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ON SOME SPACES OF VECTOR-VALUED BOUNDED
FUNCTIONS

J.C. FERRANDO

Abstract

Assuming � is an algebra of subsets of a non-empty set 
 and X is a normed space, I investigate
whether or not certain barrelledness conditions, some of them introduced in the seventies by
Saxon and Valdivia, are enjoyed by several subspaces of the linear space of all those bounded
X -valued functions defined on 
 which are the uniform limit of a sequence of X -valued �-sim-
ple functions equipped with the supremum-norm.

1. Preliminaries

In what follows 
 will be a non-empty set, � an algebra of subsets of 
 and
X a normed space. By `10 �;X� � we denote the linear space over the field K of
the real or complex numbers of all X -valued �-simple functions defined on

. If X � K, we will write `10 �� � instead of `10 �;K� �. We represent by
B �;X� �, or by B 
;X� �, the linear space over K of all bounded X -valued
functions defined on 
 which are the uniform limit of a sequence in
`10 �;X� �. We will assume that B �;X� � is equipped with the supremum-norm
fk k � sup f �!�k k : ! 2 
f g and will consider `10 �;X� � as a subspace of

B �;X� �. If � is not a �-algebra, then f ÿ1 x� �, for f 2 B �;X� � and x 2 X ,
need not be an element of �, although certainly it is an element of the �-
algebra generated by �. The subspace of B �;X� � formed by all countably-
valued functions will be denoted by K �;X� � or by K 
;X� �, while K0 �;X� �
will stand for the linear subspace of K �;X� � consisting of all those coun-
tably-valued f for which there exists a countable partition An; n 2 Nf g of 


by elements of � such that f is constant in each set An, n 2 N. If f 2 K �;X� �
is such that f ÿ1 x� � 2 � for all x 2 X , then clearly f 2 K0 �;X� �. Naturally
K0 �;X� � coincides with K �;X� � whenever � is a �-algebra, although in
general K0 �;X� � is a dense subspace of K �;X� �, since `10 �;X� � � K0 �;X� �.
When X � K we will write K0 �� � instead of K0 �;K� �. If E � 
 we will
represent by B E;X� � the subspace of B �;X� � of all those functions f whose
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support is contained in E. Note that the restriction � Ej :� Y \ E : Y 2 �f g
is an algebra on E, and if E 2 � then B E;X� � is isometric to the space
B � Ej ;X
ÿ �

. Finally, we will denote by St I ;X� � the linear space of the
X -valued step functions defined in the semiclosed unit interval I � 0; 1� �
provided with the supremum-norm, and by Reg I ;X� � the X -valued regu-
lated function space. Assuming that 
 coincides with I and � is the algebra
of finite unions of right-semiclosed intervals contained in I , we may identify
both spaces with their corresponding subspaces of B �;X� �. The reader is
referred to Section 5 for a detailed definition of these spaces.
Let us remark that if ! 2 
, the mapping f ! f !� � from B �;X� � onto X

is a quotient, so X shares the same barrelledness property as B �;X� � does
for those barrelledness conditions considered in this paper.
A Hausdorff locally convex space (l.c.s. in brief) E is said to be barrelled

of class 1 or suprabarrelled [13] if, given an increasing sequence En� � of
subspaces of E covering E, there is some Em which is dense and barrelled. A
l.c.s. E is said to be barrelled of class n, n > 1, [5] if, given an increasing
sequence En� � of subspaces of E covering E, there is some Em which is dense
and barrelled of class nÿ 1. If E is barrelled of class n for each n 2 N, E is
called barrelled of class @0 [5]. A l.c.s. E is said to be totally barrelled [15]
(TB for short) if, given a sequence En� � of subspaces of E covering E, there is
one of them which is barrelled and its closure is of finite codimension in E. If
E is metrizable, this is equivalent (see 9:3:3 of [10]) to saying that there is
some Em which is barrelled. A l.c.s. E is said to be Baire-hyperplane [14] (BH
for short) if it cannot be covered by any sequence of closed hyperplanes. A
l.c.s. E is said to be unordered Baire-like (UBL in brief) [12] if, given a se-
quence of closed absolutely convex subsets of E covering E, one of them is a
neighbourhood of the origin in E. A l.c.s. E is said to be Baire-like (BL in
brief) [11] if, given an increasing sequence of closed absolutely convex sub-
sets of E covering E, then one of them is a neighbourhood of the origin in E.
One has that

UBL) BH
UBL) TB) barrelled space of class @0 ) BL) barrelled

While, as is well-known, `10 �;X� � is barrelled if and only if `10 �� � is bar-
relled and X is finite-dimensional [7], we have that B �;X� � is barrelled if and
only if X is barrelled [9], and ^ assuming that � is a �-algebra ^ B �;X� � is
barrelled of class n of class @0� �, with n � 1, if and only if X is barrelled of
class n resp. of class @0� � [6] (see also [5]). In Problem 11.16 of [5] we ask
whether or not B �;X� � is UBL whenever X is UBL. In this paper we show
that B �;X� � is BH if and only if X is BH and, using some ideas from [3], we
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give some conditions for B �;X� � to be UBL. We also obtain several bar-
relledness conditions concerning the spaces K0 �;X� � and K �;X� � depending
on the kind of barrelledness conditions exhibited by the range space X .
Besides, we show that St I ;X� � is never barrelled and that Reg I ;X� � is bar-
relled if and only if X is barrelled.
For a glance of the present research concerning barrelledness properties of
spaces of vector-valued bounded measurable� � functions see [8], [1] and [4]
resp.[3]� �.

2. The space B �;X� �
Theorem 2.1. B �;X� � is a BH space if and only if X is a BH space.

Proof. If B �;X� � is BH, then obviously X is BH. Let us show that if
B �;X� � is not BH, then X is not BH. Assume that Hn : n 2 Nf g is a
sequence of closed hyperplanes of B �;X� � covering B �;X� � and define the
following closed linear subspaces of X

Ln � x 2 X : �Ax 2 Hn for each A 2 �f g�3�
for each n 2 N. Clearly `10 �;X� � 6� Hn, since otherwise Hn � B �;X� �, a
contradiction. Hence there is some fn 2 `10 �;X� � ÿHn such that B �;X� � �
fnh i �Hn. Assuming that fn �

Pm
i�1 zni�Eni where Eni 2 �, Eni 6� ; for

1 � i � m, and Eni \ Enj � ; if i 6� j, there must be some positive integer k
with 1 � k � m such that �Enkznk =2 Hn. This implies that znk =2 Ln. Conse-
quently, for each n 2 N there is a closed hyperplane Xn in X such that
Ln � Xn: So, it suffices to show that

S1
i�1 Li � X . Now given z 2 X , z 6� 0,

then L z� � :� f �� �z : f 2 `1 �� �f g, where `1 �� � denotes the completion of the
scalar-valued �-simple function space `10 �� �, is a subspace of B �;X� �
isomorphic to the Banach space `1 �� �. Hence, according to the Baire cate-
gory theorem, there is some Hj such that L z� � � Hj. Particularly �Az 2 Hj

for each A 2 �, which implies that z 2 Lj.

Lemma 2.2. Let Wn : n 2 Nf g be a sequence of closed absolutely convex
subsets of B �;X� � covering B �;X� �. If X is UBL there exists some i 2 N such
that Wi absorbs the set �Ax : A 2 �; xk k � 1f g.
Proof. Let us define the following closed absolutely convex subsets of X

Vnm � x 2 X : �Ax 2 mWn for each A 2 �f g�4�
for each n;m 2 N. Given z 2 X , z 6� 0, then as before L z� � :�
f �� �z : f 2 `1 �� �f g is a subspace of B �;X� � isomorphic to the Banach

space `1 �� �. Consequently there exist some r; s 2 N such that �Az 2 sWr

for each A 2 �. This implies that z 2 Vrs, and therefore we have
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[ Vnm : n;m 2 Nf g � X . As X is UBL there are i; j; k 2 N such that kVij

contains the closed unit ball of X . Hence �Ax 2 jkWi for each x 2 X with
xk k � 1 and each A 2 �. Thus Wi absorbs the set �Ax : A 2 �; xk k � 1f g:
Theorem 2.3. Assuming that X is a UBL space, then B �;X� � is UBL if

and only if it is TB.

Proof. Clearly, if B �;X� � is UBL, then it is TB. Assume conversely that
B �;X� � is TB and let Wn : n 2 Nf g be a sequence of closed absolutely con-
vex subsets of B �;X� � covering B �;X� �. It suffices to notice that, according
to the previous lemma, there is an i 2 N such that `10 �;X� � � Wih i, and
since `10 �;X� � is dense in B �;X� �, this implies that Wih i is dense in B �;X� �.
Consequently, by means of Theorem 4.1 of [12], we may assume that
Wih i : i 2 Nf g covers B �;X� � and each Wih i is dense in B �;X� �. But as

B �;X� � is TB, there must be some j 2 N such that Wj

 �

is barrelled which,
as can be easily proven, implies that Wj


 �
must be closed too. So

Wj

 � � B �;X� � and therefore, B �;X� � being barrelled, Wj is a neighbour-
hood of the origin in B �;X� �.
Lemma 2.4. Let An : n 2 Nf g be a sequence of pairwise disjoint subsets of


. If Tn� � is a sequence of closed absolutely convex subsets of B �;X� � covering
B �;X� �, there are m 2 N and Jm � N, with Jm finite or empty, such that Tm

absorbs the closed unit ball of the subspace B [ An : n =2 Jmf g;X� �.
Proof. Assume the lemma is not true and denote by Qi : i 2 Nf g the

countable family mTn : m; n 2 Nf g. For each i 2 N, let
fi 2 B [ An : n � if g;X� ��5�

be such that fik k � 1 and fi =2 Qi. Then, for each � 2 `1 the series
P1

i�1 �ifi
converges in the completion B��; bX� of B �;X� � to some f�. But sinceP1

i�1 �ifi !� � � 0 if ! =2 S1n�1 An and
P1

i�1 �ifi !� � �
Pn

i�1 �ifi !� � 2 X if ! 2 An,
we must conclude that f� 2 B �;X� �. This implies that the linear mapping
� !P1

i�1 �ifi from `1 into B �;X� � is well-defined (and continuous). Hence,
the set D � f� : � 2 `1

� 	
is a Banach disk in B �;X� �, and as Tn� � covers

B �;X� �, there must be some positive integer j such that Tj absorbs the set D.
Consequently there is some k 2 N such that Qk � D, which leads to fk 2 Qk,
a contradiction.

Proposition 2.5 Let a be an algebra of subsets of N containing the finite
sets. Then B a;X� � is UBL if and only if X is UBL.

Proof. Suppose X is UBL. Let Wn : n 2 Nf g be a sequence of closed
absolutely convex subsets of B a;X� � covering B a;X� � and consider the
partition nf g : n 2 Nf g of N. According to Lemma 2.2 and Theorem 4.1 of
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[12] there is no loss of generality by assuming that `10 a;X� � � Wnh i for each
n 2 N. On the other hand, using Lemma 2.4, there are m 2 N and Jm � N,
with Jm finite or empty, such that B N n Jm;X� � � Wmh i. From these facts,
and noticing that B Jm;X� � � `10 ajJm ;X

ÿ �
, it follows that B a;X� � � Wmh i,

so the conclusion is a consequence of the barrelledness of B a;X� �.

3. The space K0 �;X� �
Lemma 3.1. Assume that T is a barrel in the space K0 �;X� �. If T absorbs the
set �Ax : A 2 �; xk k � 1f g, then T is a neighbourhood of the origin in
K0 �;X� �.
Proof. If T is not a neighbourhood of the origin in K0 �;X� �; by density

there is some f1 2 `10 �;X� � with f1k k � 1 and f1 =2 2T . If P1m : 1 � m � n1f g
is the (finite) partition of 
 induced by f1, there exists a positive integer k1,
1 � k1 < n1, such that T does not absorb the unit ball of `10 P1k1 ;X� �. Hence,
setting 
1 � P1k1 and x1 being the constant value of f1 in 
1, there must be
f2 2 `10 
1;X� � with f2k k � 1, f2 =2 4T . If P2m : 1 � m � n2f g is the partition
of 
1 induced by f2; there is some positive integer k2, 1 � k2 � n2, such that
T does not absorb the unit ball of `10 P2k2 ;X� �. Set 
2 � P2k2 and let x2 be
the constant value of f2 in 
2. Proceeding by recurrence we obtain a nor-
malized sequence fn� � in `10 �;X� �, a sequence xn� � in X with xnk k � 1 for
each n 2 N, and a decreasing sequence 
n� � of elements of the algebra �,
such that 
n � supp fn � 
nÿ1, where 
0 � 
, and fn =2 2nT , fn taking the
constant value xn in 
n, for each n 2 N. Setting gn � fn ÿ �
nxn for each n, as
T absorbs the set �Ax : A 2 �; xk k � 1f g, there is some k 2 N such that
�
nxn 2 nT for each n � k. Hence gn =2 nT for each n � k. Now, due to the
fact that the gn are disjointly supported, the subspace span gn : n � kf g of
B��; bX� is a copy of c0 contained in K0 �;X� �. Hence there is some positive
integer j such that gj 2 jT , a contradiction.
Lemma 3.2. K0 �� � is a barrelled space.
Proof. Assume the lemma is not true. Then there is a barrel T in K0 �� �

which is not a neighbourhood in K0 �� �. As T does not absorb the closed unit
ball of `10 �� � a standard argument (see for instance [2]) yields a pairwise
disjoint sequence An� � of elements of � and a strictly increasing sequence ni� �
of positive integers such that �Ai =2 niT for each i 2 N. So span �Ai : i 2 Nf g
is a copy of c0 contained in K0 �� � and therefore there must be some k 2 N
such that �Ak 2 nkT , a contradiction.
Theorem 3.3. K0 �;X� � is barrelled if and only if X is barrelled.

Proof. Suppose X is barrelled. Let T be a barrel in K0 �;X� � and define
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Vm � x 2 X : �Ax 2 mT 8A 2 �f g�6�

for each m 2 N. Then Vm : m 2 Nf g is an increasing sequence of closed ab-
solutely convex subsets of X . If z 2 X , z 6� 0, according to the previous
lemma,

L z� � :� f �� �z : f 2 K0 �� �f g�7�
is a barrelled space contained in K0 �;X� �, and consequently there is some
k 2 N, such that �Az 2 kT for each A 2 �, i.e., z 2 Vk. Hence Vm : m 2 Nf g
covers X . But X , being metrizable and barrelled, is a Baire-like space, which
means that there exists some j 2 N such that Vj absorbs the closed unit ball
of X . This implies that there is some i 2 N such that �Ax 2 ijT for each
x 2 X with xk k � 1 and each A 2 �. Therefore T absorbs the set
�Ax : A 2 �; xk k � 1f g and the conclusion follows from Lemma 3.1.

Corollary 3.4. (Mendoza) B �;X� � is barrelled if and only if X is bar-
relled.

Proof. This is an obvious consequence of the previous theorem, since
K0 �;X� � is a dense subspace of B �;X� �.
Although K0 �;X� � is always barrelled whenever X is barrelled, this space

need not be TB or BH even if X is a Banach space, as the following example
shows.

Example 3.5. Assume that 
 � R and letm be the algebra of all subsets A
of R such that either A or R n A contains a dense open set of the usual topology
of R. Let Bn� � be the sequence of all open intervals whose extremes are both
rational numbers. As we know, according to Lemma 3.2 K0 m� � is a barrelled
space, and we are going to show that K0 m� � is not TB or BH.

Indeed, Ln :� f 2 K0 m� � : f is constant in Bnf g is for each n a closed
linear subspace of K0 m� � and the sequence Ln� � covers K0 m� �, for given
f 2 K0 m� �, if An : n 2 Nf g is a partition of 
 by elements of m induced by
f , since 
 is a Baire space there must be some k such that Ak contains a
dense open set. So there exists a positive integer m such that Bm � Ak, which
shows that f 2 Lm. As each Ln is infinite-codimensional ö if qi� � is an
enumeration of the rational numbers contained in Bn, the set � qif g : i 2 N� 	
is linearly independent with respect to Ln and � qif g 2 K0 m� � for each i since

 n qif g is a dense open set ö, it follows that K0 m� � is not a TB space. Fi-
nally, as K0 m� � may be easily covered by a sequence Hn� � of closed hyper-
planes, then K0 m� � is not a BH space.

76 j.c. ferrando



{orders}ms/990250/ferrando.3d -20.11.00 - 12:59

4. The space K �;X� �
For the next results � will be a �-algebra of subsets of 
. If � is a countable
partition of 
 by elements of �, we denote by K �;X� � the linear subspace of
K �;X� � formed by all those functions f such that f s� � � f t� � for each
s; t 2 A with A 2 �, and represent by � the family of all countable partitions
of 
 by elements of �.

Lemma 4.1. Let An : n 2 Nf g be a sequence of pairwise disjoint elements of
�. If V is an absolutely convex subset of K �;X� � such that V \ K �;X� � is a
neighbourhood of the origin in K �;X� � for each � 2 �, then there is some
m 2 N such that V absorbs the closed unit ball of K [ An : n � mf g;X� �.
Proof. Otherwise there exists a normalized sequence fm� � � K �;X� � such

that fm 2 K [ An : n � mf g;X� � and fm =2 mV for each m 2 N. ThenP1
m�1 �mfm converges in the Banach space B��; bX� to f� for � � �m� � 2 `1,

and reasoning as in Lemma 2.4 it is easy to note that f� 2 K �;X� �. As
f ÿ1 x� � 2 � for each f 2 B �;X� � and x 2 X , then each f 2 K �;X� � induces
some �f 2 � such that f 2 K �f ;X

ÿ �
. So meeting each An respectively with

the countable partitions induced by the supports of f1; :::; fn, it is not difficult
to determine a � 2 � independent of � such that f� 2 K �;X� �. Therefore
f� : � 2 `1; �k k � 1
� 	

is a Banach disk in K �;X� � and hence there is some
k 2 N such that f� 2 kV for each � 2 `1. In particular fk 2 kV , a contra-
diction.

Lemma 4.2. Let V be an absolutely convex subset of K �;X� � such that
V \ K �;X� � is a neighbourhood of the origin in K �;X� � for each � 2 �. If

n : n 2 Nf g is a decreasing sequence of elements of � and xn� � is a bounded
sequence in X, there is some positive integer m such that �
nxn 2 mV for each
n 2 N.

Proof. Set An � 
nÿ1 n 
n for each n 2 N, where we write 
0 � 
, and
let � � An : n � 0; 1; :::f g where A0 �

T1
n�1 
n. Since we have �
nxn �

�A0xn �
P1

m�1 �Amynm, with ynm � 0 for 1 � m � n and ynm � xn for m > n,
pointwise on 
, it follows that �
nxn 2 K �;X� � for each n 2 N. Choosing
M > 0 such that xnk k �M for each n 2 N we have that �
nxnk k �M. Now,
given that V \ K �;X� � is a neighbourhood of the origin in K �;X� �, there
exists a positive integer k such that �
nxn 2 kV for each n 2 N.
Theorem 4.3. If � is a �-algebra, K �;X� � is the locally convex hull of the

family K �;X� � : � 2 �f g
Proof. As each f 2 K �;X� � induces a partition �f 2 � such that

f 2 K �f ;X
ÿ �

, then K �;X� � � S K �;X� � : � 2 �f g.
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Let V be an absolutely convex subset of K �;X� � such that V \ K �;X� � is
a neighbourhood of the origin in K �;X� � for each � 2 �. We are going to
prove that V is a neighbourhood of the origin in K �;X� �.
Assume that V is not a neighbourhood of the origin in K �;X� �. Then

using Lemmas 4.1 and 4.2 we are going to obtain a bounded sequence
gn� � � K �;X� � such that gn =2 nV for each n 2 N and supp gi \ supp gj � ;
if i 6� j. We outline the way to do this. Choose some f1 2 K 
;X� � with
f1k k � 1 such that f1 =2 2V . If P1m : m 2 Nf g is the partition of 
 by elements
of � induced by f1, then according to Lemma 4.1 there is some positive in-
teger n1 such that V absorbs the unit ball of K [ P1n : n � n1f g;X� �. Hence
there exists a 1 � k1 < n1 such that V does not absorb the unit ball of
K P1k1 ;X� �. Set 
1 � P1k1 and let x1 be the constant value of f1 in 
1. Again
there must exist an f2 2 K 
1;X� � with f2k k � 1 and f2 =2 4V . Then, let
P2m : m 2 Nf g be the partition of 
1 by elements of � induced by f2. Using
again Lemma 4.1 we obtain some positive integer k2 such that V does not
absorb the unit ball of K P2k2 ;X� �. Set 
2 � P2k2 and let x2 be the constant
value of f2 in 
2. Proceeding by recurrence we obtain a normalized sequence
fn� � in K �;X� �, a sequence xn� � in X with xnk k � 1 for each n 2 N and a
decreasing sequence 
n� � of elements of �, such that 
n � supp fn � 
nÿ1,
where 
0 � 
, and fn =2 2nV , fn taking the constant value xn in 
n, for each
n 2 N. Setting gn � fn ÿ �
nxn for each n, then according to Lemma 4.2 there
is some k 2 N such that �
nxn 2 nV for each n � k. Hence gn =2 nV for each
n � k.
If Anm : m 2 Nf g is the sequence of the pairwise disjoint elements of �

defined by the non-null values of gn, i.e., for each positive integer m there is
some xm 6� 0 with Anm � gÿ1n xm� �, then, due to the fact that the gn have dis-
joint supports, Anm : n;m 2 Nf g is a countable family of pairwise disjoints
elements of �. So there is some � 2 � such that gn 2 K �;X� � for each n 2 N
and hence there exists some positive integer k such that gk 2 kV , a contra-
diction.

Lemma 4.4. Let a be an algebra of subsets of N containing the finite sets.
Then B a;X� � is an ultrabornological space if and only if X is an ultra-
bornological space.

Proof. Let V be an absolutely convex subset of B a;X� � which meets
each Banach space L contained in B a;X� � in a neighbourhood of the origin
in L. A simple modification of the argument of the proof of Lemma 2.4
yields some finite set J � N such that V absorbs the closed unit ball of
B N n J;X� �. As B J;X� � is isomorphic to XJ since � contains the singletons,
and due to the fact that XJ is ultrabornological, then V absorbs the unit ball
of B J;X� � and we are done.
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Corollary 4.6. If X is ultrabornological and � is a �-algebra, then the
space K �;X� � is ultrabornological.
Proof. This is an obvious consequence of the two previous results since it

is plain that each subspace K �;X� � is isomorphic either to Xn, for some
n 2 N, or to some space B a;X� �, a being the �-algebra of all subsets of N.

Corollary 4.6. If X is UBL and � is a �-algebra, then K �;X� � is an
inductive limit of UBL spaces.

Proof. Now Xn is a UBL space, since it is the product of UBL spaces,
and B a;X� � is also a UBL space according to Proposition 2.5.

5. The spaces St I ;X� � and Reg I ;X� �
We denote by Reg I ;X� � the linear space of regulated functions, i.e. the
linear space of all those X -valued bounded functions defined in I � 0; 1� �
which are the uniform limit of a sequence of step functions. By St I ;X� � we
will denote the linear space formed by the step functions, and assume both
spaces provided with the supremum-norm. Identifying St I ;X� � with a sub-
space of B �;X� �, � being the algebra of all finite unions of right-semiclosed
intervals contained in I , we have that St I ;X� � � `10 �;X� �. Hence Reg I ;X� �
coincides with B �;X� �.
Proposition 5.1 St I ;X� � is never a barrelled space.
Proof. If X has dimension one let us write St I� � instead of St I ;X� �. It

suffices to show that St I� � is not barrelled, since given some fixed x� 2 X �
with x�k k � 1, the mapping T : St I ;X� � ! St I� � defined by Tf � x�f for
each f 2 St I ;X� � is a quotient map, for T is continuous, and if x 2 X is such
that x�x � 1 and BSt I� � and BSt I;X� � denote the closed unit ball of St I� � and
St I ;X� � respectively, then xk kÿ1�BSt I� � � T BSt I ;X� �

� �
.

Consider the sequence fn� � of scalar functions on I defined by f1 t� ��
28t2 0;1=2� �, f1 t� ��ÿ28t2 1=2;1� �, f2 t� ��88t2 1=2;3=4� �, f2 t� ��ÿ88t2 3=4;1� �
and f2 t� ��0 elsewhere, f3 t� ��328t2 3=4;7=8� �, f3 t� ��ÿ328t2 7=8;1� � and
f3 t� ��0 in any other point of I , and so on. Ifa denotes the family of all semi-
closed (on the right) intervals contained in I and J2a, two cases are in order. If
supJ<1 there is an m2N such that suppfn\J�; for each n�m and conse-
quently

R
J fn�t�dt�0 for each n�m. On the other hand, if supJ�1 there is some

m2N such that suppfn�J for each n�m. Hence one has again that
R
J fn�t�dt�0

for each n�m. Therefore, in any case

lim
n!1

Z
J
fn t� �dt � 0 8J 2a:�8�

on some spaces of vector-valued bounded functions 79



{orders}ms/990250/ferrando.3d -20.11.00 - 13:01

Defining un such that un; gh i � R 10 fn t� �g t� �dt for each n 2 N and each
g 2 St I� � then, as a consequence of what we have just seen, the set
U � un : n 2 Nf g is weak* bounded in St I� ��. In fact, un; �Jh i � RJ fn t� �dt for
each J 2a and each n 2 N. But U is not bounded under the norm of St I� ��;
since

R 1=2
0 f1 t� �dt � 1,

R 3=4
1=2 f2 t� �dt � 2,

R 7=8
3=4 f3 t� �dt � 4, et cetera.

Theorem 5.2. Reg I ;X� � is barrelled if and only if X is barrelled.

Proof. Since Reg I ;X� � coincides with B �;X� �, this is an obvious con-
sequence of Corollary 3.4.
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