A\3 € T and define
or, : Aff T(A) ~ Cg(T) — Aff T(B) ~R by g 137 g(\). Then o7, is
scale preserving and (o, 7,0) is a compatible tuple. ¢ : Aff T(4/I,,) ~
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R3 = Aff T(B) is the map (x1,x2,x3) — %Z?:l x;. Therefore, in particular,
$(1,0,0) € Aff T(B) \ p(Ko(B)) ~ R\ Z[}]. But then it follows, that there
does not exist any positive, order unit preserving map
b0 : Ko(A/1,,) ~Z* — Ko(B), compatible with ¢.

ExamPLE 3.8. [¢g factorizes but ¥ does not — Kj-obstruction] Choose
B € %1 simple, infinite dimensional and with only one trace (e.g. B could be
an irrational rotation C*-algebra) and set A = C(T). By Theorem 1.3 of [2],
RR(B)=0 and from [3] and Theorem 2 of [10] it follows that
Aff T(B) = p(Ko(B)). Choose a measure p € M| (T), such that the support
of p is a proper subset of T homeomorphic to [0,1]. Let o7 : T(B) — T(A) be
the scale preserving map sending the unique trace on B onto integration
w.r.t. u. Let ¢p:Ko(4) — Ko(B) be order unit preserving, and let
¥ :U(A)/DU(A) — U(B)/DU(B) ~K;(B) be the homomorphism with
0=", =¥, =V, and where ¥y :K;(4) — K;(B) is any non-zero
homomorphism. Then the tuple (¢o,¢r,¥) is compatible and, because
Ko(A4) ~ Ko(4/1,,), we have that ¢y factorizes through Ko(4/1,,) in a way
compatible with 7. But, because ¥», is non-zero and K;(4/I,,) =0, ¥
cannot factorize through U(A4/1,,)/DU(A/1,,).

ExaMPLE 3.9. [¢¢ factorizes but ¥ does not — cross map obstruction] Let
X be a compact metrizable space, which is not the one-point set. Let B € €1
be simple with Ko(B) = Q as a partially ordered dimension group with order
unit 1 and with Aff 7T(B) = Cgr(X) as order unit space with unit the constant
function 1. Such an algebra exists by Theorem 4.2 of [23]. Set 4 = C(T). Let
o : Ko(4) — Ko(B) be order unit preserving and let ¢r, : Cg(T) ~
Aff T(A4) — Aff T(B) be the scale preserving map g — g(1). Then it follows

that o7, (Aff T(4)) C p(Ko(B)), and thus that @ : Aff T(4)/p(Ko(4)) —
Aff T(B)/p(Ko(B)) is the zero map. Since RR(B) # 0, it follows from The-
orem 1.3 of [2] that we <can choose a non-zero -element
y € Aff T(B)/p(Ko(B)). Let ¥:(Cr(T)/2)®Z~U(A)/DU(A) — U(B)/
DU(B) be the homomorphism (zj, z2) — (23 - »,0). Then the tuple (¢o, o7, %)
is compatible. Moreover, , factorizes in a way compatible with ¢ and so
does ¥, at the level of K;. But, because K,(4/I,,) =0, é=0and ¥, #0,

¥ cannot factorize in the desired way.

Finally it should be emphasized that Theorem 3.3 cannot be extended to
the case of B being finite dimensional, as can be seen from the following
example.

ExampPLE 3.10. Let 4 = C(T) and B = M,,. Let ¢y : Ko(4) — Ko(B) be the
map defined by [l — n] (the only possible order unit preserving, positive
map). Let @7, : Aff T(4) — Aff T(B) be the map [f — [;f dpu], where
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w € M (T) denote the Lebesgue Measure. Then ¢, is scale preserving and
faithful. Choose a homomorphism 6 € Hom (Z,T) and define ¥ : U(4)/
DU(A) — U(B)/DU(B) as the homomorphism ¥ = ¢, ¥y = 0 = ¥y, and
W1, = 6. Then the tuple (v, o7, ¥) is strongly compatible. But, because ¢,
is faithful, there is no chance of realizing it from a *-homomorphism 4 — B.

A unital C*-algebra, which is isomorphic to an algebra of the form
(@1 C(X) @ My,) © G,

where X; € {[0,1],T}, j=1,---,K, and G is finite dimensional, will be called
a circle-quotient. Given a *-homomorphism ¢ : A — B between two circle-
quotients, then we set mult ¢ = min{a; | i,/}, where (a;); is an integer ma-
trix representing the map ¢y : Ko(4) — Ko(B).

In order to prove Theorem 3.3 we will need the following two lemmas

Lemma 3.11.

(1) If A € €7, then A can be realized as the inductive limit of a sequence of
circle-quotients with injective connective x-homomorphisms .

(2) If A € €1, then so is any quotient A/I of A.

Proor. Given 4 € ¥1 and I C A an ideal (possible the zero-ideal). Let
{4, un} be the generating sequence of A. Setting I, = u;l,n(l), n € N, then
A/l = li_rp{An/I,,,n,,}, where the connecting x-homomorphisms are all in-
jective. Using Lemma 1.3 of [16], it is straightforward to prove that for any
finite subset F C A/I and e > 0, there exists a unital C*-subalgebra B C A/I
such that B is a circle-quotient and F C. B (cf. the proof of Theorem 1.1 of
[16]). Now, from Lemma 1.4 of [16], which easily is seen also to be valid with
our definition of a circle-quotient, it follows that 4/ is the inductive limit of
a sequence of circle-quotients with injective connective x-homomorphisms. If
I =0, this yields (1). (2) follows from the fact that any inductive limit of a
sequence of circle-quotients also can be realized as an inductive limit of a
sequence of circle algebras.

LemmA 3.12. Let A=(a@K, C(X;)) @ M,)) ®G be a circle-quotient and
B=aL C(T)®M,,. Let FCAff T(4) be a finite subset. Let
M : Aff T(A) — Aff T(B) be a Markov operator and h : Ko(4) — Ko(B) a
group homomorphism such that M op=poh:Ky(4) — Aff T(B). Given a
6 > 0, then there exists an integer T € N such that for any finite dimension C*-
algebra H=M; ®M;,®---® M;, with min;l; > T, there is a unital *-
homomorphism v : A — B ® H such that
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(1) Y = @1, 0h on Ko(4),
(2) . =00nKy(4), and
3) I16() — S o M(f)| < 8% f € F,
where ®) : B — B ® H denotes the x-homomorphism ®,(b) = b ® 1.

Proor. This can be proved by mimicking the proofs of Lemma 4.2 and
Corollary 4.3 of [16], using Theorem 2.1 of [21] (the Krein-Milman Theorem
for Markov Operators) on Markov operators : C([0,1]) — C(T), and Lem-
ma 4.1 of [16].

Thanks to Lemma 3.2 and Lemma 3.11 it is possible to prove Theorem 3.3
using exactly the same method as in the proof of Theorem A of [16].

ProOF OF THEOREM 3.3. From Lemma 3.2 and Lemma 3.11 it follows that
we can assume that o7, and ¢y both are faithful, and that A is the inductive
limit of a sequence of circle quotients with injective connecting %-homo-
morphisms. Let {4, 1, } be a generating sequence of 4. By assumption B is
infinite dimensional, and therefore, since it is simple and in %y, approxi-
mately divisible by Theorem 2 of [10]. Let {B,, p,} be a generating sequence
of B.

Proceeding as in the proof of Theorem A of [16], we start by proving the
following two assertions.

ASSERTION 1. For every n € N, any finite subset F C Aff T(A,) and any
€ > 0 there is an m € N and

(1) a Markov operator M : Aff T(A,) — Aff T(B,,) such that
|rmnoM(f) = 1. 0 fiaDIl < €, VS € F. and

(2) a group homomorphism h:XKo(A4,) — Ko(Bw) such that pegm, o
h=y0 tioon,, Such that h and M are compatible in the sense that
Mo p(x) =poh(x)V x e Ko(4y)

ProOF. The proof of Assertion 1 of [16] applies when the simplicity of 4
used there, is replaced by the fact that because B is simple, then for any non-
zero projection p € B there exists a § > 0 such that p > &.

ASSERTION 2. For any n € N, any finite subsets Fy C Aff T(A4,) and
F, C U(A4,)/DU(A,) and any € > 0. There is a k € N and a unital *-homo-
morphism v : A,, — By, such that

(1) Pooky © 1@\* = $0 © Hoon, ON KO(AH)’

@) [Pk 0 () = pr. 0 froca(f)l < €V f € Fi, and

(3) Di(p g0 V() W0 i, () <€V y € P

Proor. Let {-} denote the one-point set. Then 4, = ®X_ C(X,) ® M,,,
where Xy € {T,[0,1],{-}}, d=1,---,K. Let # C{l,---,K} be the subset
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consisting of all the d’s for which X; =T. Set .# ={1,---,K}\ . In the
following we will only consider the case, where neither .# nor ¢ is the empty
set. Having done that, it should be clear to the reader how to reduce to the
other (easier) cases. Let z € C(T) ® M,, be the unitary Diag(id, 1,---,1), and
let z/ € U(A,), d € ¢ denote the unitaries (1,---,1,z,1,---,1), where z is
placed in the d’th summand of A4,. Then, by Lemma 3.1 of [16], every ele-
ment x € U(4,)/DU(A4,) has a unique representation

x =, (@) [T o5,
deg
where a* € Aff T(A4,)/p(Ko(4,)) and k) € Z, d € ¢. For each y € F> choose
a b’ € Aff T(A,) such that g(b”) = a’. Set Fs = FyU{V’ | y € F>}.
Let 0 < 6 <2 be very small; how small is to be specified below. Using
Assertion 1, Lemma 3.12, and the fact that B is approximately divisible, it is
possible to find a k£ € N and a unital *-homomorphisms

Py i Ay — By,

such that

(4) ¥, =0 on K;(4,),

(5) @0 © pioon, = Pook, © V2, on Ko(4,), and

(6) || pock 0 a2(f) — o1, 0 frocn(f) <8 YV f € Fs.
(For details see the proof of Assertion 2 of [16].)

Let ¢ : ®uesC(Xg) @ M,, — A, and 1y : @yc y,C(T) ® M,,, — A, be the
inclusions into the appropriate summands, and let w,:4, —
BucsC(Xq) @ My, and 7y : Ay — Byec yC(T) ® M, denote the correspond-
ing projections. Consider the x-homomorphism

’(/)3:1b201,]:ﬂ'f(/1n) —>Bk.

Then, since ¢y is faithful and p., is injective, (5) implies that 3, is faithful
on Ko(m4(4,)). Because B is simple, we can assume that (if necessary by
increasing k)

mult 13 > max{ % |f e ﬂ(Fg)},

and that U(By)/DU(By) contains elements wy, d € ¢ such that

(7) Dy(phy i (wa), W o pie, ,(Q(z))) <6 Vd e g.

From Lemma 3.1 of [20] it follows that for any D € ¥t we have that

DUy(D) = Uy(D) N DU(D). Combining this with Proposition 2.4 of [22] one
gets that with By = @L,C(T) ® M,,; DU(By) = {(u1,---,ur) € U(Bx) |
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det(u;) =1, i=1,---,L}. Set p, = 3(1). Since mult 13 > 1, it follows that
we can find unitaries uy € psBip s, d € # such that wy = Q(us +1—py)
Vde ¢.Setw,=Q(uy)in UpyBipys)/DU(pysBrpy). Let 14 denote the x-
homomorphism:

Ad pyodhs:my(An) = psBips.

Then mult v, = mult 3. By Lemma 3.3 of [16] and by (4), we can construct
a unital s-homomorphism s : 7, (A4,) — psBip s satisfying that s, = 14,
on_ Ko(mg(4), ¢5(Qmy(z9)) =ujVde s and further that
| s(f) — al(f) || < 6+ 2|l ||(mult 43)" <26V f € 7;(F3). Now define a
unital x-homomorphisms v : A, — By by

Y(a) =vrovsoms(a) +psomy(a) Vac Ay

Note that by construction ¥*(Q(z¢)) = ws V d € #. By (5) one immediately
gets that ¢ satisfies (1) from above. Furthermore, for all f € F3 O F)

| o 0 () = o1, © fimn(f) || <
| oo 0 D) — oo 0 D2 () 1| + || e © 92(f) — o, © fimon(f) || <

1 (&5 o7 + 157 07T))) = (7 077 + T 077) () || + 6
|poiyomy(f) —taoiyomy(f) || +6

| 575 (1)) = alaz () || +6 <
260+6 < 36.

A

A

Whence if ¢ is chosen such that 3 < ¢, then 1) also satisfies (2). Now what is
left, is to verify that (3) can be achieved by choosing § small enough; For
ye Fo:

pio,ko'l/)n( )_p kowt )‘A (@) HQ k‘l _)‘B(pooko'l/}ay Hpookwd)k‘l
de g de g
and
J/oluhoo’n(y):Wouion )\A (@) HQ
de g

= )\B(SE © /Io\o;:(ayn H (!P o Mio‘n(Q(Zd)))kyd,
deyg

The distance in U(B)/DU(B) from the element ph x © ¥ (») to the element

As(pook o (@) T[ (@ o 12, o (Q(z4)))

dey

o

d

is by (7) less than 63>, , |k)|. Further, the distance between this element
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and the element ¥ o z%_, (v) is equal to the distance

D (As (P o H(@)) As( 0 fizen(@)),

which by Lemma 3.1 of [16] is equal to

dp(posk 0 (@), @ 0 fin(@)),

which again is smaller than |¢*™® — 1| provided that 36 < 1. It follows that if
6 > 0 is chosen such that 36 < § and

5maX{Z K| |y e F2} L1 <
de g

then

Dp(ply 0V 0). W o pi, () <€ Yy ek,
and the proof of the assertion is completed.

Construction of the x-homomorphism. We are now ready to construct a
unital x-homomorphism v : A — B with the desired properties. As usual this
is done by establishing an approximate intertwining in the sense of Elliott
(cf. Theorem 2.2 of [8]).

Choose finite subsets F,, C Aff T(4,) and G, C U(4,)/DU(A4,), such that
fin(Fu) C Fus1, p3(Gy) C Guir and U, fioon(Fu), U, #4,(Gy) are dense in
Aff T(A4) and U(A4)/DU(A), respectively. Choose a sequence (6,),, 6, > 0,
such that |[A(a) —n(a)|| <2"Vac UZ;% tnj(cg(Ar)) Ucg(A4,), whenever
n,A: A, — B are unital x-homomorphisms satisfying that || A(a) — n(a)| <
On Vae€cg(4y,).

We will construct sequences m; < mp < m3 < ---in N and unital x-homo-
morphisms ¢ : Ax — B, such that

(1) | o me © V(@) = g1 © prsr k(@) < 0k, a € cg(Ay),
(2) ‘|p;TﬂA»owk(f)_@T*O/@(f)|| <27k7f€Fk7

(3) Di(ph, 0 Vi), To i () <27, y € G,
and

(4) Poo,my 4 © 1pk* = 0 O Mook, ON KO(Ak)'

Having done this, it is standard to check, cf. Theorem 2.2 of [8], that the
unital x-homomorphism ¢ : 4 — B, defined by
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Yo lson(a) = klim Poom, © Vi © pkn(a) Y a€ Ay, n €N,
— 00

is well-defined, and has the desired properties. The sequences are constructed
by induction in the very same manner as in the proof of Theorem A of [16] -
namely using Assertion 2 together with the uniqueness theorems for x-
homomorphisms between the various building blocks.

First we need to introduce some notation; Given n € N,
A, =0k C(Xy)®M,,, where X;€{T,[0,1],{}},d=1,---,K. Let
I, 7 C{l,---,K} be defined as in the proof of Assertion 2, and let # C .#
be the subset consisting of all the d’s for which X; = {-}. Again we will only
consider the case, where .#, # and & are all non-empty subsets. Let 74, 7,
and 7y denote the projection of 4, onto its component of finite direct sum of
circle algebras, the projection of 4, onto its component of finite direct sums
of interval algebras, and the projection of 4, onto its finite dimensional
component, respectively. Moreover let ¢ 4, ¢, and ¢ denote the corresponding
inclusions. Let b;, i =1, --,s, be the canonical selfadjoint generators of the
center of my(4,), and set a; = ¢s(b;), i=1,---,s. Finally let u; € A,, d € ¢
denote the partial unitaries which are the canonical generators of the center
of m4(Ay), and set cuy(A4,) = {ug + 1 —wuq | d € 7}.

In order to make the induction work (and in particular to obtain (1)), we
have to impose the following conditions:

There are integers ry,t; € N, t; > 12 and numbers x; >0 such that
(%AS + )7T < b

(6) 0(¢(Yu(a))) >2kk Vji=1,--,1k, 0€T(By,), i=1,---,s,

() 0(&* (Wr(ua))) > Vji=1,- 1, 0€ T(By,), d € 7,

(8) 0(&" (Yulua))) > 2 Vj=1,--- 31, 0 € T(By,), d € 7,

(9) DB(poo,mkj\o wkt(Q(u))vgl © Moo,kh(Q(u))) < tkz ae CE/\(AI()’

(10) [l 0 Vr(x) — o1, 0 k(| < wx ¥ x € {hua), glar) |
heHy, gely,de ¢, i=1,--- s}

Where the functions {¢;} and {¢/'} are as in the uniqueness theorems, Lem-
ma 2.3 and Theorem 2.4 of [16] respectively. Further L; C C[0, 1] is a subset
meeting the requirements of Lemma 2.3 corresponding to n =r, and
H; c C(TuU{0},[0,1]) is a subset meeting the requirements of Theorem 2.4
of [16] corresponding to m = r; and n = ¢;.

Let us start by constructing ry, 1, k1,m; and i) : A; — B,,: Choose r; € N
such that 28—” <& next choose #; € N, #; > 12 such that 6[—? <% and

T 2 :
WT*OMoc,l(f}l(ud))>E V]=1,--~,r1,d€j.

Then choose x; > 0 such that
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071, 0 foon (G(@) >3k Vj=1,---,r, i=1,---s,
and

o1, 0 fioct (§" (ua)) > 361 Vj=1,---31, de 7.

This is possible because B is simple and ¢r, o fir is faithful and scale pre-
serving. By Assertion 2, there exist an m; € N and a unital *x-homomorph-
ism 1) : A; — By, satisfying that psm,, © ¥1. = @0 © tso1, o0 Ko(4)),

Dp(poom 0 91*(QU)), ¥ © oot (Q(w)) < min{r;%,27'} V u € cuy(4) UG,

and

o © ¥1(x) = ¢, 0 1 ()| < min{ey!, k1,271 YV x e,

with
J1:F1U{h(u/d\), g(/a,'\)‘/’lGHl, ge L, de/, izl,-~~,S}U

{6?@)74-/(/6;1\) |n€{r1,3t1}, Kzla"'7n7j:15"'7r17 d€j7 izla"'as}'

Thus, if necessary by increasing m;, we can obtain (2)—(4) and (6)-(10) for
k=1. Now assume that m<m<---<m, §H<rn<--<r,
H<ty<---<ty, {ki|l<i<n} and {¢;|1<i<n} have been con-
structed fulfilling (2)-(4) and (6)-(10) for all £ < n. Let us then prove, that
we can Construct myi1, i1, thsi, Knrl and Yui1 @ Ays1 — By, fulfilling not
only (2)—(4) and (6)—(10) but also (1). Choose ¢ > 0 such that (9) and (10)
still are valid with 7% replaced by ;2 — ¢ and with &, replaced by &, — €,
respectively. Let r,,1, f,11 and k,, be chosen as in the case of k = 1, using
that o7, o g i1 is faithful and scale preserving. By Assertion 2 find an
mu1 €N and a  x-homomorphisms ¢ : 4,41 — By, satisfying that
Pocmity © P = P00 poon+1, o0 Ko(A4ui1), and

(11)  Dg (Peo,mm1 o ‘bh(Q(“))a Vo Noc,n+lt(Q<u))) < min{e, t;zl ) 27”71}
Vu € cu(Ani1) UGuit U ptnsin(cuy(Ay)),

and

(12)  [lpsoms © 6(x) = 7. 0 prmi (¥)|| < minfe, 1), k01, 277} ¥ x €

Jn+1 Uuﬁn({h(ud% g(ai) | h S Hm g S Lna d € f’ = 1) e 7S})a
where J,,| is defined analogously to J;. Then, if necessary by increasing
my1, we get that (2)—(4) and (6)—(10) are satisfied for v, 1 = ¢. Moreover
by (11)-(12) we can assume that
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(13) Dg, (P, 0 Un*(QW)), ¢ 0 i1, (Q))) < 1,2 ¥ u € cuy(Ay),

(14) P, © u(X) = B0 fimita(x)|| < 50 ¥ x €

{h(u/d\)a g(/ai\) | heH,, g€ Ly, dejv i= 1,~~~,S},
and pm,,, m,, © Uny = G © tns1n, o0 Ko(4,). In order to obtain (1) it is en-
ough to prove that there exists a unitary U € By, ,, such that

(15) HUpmrH»l-,’nn othy(a) U — o Mn+l,n(a>H <6y Vaccg(4,),

because then v, = Ad U* o ¢ will do the job. To simplify the notation set
Qb - ¢ O Un+1.ns 1/) == pmnﬂ,m" o 'l/)n; Pj =Ly o ﬂf(l)a Ps = Lsg© 7Ts(1) and
pr =ty omr(1). Then, since ¢ and ¢ have the same action on Ky, we can as-

sume that ¥(ps) = ¢(p ). ¥(ps) = ¢(ps) and P(py) = ¢(py). Set Py = v(p ),
P, = 9(ps) and Py = ¢(py) and define unital *-homomorphisms

vy =Ad Pyotpoiy, ¢y=AdPyopory : my(Ay) = PyBn, Py
ws:AdPso'l/)OLsa ¢A:Ad Pgogou : Ws(An)_’PsBiwz,,+1Ps
wf = Ad Pf O¢O Lf, (ﬁf = Ad Pf O¢O Lf : Wf(An) — Pme”HPf

Since by construction 1y and ¢, have the same action on K, there exists a
unitary V; € PrB,,  Ps such that

n+1
(16) Ad Vy oty = ¢r.

By (6), (14) and Lemma 2.3 (and its proof) there exists a unitary
Vs € PyB,, . P such that

(17) |Ad V0 1hs(a) — ¢s(a)|| < ; <6, Vaecg(nA)).

n

And finally by (7), (8), (13), (14) and Theorem 2.4 of [16] (and its proof)
there exists a unitary Vy € P;sB,,,, P, such that

(18) A4 Vs 05 (@) = 6@l < (34 7)m <8, ¥ a€ ealn, (G

n n

Now set U =V + Vi + V. Then, by (16)~(18), U € B,,,,, is a unitary for
which (15) is valid, and we have completed the induction step.

4. Lifting homomorphisms from K-theory

In view of the classification of some classes of C*-algebras using K-theory
alone, cf. [8], [14] and [17], one could ask to what extend a positive (w.r.t. the
ordering from [8]) homomorphism (¢, 1) : Ki(4) — K. (B) lifts to a unital
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x-homomorphism 4 — B, when 4 and B are C*-algebras from the class %r.
In [8], Elliott proved that for algebras in 7 of real rank zero, then such a lift
does always exist. For the larger class of all AD-algebras (inductive limits of
sequences of finite direct sums of circle - and/or dimension drops algebras)
of real rank zero, Dardalat and Loring in [6] proved that any isomorphism
on the level of K-theory lifts, when the algebras are simple (this was later
shown by Eilers to be true even when the algebras have at most finitely many
ideals, cf. [7]). But Dardalat and Loring also gave an example to the fact that
for non-simple AD-algebras of real rank zero a lifting from K-theory alone
is not always possible, cf. [6].

For A, B € %1, A being simple and B approximately divisible, the question
of whether a positive homomorphism (¢, ¢1) : K.(4) — K.(B) can be lifted
to a x-homomorphism 4 — B is equivalent to the question of whether, for a
given positive, order unit preserving homomorphism ¢ : Ko(4) — Ko(B),
there exists an affine, continuous map ¢r : T(B) — T(A4), compatible with
0. Because given two such compatible maps ¢y and @7, then for any
homomorphism ¢; : K;(4) — K;(B) the tuple (po,or,¥) is compatible, if
we set Uy, = Wy =0, ¥y = ¢ and ¥, = 1. So, by Theorem A of [16], there
exists a unital x-homomorphism A4 — B realizing (vo, ¢1).

Let D be a unital inductive limit of a sequence of finite direct sums of C*-
algebras of the form C(X)® M,, where X is a compact Hausdorff space.
Then the trace state space 7(D) and the state space of the Ky-group
S(Ko(D)) are both Choquet simplexes by [23]. The pairing map
rp: T(D) — S(Ky(D)) is continuous and surjective, by [4] and [13], since D
is exact. Moreover from [23] we know that rp is extreme point preserving,
i.e. rp(0.T(D)) = 0.S(Ko(D)).

The following proposition is an immediate consequence of Lazar’s Selec-
tion Theorem, Theorem 3.1 of [15].

PrOPOSITION 4.1. Let A, B be unital inductive limits of sequences of finite
direct sums of C*-algebras of the form C(X)® M,, where X is a compact
Hausdorff space. Assume that the pairing map r4 : T(A) — S(Ko(A)) is open.
Let g : Ko(A) — Ko(B) be a positive, order unit preserving homomorphism.
Then there exists a continuous, affine map pr : T(B) — T(A), compatible with
%0-

ProoF. By assumption, r4 : T(A) — S(Ko(A4)) is an affine, continuous,
surjective, open map between Choquet simplexes. From Theorem 3.1 of [15]
it follows that there exists a continuous, affine map s: S(Ko(4)) — T(4)
such that 74 o s = idgk,(a)). Let ¢j : S(Ko(B)) — S(Ko(4)) be the dual map
of 9. The assignment @7 = so py* orp defines a continuous, affine map
T(B) — T(A) compatible with .
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COROLLARY 4.2. Let A,B € %1 with A simple and B approximately divi-
sible. Let o : Ko(A) — Ko(B) be a positive, order unit preserving homo-
morphism and let ¢ : K{(A) — K (B) be a group homomorphism. If
ra:T(A) — S(Ko(A)) is open, then there exists a unital x-homomorphism
¥ : A — B such that ¥, = (vo, 1) on K. (A4).

ProoF. Theorem A of [16] combined with Proposition 4.1.

In general, however, even when dealing with simple C*-algebras from the
class ét, not every positive map ¢ : Ko(4) — Ko(B) lifts to a unital x-
homomorphism 4 — B, as can be seen from the following example. In the
example, the obstruction to the lifting lies in the fact, that the Ky-map can-
not be properly paired with any affine, continuous map between the tracial
state spaces. This type of obstruction would of course not be present if the
algebras were purely infinite or had real rank zero.

ExaMPLE 4.3. Given a compact Hausdorff space X we let M (X) denote
the Choquet simplex consisting of all probability measures on X. Let
A:M{([0,1]) = M{(T) be the affine, continuous, surjective map
pr— poh !, where h:[0,1] — T is the map 7 — *™. Let &, ¢ € [0,1] and
v., z €T denote the Dirac measures on [0,1] and T respectively. Then
0eM{(10,1]) = {6, | t €10,1]}, 9. M (T) ={r. | z€ T}, and it follows that
AO.M{([0,1])) = 8.M; (T). By Theorem 14.12 of [12], there exists a simple
countable dimension group G # Z with order unit u € G such that the state
space S(G,u) ~ M (T). By Theorem 4.2 of [23] there exist simple, unital C*-
algebras A4, B € ¢1 (in fact they can both be chosen as inductive limits of
sequences of finite direct sums of interval algebras — Theorem 3.2 of [23])
such that ry : T(4) — S(Ko(A4)) is isomorphic to A: M ([0,1]) — M| (T)
and such that rp : T(B) — S(Ko(B)) is isomorphic to id : M| (T) — M (T).
Now let us assume that there exists a continuous, affine map
o7 : T(B) — T(A) compatible with id : K¢(A4) — Ko(B). Then the diagram

M;H([0,1]) <~~~ - MF(T)
A id

+ 1d +
M (T) M (T)

has to be commutative, and it follows that o7 : M| (T) — M ([0,1]) is a
continuous, affine section for A, i.e. Aoy = ier(T). Let 1 €]0,1[, then
A () is a closed face in M| ([0,1]) and therefore the closed convex hull
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of its extreme points A~ (Vi) = A7 (V) N 0. M ([0, 1]) = {6,}. Whence
it follows that @r(vew) =6,V ¢t € ]0,1[. But then by continuity ¢7 has to
map v to both § and 8, a contradiction. Hence id : Ko(4) — Ko(B) cannot
be lifted to a unital *-homomorphism 4 — B.

5. Unitary Elements

Theorem 2.1 and Theorem 3.3 in hand, we are able to give sufficient and
necessary conditions for two unitaries in a simple C*-algebra from %1 to be
approximate unitary equivalent. When the algebra in question is of real rank
zero, these conditions reduces to the conditions given by Elliott in Theorem
3, (iii) of [11].

THEOREM 5.1. Let B € €1 be simple and infinite dimensional. Given uni-
taries U,V € B, then U and V are approximate unitary equivalent in B if and
only if

(D) 6(f(U))=0(f(V)) forall 0 € T(B) and f € C(T,R).

(2) Q(U) = Q(V), i.e. the unitaries have the same class in U(B)/DU(B).
Furthermore if RR(B) = 0, then condition (2) reduces to the condition that the
unitaries should have the same class in K{(B). Conversely if RR(B) # 0 then
for any unitary U € B with sp(U) =T, there exists a unitary V € B such that
U and V satisfy (1) and have the same class in K|(B), although U and V are
not approximate unitary equivalent.

Proor. The necessity of the conditions is obvious. Given two unitaries
U,V € B, we define unital x-homomorphisms ¢y, ¢y : C(T) — B by the as-
signment

wu(f) =f(U) and ¢y (f)=f(V) forall f e C(T).

Now if the pair U, V satisfies condition (1) and (2), then it is easy to see that
pu and @y satisfy the conditions in Theorem 2.1. Whence it follows that ¢y
and pp are approximate unitary equivalent, and so, in particular, are U and
V.

By Theorem 2 of [10], B is approximately divisible, since simple and in-
finite dimensional. Therefore, by [3], RR(B) =0 if and only if p(K((B)) =
Aff T(B). So when RR(B)=0, the group Hom(Z Aff T(B)/
p(Ko(B))) is trivial. Thus given any *-homomorphism ¢ : C(T) — B, the
homomorphism ¢? is uniquely determined by the maps zZ and ;. This, ap-
plied to the x-homomorphisms ¢y, @y together with Theorem 2.1, yields
that condition (2) reduces in the described way. Conversely, assume that

Aff T(B)/p(Ko(B)) contains more than the trivial element. Given a unitary
U € B with sp(U) =T, the *-homomorphism ¢y : C(T) — B is injective, so
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in particular the scale preserving map @y : Cr(T) — Aff T(B) is faithful.

Choose a non-zero element x € Aff T(B)/p(Ko(B)) and let 6:Z —

Aff T(B)/p(Ko(B)) be the homomorphism defined by [l — x]. Now let

U U(C(T)/DU(C(T)) — U(B)/DU(B) be the homomorphism defined by
the decomposition ¥1; = @y, ¥ = ¢y, P12 = <phU12 + 6 and ¥,; = 0. Then
the tuple (pyg, o™, ¥) is strongly compatible. Hence, by Theorem 3.3, there
exists a *-homomorphism ¢ : C(T) — B, such that ¢* = ¢y* and ¢* =V,
V' = 1(id) is the desired unitary.

REMARK 5.2. When, in Theorem 5.1 above, one of the unitaries does not
have full spectrum, then condition (1) implies condition (2).
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