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A CONVERGENCE RESULT FOR SQUARE ROOTS OF
THE POISSON KERNEL IN THE BIDISK

JAN-OLAV RÚNNING

Abstract

Let P�z; �� be the Poisson kernel in the unit disk U. For f 2 Lp��@U�2� and �z1; z2� 2 U2, let
P�1 ;�2 f be the integral of f against the kernel P�z1; '1�

1
2��1P�z2; '2�

1
2��2 and let p�1 ;�2 f be the

normalization P�1;�2 f =P�1 ;�2 1.
In a previous paper, we proved that P�1;0 f �z1; z2� converges to f ��1; �2� in a region A� B,

where A is a nontangential region and B is a slightly larger convex region, for a.a.
��1; �2� 2 �@U�2. A natural question to ask next is if the convergence regions for P0;0 f are pro-
ducts of these larger convex regions if f 2 Lp��@U�2�. This paper will show that this is the case if
we consider restricted convergence, that is, if the variables z1 and z2 tend to the boundary �@U�2
with approximately the same speed.

1. Introduction

Let

P�z; �� � 1
2�

1ÿ jzj2
jzÿ ei�j2 ; z � x� iy 2 U; ei� 2 T � @U

be the standard Poisson kernel in the unit disk U. A well-known Fatou type
result states that the Poisson integral

Pf �x� �
Z
T
P�z; '�f �'�d'

of a function f 2 Lp�T� converges to f ��� as z tends to ei� nontangentially,
for a.a. ei� 2 T. Here we let f ��� stand for f �ei�� when f is de¢ned on T.
Let

P� f �z� �
Z
T
P�z; '���1=2f �'�d'; � � 0;

where f 2 Lp�T�; 1 � p � 1.
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We know that P� f �z� satisfies the equation Lzu � ��2 ÿ 1=4�u, where

Lz � 1
4 �1ÿ jzj2�2

@2

@x2
� @2

@y2

� �
is the hyperbolic Laplacian.
Because P�1�z� does not converge to 1 as z tends to ei�, we need to con-

sider the normalization

p� f �z� � P� f �z�
P�1�z�

to obtain a.e. convergence to f �ei�� if f 2 Lp�T�; 1 � p � 1. If � > 0, we
know that p� f �z� converges to f �ei�� as z tends to ei� nontangentially.
If � � 0, we have a.e. convergence of p0 f �z� to f �ei�� in the Lp weakly

tangential regions

z 2 U; j arg�z� ÿ �j � A�1ÿ jzj� log
1

1ÿ jzj
� �p� �

;

for f 2 Lp�T�; 1 � p <1. Here A is a ¢xed constant. This was proved in [1].
For p � 1, this result is the same as the result in [2].
In [1] we also investigated the convergence of the operator

p�1;0 f �z1; z2� �
P�1;0 f �z1; z2�
P�!;01�z1; z2�

in the bidisk. The operators P�1;�2 f �z1; z2� are de¢ned by

P�1;�2 f �z1; z2� �
Z
T2
P�z1; '1��1�1=2P�z2; '2��2�1=2f �'1; '2�d'1d'2

for f 2 Lp�T2�; 1 � p � 1.
We proved that p�1;0 f �z1; z2� converges restrictedly a.e. to f �ei�1 ; ei�2�, if

�1 > 0; f 2 L1�T2� and �z1; z2� tends to �ei�1 ; ei�2� in a product region A� B
of U2. Here A is a nontangential region and B is a weakly tangential region,
and restricted convergence means that z1 and z2 tend to the boundary
equally fast. This is, however, not the best result we can prove if we allow �1
to be 0.
In this paper we will extend the bidisk result in [1] accordingly. We will

assume that f 2 Lp�T2�; 1 < p <1, and show that p0;0 f �z1; z2� converges
restrictedly a.e. to f �ei�! ; ei�2� as �z1; z2� tends to �ei�1 ; ei�2� in a region A� B,
where both A and B are Lp weakly tangential regions. For f 2 L1�T2� this
was proved by SjÎgren in [3].
We will prove this result by establishing the usual weak type �p; p� esti-
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mate for the maximal function sup�z1;z2�2A�Bp0;0j f j�z1; z2�. In order to do
this, we use Lemma 1 in [1].
With a slight abuse of notation, we will identify ei� 2 U and

�ei�1 ; ei�2� 2 U2 with � 2 R and ��1; �2� 2 R2; 0 � �; �1; �2 � 2�, respectively.
We let C denote various constants, and the notation f � g means that there
exist two constants 0 < k < K <1, not necessarily the same from time to
time, such that k < f =g < K . For further references, see the list in [1].

2. The convergence result

Let �z1; z2� � �r1ei�1 ; r2ei�2� 2 U2, and de¢ne Ap
�1;�2

to be the sets

Ap
�1;�2
�
(
�z1; z2�; 1ÿ r1 � 1ÿ r2; 1=2 < rj < 1;

j�j ÿ �jj � �1ÿ rj� log
1

1ÿ rj

� �p

; j � 1; 2

)
:

We are now going to prove the following theorem:

Theorem 1. Let f 2 Lp�T2�; 1 < p <1. Then p0;0 f �z1; z2� converges to
f ��1; �2� as �z1; z2� tends to ��1; �2� in Ap

�1;�2
, for a.a. ��1; �2� 2 T2.

As usual, this follows directly from the following maximal function esti-
mate.

Theorem 2. Let

MApf ��1; �2� � sup
�z1;z2�2Ap

�1 ;�2

p0;0j f j�z1; z2�:

Then MAp is of weak type �p; p�; 1 < p <1.

In the proof of Theorem 2, we make use of a lemma from [1] which we
state here for easy reference.

Lemma 1. Assume that the operators Tk; k � 1; 2; . . . are defined in Tn by

Tkf �x� � sup
s2Ik

Ks � j f j�x�;

where the Ks are nonnegative and integrable in Tn, and Ks and the index sets Ik
are such that Tk f is measurable for any measurable function f . Let, for each
i � 1; . . . ; n, a decreasing sequence f
kig1k�1 be given, and assume that the Tk

are of weak type �p; p� with constant at most C0 for some p; 1 � p <1, where
the constant C0 depends on p but not on k. Also assume that
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supp Ks � fx � �x1; . . . ; xn� 2 Tn; jxij � 
ki; i � 1; . . . ; ng; s 2 Ik;�1�
and, denoting

K�s �x� � supfKs�x� y�; jyij � 
k�N;i ; i � 1; . . . ; ng
for s 2 Ik and some natural number N,Z

K�s �x�dx � C0; s 2 [kIk:�2�

Then the operator

Tf �x� � sup
k

Tk f �x�

Assume that the operators Tk; k � 1; 2; . . . are defined in Tn by

Tkf �x� � sup
s2Ik

Ks � j f j�x�;

where the Ks are nonnegative and integrable in Tn, and Ks and the index sets Ik
are such that Tk f is measurable for any measurable function f . Let, for each
i � 1; . . . ; n, a decreasing sequence f
kig1k�1 be given, and assume that the Tk

are of weak type �p; p� with constant at most C0 for some p; 1 � p <1. Also
assume that

supp Ks � fx � �x1; . . . ; xn� 2 Tn; jxij � 
ki; i � 1; . . . ; ng; s 2 Ik;�3�
and, denoting

K�s �x� � supfKs�x� y�; jyij � 
k�N;i ; i � 1; . . . ; ng
for s 2 Ik and some natural number N,Z

K�s �x�dx � C0; s 2 [kIk:�4�

Then the operator

Tf �x� � sup
k

Tk f �x�

is of weak type �p; p� with constant depending only on C0;N; n, and p.

Now that we have stated Lemma 1, we go on to the proof of Theorem 2.

Proof of Theorem 2. Assume that f � 0. First we conclude that
MApf �MA0p f , where

A0p�1;�2 � �rei�1 ; rei�2� : 1=2 < r < 1; j�j ÿ �j j � �1ÿ r� log
1

1ÿ r

� �p

; j � 1; 2
� �

;
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because of Harnacks inequality, and the fact that 1ÿ r1 � 1ÿ r2.
Next we have that

MA0p f ��1; �2�

� sup
r;�1;�22A0p�1 ;�2

1

log
1

1ÿ r

� �2

Z
T2

f �'1; '2�d'1d'2

�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

� sup
r;�1;�22A0p�1 ;�2

1

log
1

1ÿ r

� �2

Z
D1

�
Z
D2

�
Z
D3

�
Z
D4

� �

� f �'1; '2�d'1d'2
�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j� ;

where

D1 �
(
�'1; '2� : j�1 ÿ '1j � 2�1ÿ r� log

1
1ÿ r

� �p

;

j�2 ÿ '2j � 2�1ÿ r� log
1

1ÿ r

� �p
)
;

D2 �
(
�'1; '2� : j�1 ÿ '1j � 2�1ÿ r� log

1
1ÿ r

� �p

;

j�2 ÿ '2j � 2�1ÿ r� log
1

1ÿ r

� �p
)
;

D3 �
(
�'1; '2� : j�1 ÿ '1j � 2�1ÿ r� log

1
1ÿ r

� �p

;

j�2 ÿ '2j � 2�1ÿ r� log
1

1ÿ r

� �p
)
;

D4 �
(
�'1; '2� : j�1 ÿ '1j � 2�1ÿ r� log

1
1ÿ r

� �p

;

j�2 ÿ '2j � 2�1ÿ r� log
1

1ÿ r

� �p
)
:

Here, of course, r; �1; �2 2 A0p�1;�2 means that �rei�1 ; rei�2� 2 A0p�1;�2 .
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Let

Ii�f � � 1

log
1

1ÿ r

� �2

Z
Di

f �'1; '2�d'1d'2

�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

and let Tif be the corresponding maximal function, i � 1; . . . ; 4.
We now want to prove that each operator Ti is of weak type �p; p�. We

begin with T1.
Preestimating T 1 by making a suitable partition of D1 and estimate the

kernel with a ¢xed value on each piece (see [1] for details), we have that

T 1f ��1; �2� � C sup
1=2<r<1

j�i j�C�1ÿr��log 1
1ÿr�

p

XN�p;r�
l�0

XN�p;r�
k�0

1

log
1

1ÿ r

� �2

2ÿk2ÿl

�1ÿ r�2

� �jx��1j�2k�1ÿr��jy��2j�2l�1ÿr� � f ��1; �2�:
Here we replaced �i ÿ �i by �i. Let

Bj � fr : 2ÿ2
j � �1ÿ r� � 2ÿ2

jÿ1g; j 2 Z�:
We see that if r 2 Bj then N�p; r� � jp, because N�p; r� is determined by
2N�p;r� � �log 1

1ÿr�p.
We thus have

T 1f ��1; �2� � sup
j
Tjf ��1; �2�

with

Tj f ��� � sup
r2Bj

j�i j��1ÿr�2jp

XN�p;r�
k�0

XN�p;r�
l�0

1

�2j�2
2ÿk2ÿl

�1ÿ r�2 �jx��2j�2k�1ÿr��jy��2j�2l�1ÿr� � f ��1; �2�:

We de¢ne

Tjkl f ��1; �2� � sup
r2Bj

j�i j��1ÿr�2jp

1

2k2l�1ÿ r�2

� �jx��1j�2k�1ÿr��jy��2j�2l�1ÿr� � f ��1; �2�:
A straightforward calculation gives the following inequality:
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Tjkl f � C
22jp

2k2l
Mf :

Here Mf is the usual Hardy-Littlewood maximal function. This implies that
Tjkl is of weak type �1; 1� with norm less than C22jp=2k2l . From the de¢nition
we have that Tjklf is bounded on L1 with norm � 1.
Marcinkiewicz's interpolation theorem now gives us that

kTjklk� � C�p; �� 22jp=�

2k=�2l=�

for 1 < � <1.
Thus we have

kTjk� �
XN�p;j�
k;l�0

1

�2j�2 kTjklk� � C�p; ��
XN�p;j�
k;l�0

1

�2j�2
22jp=�

2k=�2l=�

� C�p; ��
XN�p;j�
k�0

2j�
p
�ÿ1�

2k=�
XN�p;j�
l�0

2j�
p
�ÿ1�

2l=�
� 22j�

p
�ÿ1�C�p; �� � C�p; ��;

if � � p.
This implies that if � � p then Tj is of weak type ��; �� uniformly in j, so

condition (1) in Lemma 1 is satis¢ed.
Let 
j � 2c2jp�12ÿ2

jÿ1
and let

Kr;�1;�2�x; y�

�
XN�p;r�
k�0

XN�p;r�
l�0

1

log
1

1ÿ r

� �2
1

2k�1ÿ r�
1

2l�1ÿ r��jx��1j�2k�1ÿr��jy��2j�2l�1ÿr�;

that is Kr;�1;�2�x; y� are the kernels of the operators in the de¢nition of Tj.
It is easy to see that f
0jg � f�
j; 
j�g satis¢es the conditions of Lemma 1

after a suitable modi¢cation for small j, using that

N�p; r� � pj if r 2 Bj:

Let K� be as in Lemma 1. Let r 2 Bj and set N � 2. Then we have
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K�r;�1;�2�x; y� � sup

(XN�';r�
k;l�0

1

log
1

1ÿ r

� �2

1
2k�1ÿ r�

1
2l�1ÿ r�

� �jx�z1��1j�2k�1ÿr��jy�z2��2j�2l�1ÿr� : jzij � 
j�2; i � 1; 2

)
and Z

K�r;�1;�2�x; y�dxdy

�
XN�p;r�
k;l�0

1

log
1

1ÿ r

� �2

Z
1

2k�1ÿ r�2l�1ÿ r��jx��1j�2k�1ÿr��
j�2

� �jy��2j�2l�1ÿr��
j�2dxdy � C�p; r�;
where C�p; r� is bounded with respect to r because 
j�2 � C2jp2ÿ2

j �1ÿ r� �
C minf2k�1ÿ r�; 2l�1ÿ r�g:
Thus, condition (2) of Lemma 1 is satis¢ed. The rest of the conditions in

Lemma 1 are trivially satis¢ed, so the lemma gives that T 1 is at least of weak
type �p; p�.
We next prove that T2 is of weak type �p; p�:
In the same way as before, we get that

T 2f ��1; �2�

� sup
r;�1;�22A0p�1 ;�2

1

log
1

1ÿ r

� �2

Z
D2

f �'1; '2�d'1d'2

�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

� sup
1

log
1

1ÿ r

� �2

Z
D2

f �'1; '2�d'1d'2

�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

� sup
1=2<r<1

j�1ÿ�1 j��1ÿr��log 1
1ÿr�

p

XN�p;r�
k�0

1

2k�1ÿ r� log
1

1ÿ r

� �2

Z
Dk
2

f �'1; '2�d'1d'2
�1ÿ r� j�2 ÿ '2j�

where

Dk
2 � D2 \ f2kÿ1�1ÿ r� � j�1 ÿ '1j � 2k�1ÿ r�g:
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We now observe that this can be written as

sup
r;�

XN�p;r�
k�0

1

2k�1ÿ r� log
1

1ÿ r

� �2 �
1

1ÿ r� jyj�jyj>2�1ÿr��log 1
1ÿr�p

� �jxj�2�1ÿr��log 1
1ÿr�p�2kÿ1�1ÿr��jx�� j�2k�1ÿr� � f ��1; �2�;

where � � �1 ÿ �1, x corresponds to '1 and y corresponds to '2.
We make the same partition of the variable r into sets Bj as before, to

obtain

T2f ��1; �2� � C sup
j

sup
r2Bj

j� j��1ÿr�2jp

XN�p;r�
k�0

1
2k22j�1ÿ r� �

1
1ÿ r� jyj

� �jx�� j�2k�1ÿr��jyj>2�1ÿr��log 1
1ÿr�p � f ��1; �2�

� C
X1
k�0

1

�21=p�k sup
j�k=p

sup
r2Bj

j� j��1ÿr�2jp

2k=p

2k22j�1ÿ r� �
1

1ÿ r� jyj�jx�� j�2k�1ÿr�

� �jyj>2�1ÿr��log 1
1ÿr�p � f ��1; �2�;

(5)

because N�p; r� � jp.
Now let el � eÿ2

l
so that jyj > 2ej2jp if r 2 Bj. Make the partition

2ejÿ��12jp � jyj � 2ejÿ�2jp; � � 1; 2; . . . ; j

and estimate (5) with

T 2f ��1; �2�

� C
X1
k�0

1

�21=p�k sup
j�k=p

sup
r2Bj

j� j��1ÿr�2jp

Xj
��1

2ÿ�
2k=p

2k22j�1ÿ r�

� 2�

jyj � 2ejÿ��12jp
�jx�� j�2k�1ÿr��2ejÿ��12jp�jyj�2ejÿ�2jp � f ��1; �2�

� C
X1
k�0

1

�21=p�k
X1
��1

2ÿ� sup
j��
j�k=p

sup
r2Bj

j� j��1ÿr�2jp

2k=p

2j2k�1ÿ r�

� 2�ÿj

jyj � 2ejÿ��12jp
�jx�� j�2k�1ÿr��jyj�2ejÿ�2jp � f ��1; �2�
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� C
X1
k�0

1

�21=p�k
X1
��1

2ÿ� sup
j��
j�k=p

2k=p2ÿjTjk�f ��1; �2�:�6�

We are now going to use Lemma 1 to prove that supj�max��; k=p� 2k=pÿjTjk�f is
of weak type �p; p�. We ¢rst need to show that Tjk� is of weak type �p; p�.
A straight estimate gives

Tjk�f � sup
r2Bj

j� j��1ÿr�2jp

2jp

2k
1

2jp�1ÿ r� �
2ÿj��

jyj � 2ejÿ��12jp
�jxj�2�2jp�1ÿr��jyj�2ejÿ�2jp � f :

Because 2ÿj��
jyj�2ejÿ��12jp �jxj�2�2jp�1ÿr� is an L1-funciton with norm independent of

j; k and �, Youngs inequality gives that the convolution in the y-variable in
this estimate of Tjk�f , is a strong type �1; 1� operator with norm � C, where
C is independent of j; k and �.
Because the convolution in the x-variable in essence gives a Hardy-Little-

wood maximal operator, we have that Tjk�f � C2jp=2kM0f where M0f is a
weak type �1; 1� operator with norm � 1. Going back to the de¢nition of
Tjk�, we easily have that Tjk� is bounded on L1�T�, uniformly in �, so Mar-
cinkiewicz's interpolation theorem gives that Tjk� is bounded on
L��T�; 1 < � <1, with kTjk�k� � C�p; ���2jp2k �1=�, uniformly in �.
Thus,

k2k=pÿjTjk�k� � C�p; ��2jp=�ÿj2k=pÿk=�;
so that 2k=pÿjTjk� is bounded on L��T� uniformly in j, if � � p.
It is easy to see that for large values of j


0j � �2jp�1ejÿ1; 2jp�1ejÿ��
satis¢es the conditions on the sequence f
jg in Lemma 1. If we modify 
0j for
small values of 
, we will get a satisfactory sequence f
jg � f�
j;1; 
j;2�g.
We will next prove condition �2� of Lemma 1. Because j � k=p we can

neglect the factor 2k=pÿj and will consider the kernels in the de¢nition of Tjk�.
Let Kjk�

r;� be the kernel of the operator Tjk� , and let

Kjk��
r;� �x; y� � supfKjk�

r;� �x� '1; y� '2�; j'1j � 
j�N;1; j'2j � 
j�N;2g;
if r 2 Bj. Here we let N � 2.
We now estimate Kjk�

r;� in the same way as we did when we proved that Tjk�

is of weak type �1; 1�.
From this estimate we get that
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Kjk��
r;� � sup

'

(
1

2k�1ÿ r� �
2�ÿj

jy� '2j � 2ejÿ��12jp
�jx�'1�� j�2k�1�1ÿr�

� �jy�'2j�2jp�1ejÿ� ; j'ij � 
j�2;i i � 1; 2

)

� sup
'

(
1

2k�1ÿ r� �
2�ÿj

jy� '2j � 2ejÿ��12jp
�jx�� j��2k�1�2jp�2p�12ÿ2j ��1ÿr�

� �jy�'2j�2jp�1ejÿ� ; j'2j � 
j�2;2
)

� C
2k�1ÿ r��jx�� j��2k�1�2jp�2p�12ÿ2j ��1ÿr�

2�ÿj

jyj � 2ejÿ��12jp

� �jyj�2jp�1ejÿ��2jp�p�1ejÿ��1 :
This implies Z

Kjk��
r;� �x; y�dxdy � C

for all r. Thus we have proved condition (2) in Lemma 1.
It is easy to see that the remaining conditions in the lemma are satis¢ed,

and so we can apply the lemma to show that the operator
supj�max��; k=p� 2k=pÿjTjk� in (6) is of weak type �p; p� uniformly in � and k.
Because of the coe¤cients in the summation in k and � in (6), we can esti-
mate T 2 with a weak type �p; p� operator. Thus T 2 itself is a weak type �p; p�
operator.
The proof for T 3 is identical to the proof of T 2, because of symmetry, so

the only thing left is to prove that T 4 is of weak type �p; p�.
We have that

T4f ��1; �2�

� sup
r;�1;�22A0p�1 ;�2

C

�log 1
1ÿr�2

Z
D4

f �'1; '2�d'1d'2
�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

� C sup
1=2�r<1

XM�p;r�
k�1

1

�log 1
1ÿr�2

Z
Dk
4

f �'1; '2�d'1d'2
�1ÿ r� j�1 ÿ '1j��1ÿ r� j�2 ÿ '2j�

� C sup
1=2�r<1

XM�p;r�
k�1

1

�log 1
1ÿr�2

Z
Dk
4

f �'1; '2�d'1d'2
2k�1ÿ r��1ÿ r� j�2 ÿ '2j�
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where M�p; r� � log 1
1ÿr and Dk

4 � D4 \ f2kÿ1�1ÿ r� � j�1 ÿ '1j � 2k�1ÿ r�g.
We rewrite the supremum over 1=2 < r < 1 as suprema over j and Bj and get
the estimate

T 4f � C sup
j

XM�p;j�
k�1

sup
r2Bj

1
22j

1
2k�1ÿ r�

Z
D4\fj'1ÿ�1j�2k�1ÿr�g

f �'1; '2�d'1d'2

1ÿ r� j�2 ÿ '2j :

The operators in this majorant of T4f are of the same kind as those we used
to estimate T2f , and so T 4 is of weak type �p; p�.
Thus MAp is of weak type �p; p�.
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