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EXACTNESS OF A RANK ONE QUANTUM
INDUCTION FUNCTOR

JENS G. JENSEN

Abstract

We give a short and elementary proof of the exactness of the induction functor HS(U,/UY, —)
for U,(sl).

1. Introduction

Let U be the quantized universal enveloping algebra (quantum group) asso-
ciated to a simple finite dimensional Lie algebra g. Then U has a Poincare-
Birkhoff-Witt type decomposition U = U~ U°U*. We may use a given
module for the subalgebra U’ to construct modules for U by ““induction”; in
this paper we study such a functor in the case g = sl,. In [1] induction is
studied for a quantum algebra over a certain localization of 4 = Z[g,¢"'], in
particular, exactness is proved in [1, 2.11]. The proof involves (among other
things) specialization to the case ¢ = 1 and Kempf’s vanishing theorem. It is
also possible via other specializations to avoid this localization but the
complete proof becomes quite long and non-trivial (an alternative proof may
be given using Lusztig’s canonical bases, see the related results on the
quantum coordinate algebra in [3, 29.5].)

In this paper we give a short and elementary proof of the exactness of in-
duction in the case g = sl, where U is an A-algebra (no localization). The
result in this case is mentioned in [4, 2.3] but the proof sketched there is in-
correct.

This question was put to me by Henning Haahr Andersen at the Uni-
versity of Aarhus, and it is my pleasure to acknowledge his support and
guidance. I am also grateful for his suggestions in relation to the preparation
of this paper.

Received November 1, 1996.
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2. Notation

Let 4 = Z[q,q7'], ¢ an indeterminate, and let U be the quantized universal
enveloping algebra of type sl, i.e., U is the Q(g)-algebra generated by
E, F, K, K~! with relations

(1) KK'=1=K"K,
KEK™' = ¢E, KFK™'=q?F,

K—-K!
[E F]=—7+.
q—4q
Define for CEWZ;,l [c]:%, and for reN, [t]!:H;:I[j} and

(] =TT % In particular, [{] =1 and [0]!=1, and [] =0 for
t>c¢>0. For all ¢,t as above, the [ belong to 4. We define
EV = LE F0) :ﬁF"; let Uy be the A-subalgebra of U generated by
E®

), FU K, K~', (r=0,1,...). We have a decomposition
(2) Uq= U URUY

[2, Thm. 6.7] where Uy is generated by the F), U} by the E"), and UY by
K, K7, [*].

t
Define for ce Z,t € N

|:K,C:| _ t ch—j+] _ K—lq—(‘+j—l .
t iy q/ — q—./ ’

these elements belong to UY.
For m € Z we define a character x,, : Uy — A (cf. [1], Lemma 1.1) by

" K;c m+c
(3) Xon(K) = ¢, Xm<|: . D =[ , }, cez teN

and for a UY-module M the m’th weight space (of type 1, cf. [1, 1.2])
M, ={ve M|VucUS: uv= xu(u)r}

We may consider 4 as a UY-module by letting u € UY act as multiplication
by X (u); this Uj-module is (by abuse of notation) written simply as X
Let M be a Uy -module, and define

F(M)={ve @MU | EWy=0=F"y for r> 0};
Z M is a submodule of M (cf. the proof of Lemma 3 below) and we say that

M 1is integrable if # M = M. Let % 4 be the category of U, -modules and let
% 4 be the full subcategory of %, whose objects are the integrable U, -mod-
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ules; then # is a functor %4 — % 4. We let ', denote the category of ““in-
tegrable” UY-modules (meaning that they are direct sums of their weight
spaces.)

We define an induction functor as in [1, 1.9-10],

(4) H(U4/UY, =) = F o Homy,(Us, =) : €4 — G4
where, if M is a Ug-module, U, acts on Hong(UA,M) as follows:

(5) (wf)(x) =f(xu), x,u€ Uy, | € Homyo (Uy, M)

3. Exactness of the induction functor

PROPOSITION 1. Let m € Z. If m < 0 then H(xn) = 0. If m > 0 then HY(xn)
is a free A-module,; it has a basis eq, e, ..., ey such that for all r > 0 and all
i€{0,...,m} we have

e € HBI (Xm)m72i

E(r)ei = |:l:| €y, 1= 07 co.,m
r

FWe; = {m_l}eiﬂ,io,...,m
r

where we set e; =0 for s < 0 or s > m.
ProoOF. Same as [1, Proposition 4.1].

Let T: U4 — Uy be an automorphism of A-algebras, and let M be a re-
presentation of Uy, i.e. an A-algebra homomorphism py, : Uy — End4(M).
We define a T-twisted representation "M by letting U, act on M by the
homomorphism “py = py o T. If T(UY) C UY we can twist UY representa-
tions in the same way.

LEMMA 2. Let T : Uy — Uy be an A-algebra endomorphism with T(Ug) -
UY and let V be a UY-module. Then T induces a homomorphism of U4 modules

¢: THomy(Ug, V) — Homy (U, V), fr—foT

(Recall that the untwisted U s-module structure is given by (5).) Moreover, if T
is an isomorphism (of A-algebras) then ¢ is a module isomorphism (with inverse

ffoT™.

Proor. This is straightforward.
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LEMMA 3. The functor F : U4 — € 4 is a left exact and commutes with di-
rect sums.

ProoF. Let M be a Uy-module. First we show that # (M) is indeed a Uy-
module: for example, if x € # (M), say E®x =0 for s > sy and FWx = 0 for
t > to, then E"x and F")x are also in % (M) (for all r € N), for FOF"x =0
and, using Kac’s formula (compare [3], 3.1.9),

E(S«HA)F(,A)X _ ,Z F(’.ii) |:K, 2l _. 2}’ — S:| E<S+"7")x _ 0
i=0 !

(and similarly for E?)x). It is easy to see that . is a functor.
To show that this functor is left exact, it suffices to prove that it preserves
kernels. Let ¢ : M — N be a morphism of % 4:

ker(# ¢) = ker(¢|F M) =kero N FM = F (ker ¢)
It is easy to see that #F (M @ N) = F (M) @ # (N) for all M, N in % 4.

COROLLARY 4. The functor HY(Us/UY, =) : €) — G4 is left exact and
commutes with direct sums.

In the rest of this section we shall work only with one specific auto-
morphism 7, namely the one given by

(6) K+—K'!' E+r—sF F+—E

(using (1) one checks that this is an A-algebra automorphism with
T(UY) c U%)

COROLLARY 5. With T as in (6), there is a U 4-isomorphism
THO (U, U, V) = HO (U4 USTY)
fr—foT
Proor. First, ¢ of Lemma 2 is an isomorphism. From the identity
(7) ('™™), = (M_,), (M any Us-module)

and from T(E") = F" T(F") = E" we deduce that '# (M) = #(™M);
with this identification & ¢ is the required isomorphism.

One may check that T-twist (with T given by (6)) is an equivalence func-
tor from % 4 to itself (In particular, the functor is faithfully exact.) The re-
striction of this functor maps %4 to itself.

LEMMA 6. [fmeZ, V € %OA and V, =0 for n < —m, then there is an iso-
morphism
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(8) HY(U4/UY, V), =2

{(a,,s)(m)e,\,x,\l |ars € Vipia(s—r)» ars = 0 for s > 0 and all r}

©) [ (f(FVEY)

PrOOF. First we observe that any f € HY(U,/UY, V), is given uniquely
by its values on F(E®  r s> 0 (since these constitute a basis for U, over
UY, see [2, 6.7]). Put a,, = f(FEW); since f has weight m we get

qmars — qu(F(;)E(s)> — (Kf) (F(r)E(s)> :f(F(")E(s)K)
="K (FOEY) = ¢ Kay,

(and similarly for the other generators of UY) so a,, has weight m + 2(s — r).
Conversely, if a,s € V12— for all r,s > 0 then

(10) WF"EY v ua,), ue U

defines a function U4 — V that clearly belongs to HomUS(UA, V)
Consider first any f € HY(U4/UY, V),:

(11) 350 > 0 Vs > 5o CEWf=0
= 50> 0 Vs; > 50 Vr,s > 0: f(FOEOES) =0

< dsg >0Vs) >80 Vr,s >0: {S—‘_Sl}

Ay s4+s5; = 0
= dso>0Vsy>s50Vr >0:a., =0

This proves that f is indeed sent to the RHS of (8).

Conversely, let (a,s) from the RHS of (8) be given, and consider the cor-
responding function, call it £, as given by (10). By (11) above we deduce that
E®) f =0 for s > 0 and we need only show that a sufficiently high power of
F Kkills £+

(12) Fjo > 0/ > jo FU . f=0
= Fjo >0 > o Vr,s>0: (FV . f)(FIEW) =0
= Fjo >0 >joVr,s>0: f(FDEWFI) =0
<~ Jjo >0V >joVr,s >0:

min{j,s} . .
r+j—t | K2t —F—s _
f< 3 { / }Fw 0{ Z Ee0) —o

=0
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= Fjo >0V >joVr,s >0:

min{j,s} |:}" +J N [:| |:K, 2 +] _ 5
r t

] f<F(r+H> E(H)) —0

t=0
<= Fjo >0V >joVr,s >0:

min{j,s} |:}" +] _ [:| |:m + 5 _j

t

:|ar+j—t,s—t =0
r

=0
Note that for r —s > m we get m+ 2(s —r) < —m and hence a,; = 0 by the
assumption that V has no weights below —m. We shall prove (12) by con-
sidering two cases:

m+s—j<0:(r+j—t)—(s—t)=r+j—s>r+m>m, S0 aj_g5 =
0 for all «.

m+s—j>0: In this case ["77] =0 for t>m+s—j; and if
0<t<m+s—jwe have s —t > j—m, whence it follows that a,;_,,, =0
(according to (12)) if we choose jj greater than m + sy (and greater than 0),
which we may do without loss of generality.

Lemma 7. If m € Z and
0—P—Q S R—0
is an exact sequence in €', and P, = Q, = R, = 0 for n < —m then there is an
exact sequence of UY-modules

% HY(U4/UY,R),, — 0

m m

Proor. According to Corollary 4 we only have to prove that 7 is surjec-
tive. Choose an arbitrary g€ H}(Uy/UY,R),, and let b, = g(F"EW) ¢
Ryi2(5—r), 7,8 > 0. For all r,5 > 0 find a,s € Qp2(5—r) such that m(a,) = by
and b;=0=a,=0 (r 1is surjective). As in (10) above, let
f € Homy (Uyg, V),, be given by uF"EY i a, (u€ Uj). By Lemma 6,
/€ HY(U4/USY, Q),, and clearly #(f) = g.

THEOREM 8. The functor HS(U4/UY, =) : €', — €4 is exact.

PrOOF. Since HY(U4/UY, V) =@, HY(Us/UY, V), , it will suffice to
prove the exactness of each H%(U4/UY,-),, (as a functor from %, to the
category of 4-modules.) So let an arbitrary fixed m € Z be given. For any V
in ¢/, we define V' =@,._,, Vo and V"' =@, __,, Vu; clearly V=V & V",
Given a short exact sequence in %’

0—P—Q0—R—0
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we obtain two short exact sequences (of Ug-modules)
0—P —Q —R —0
0—P — Q0 —R' —0
Using Lemma 7 we find an exact sequence

(13) 0 — HY(Ua/ UL, P),, — Hy(Ua/ U3, Q),, — Hy(Ua/ U3, R)),, — 0

m
and by the exactness of the 7-functor an exact sequence

0 — TP// N TQ” N TRH —50
Since (TP"), = T(P",) =0 for —n> —m, ie. for n <m, we can apply

Lemma 7 again to obtain an exact sequence

0 — H3(Ua/Ug,"P"),, — H3(Ua/ U3, "0Q"),,

m

— HY(U4/UY,"R"),, — 0
Using Corollary 5 and (7) we deduce that the sequence

0 — T(H U4/ VS, P"),,) = T (H3(Us/ U3, Q"))
= T(H(Us/ UL R"),) = 0

is exact, and, since 7 is faithfully exact, that
(14) 0 — Hy(Us/ Uy, P"),, — H3(Us/ Uy, Q"),,

— HY(U4/US, R"),, — 0
is exact. Finally, applying Corollary 4 to (13) and (14) yields an exact se-

quence

0 — Hy(Ua/ U3, P),, — Hy(Ua/ Uy, Q),, — H3(Ua/ U3, R),, — 0

as desired.

4. Applications
We can define an induction functor
H'(Us/U; U, =) = F o Homy. y (Us, —)

from the category of integrable Uy UY-modules to 4. This functor is left
exact but not exact, so we let H'(U,/U; UY, —) denote the ith derived func-
tor (the category of integrable U; UY-modules has enough injectives). This
functor is often written quite simply as H%(—) and the derived functors as
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H',(—). As in [4, section 2] we may use Theorem 8 to prove vanishing theo-
rems. We may extend the UY-module x,, to a Uy U-module by letting Uy
act trivially. Then we have:

ProposITION 9 (Kempf vanishing). Let m > 0. Then H',(xn) = 0 for i > 0.
PrOOF. [4, 2.4]

PropoSITION 10. H'(—) =0 for i > 1

PrOOF. [4, 2.5] or [1, 4.3]

Let k£ be a field where we choose a distinguished element £ € £*; we may
then consider k as an A-algebra by ¢ — & We have then a quantum algebra
Uc=k®,4 Uy with a decomposition as (2), Uy = U U,? US, where
Ul=k®, U} and similarly for U; and U}. We now consider
EV, FW K, K~' and [¥] as elements of Uy. We may then define for
m € Z characters x,, : Ui — k by composing the map in (3) with the algebra
map A — k. We also extend the concept of integrable modules to Ui-mod-
ules (resp. U,?-modules), and we have then an induction functor as in (4)
which we denote H (Uy/U; U, —), or simply HY(—).

PROPOSITION 11. Let V be an integrable Ug-module. Then [4, 2.9]
HY (k@4 V) =koq HY(V)

PrOOF. As in the proof of Theorem 8 we write V = V' & V" where
V=8B, Vs and V'=&,__,,Vs. In the same notation,
(koV) =k ((V')and (k@ V) =k® (V") since (k® V), =k @ V,. Using
Lemma 6 and a similar version for H°(Uy /U, —), we see that

(15) k@ H(U4JUY V"), =k @ {(aw)|ars € Viniais—r)s @ =0,5> 0}
- {(a,,s)\a” € (k® V’)mﬁ(s_r), Ty = 0,5>> 0}
= H (U /U ko V'),

As in Corollary 5, we have for each U,?-module M an isomorphism of U-
modules

(16) THO(U /UL, M) =~ H (U /U, ™M)

and then, using Corollary 5, (16), and (15) with V" and —m substituted for,
respectively, ¥’ and m,
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T((k @ H(UA/US, V"),) 2 k@ T(H (U U, V"),,)
=ke H (U U™V,
~ H (U ) UL k@ TV
= HUJ U, T (k2 V")),

—m

0
=T(H (U/ U, ke V"),)
whence we get

(17) H (U /U ko V"), ~ke H (U UV,

m

Finally, we take the direct sum of (15) and (17) and use that also
H°(Uy/U?, —) commutes with direct sums (cf. Corollary 4).
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