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ON THE CONVERGENCE OF SEQUENCES OF
OPERATORS AND THE CONVERGENCE OF THE
SEQUENCE OF THEIR SPECTRA

SEN-ZHONG HUANG, HERMANN RENDER and MANFRED P. H. WOLFF

Abstract

Let (7)) be a sequence of bounded linear invertible operators on the Banach space E over C, and
assume that the double sequence (7¥),.y s satisfies a certain growth condition. We prove the
following theorem:

If the sequence (0(7},)),cn Of the spectra o(T),) of T, converges to the singleton {1} with re-
spect to the Hausdorff metric on bounded subsets of C, then (7,) converges uniformly to the
identity operator. We also establish a generalization of this result.

1. Introduction

In the following let E be a fixed Banach space over C. Let (7},),.y be a se-

quence of bounded linear operators on E which converges uniformly (i.e.

with respect to the operator norm) to the identity / on E. Then the sequence

(0(Ty)),en of the spectra o(T,) of T, converges to {1} with respect to the

Hausdorff metric which is defined for closed bounded sets 4, B in two steps:
Set dist(A, B) := sup,ca (infyep |a — bl), then

d(4, B) := max(dist(A, B), dist(B, A)).

It is the main aim of our paper to prove a certain converse to this result.
To this end let us first of all consider the “‘stationary” case, i.e. let T be a
bounded linear operator with o(7) = {1}. Then in general T # I. But a very
old and famous theorem of Gelfand [4] says that if in addition (7%), ., is
norm bounded then 7 = I.

This theorem was generalized by many authors; we cite some of them: E.
Hille [7] proved the result under the condition that (||7%||) = o(k). If one
applies a result of Shilov [5, §41] together with the representation theory of
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Domar and Lindahl [3] then one gets the result under the conditions
(|IT*|)) = 0(|k|*) for some a >0 together with llicminf@: 0. Atzmon [1]
showed that the conditions (1) sup{||T¥||:k>0}<oo and (2)
lim
k—o0
in [14] and [10]. The up to now most general case is treated in [9, §3]. We
shall show that if the sequence (7)) satisfies uniformly one of the conditions
mentioned above and if (¢(7,)) converges to {1} then (7,) converges uni-
formly to 1.

Our paper is organized in the following manner: In the second section we
recall some important facts on the Beurling algebras /! (Z) which we need in
the sequel, in the third section we state and prove our main theorem where
as the fourth section is devoted to a generalization of it.

% = 0 together imply 7" = I. Other generalizations are to be found

2. Preliminaries

We start by a recapitulation of what we need about the Beurling algebra
I1(Z) for a given weight w on Z (for notions not explained here we refer to
[11]).

DEFINITION 2.1. (a) A function w:Z — [1,00[={x € R: x> 1} is called a
weight if w(k + 1) < w(k)w(/) holds for all &, /.

(b) Such a weight is called nonquasianalytic (nqa for short) if

log w(k)

Z 1112 < o0
kez
For w being a weight the space {f € C*: 3_ |f(k)|w(k) < oo} =:[L(Z) is a

w
kez
subalgebra of /!(Z) with respect to convolution, which is a Banach algebra

when equipped with the norm

1l =" I e)w(k).

kez

If w is nonquasianalytic then it follows from the theory of Domar [2] on
general Beurling algebras that /! (Z) is a Wiener algebra with an approximate
unit (see [11] for these notions).

Let I" be the Gelfand space of /! (Z). If w is nonquasianalytic then I" can be

identified with T := {{ € C: [¢| = 1} by setting ¢¢(f) = S f(k)Ex ::f(g).
If J is an ideal of o/ = [1(Z) then h(J) = {¢ € I': f(§) =0 for all f € J} is
called the hull of J. It is always a closed subset of I'. If conversely A C I'is a

closed set then we set k(A)={f¢ec .« :j?(A) ={0}} and m(A)=
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{f € o/ : f vanishes on an open set containing A}. m(A) is the smallest
closed ideal J satisfying h(J) = A, and k(A) is the largest one.

DEerFINITION 2.2 (cf. [9, Definition 3.3]). The nga—weight w is called a
weight of uniqueness (U-weight for short) if m({&}) = k({¢}) forevery £ € I'.

REMARK 2.3. A closed ideal J is called primary if the hull 4(J) is a single-
ton. w is an U-weight if every primary ideal is maximal.

Concerning concrete examples we mention the following ones:

THEOREM 2.4. (a) Let (w(k)) = 0(|k|") for some a > 0 and in addition let

lim inf wg(k) = 0. Then w is an U-weight.

k—+o0

(b) Assume that

lim (W(n) + 10g(n)> =0 for some o > 0.
n—o00 n< \/fz

Ifo<a<lor limirinf w(n) < oo then w is an U-weight.
n—=+oo

REMARK 2.5. Part (a) is Shilov’s theorem mentioned in the introduction.
The corresponding assertion for « < 1 in part (b) was announced in [6,
Theorem 8.1 (i)], and a complete proof of it was given in [1]. The other as-
sertion of part (b) is due to the first author [9, Prop. 3.12].

We shall make heavy use of results of Domar and Lindal [3] specialized to
our situation of representations of /1(Z).

Let T be a bounded linear invertible operator on the Banach space E.
Then w(k) := max(1,||T%||) defines a weight. Let Uf :=>_f(k)T* for
f €./ :=1'(Z). Then U is a contractive representation of .o/ in L(E). We
denote by ker(U) its kernel U~'({0}).

THEOREM 2.6. (cf. [3, Theorem 6.7], [13, Prop. 3.6 ], [8, Prop. 1.3.8]) Let w
be nonquasianalytic. Then h(ker(U)) = o(T) where o(T) denotes the spec-
trum of T.

This theorem gives us back our results in the first section concerning the
“T = I” problem.

CoroOLLARY 2.7 (cf. [9, Theorem 3.10]). Let w be an U-weight. Then
o(T) = {1} implies T = I.

ProoF. Since w is an U-weight and o(T) = {1}, the kernel of U has co-
dimension 1. It follows that .o/ / ker(U) = C1 and the assertion follows from
[13], Remark 3.7 (2) to Proposition 3.6.
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3. The main result

THEOREM 3.1. Let (T),),cn be a sequence of bounded linear invertible operators
on the Banach space E. Assume that there exists an U-weight w on Z such that
| T\ < w(k) for all n € N and k € Z. If the sequence (o(T,)) of the spectra
o(Ty) of T, converges to {1} (with respect to the Hausdorff metric) then (T,)
converges uniformly to the identity.

In order to prove this theorem and related results we use the theory of
ultraproducts. (Compare the following paragraph with the introduction of
section 2 of [12])

Let % C 2(N) be a free ultrafilter and denote by my the finitely additive
{0, 1}—valued measure on N, given by my(A4) =1 iff 4 € %. Note that for
such a measure the intersection of finitely many sets of measure 1 has also
measure 1.

Denote by E, the Banach space of all bounded sequences X = (x,),cn
with x, € E for all n, equipped with the norm | X| = sup, ||x.||. Then
Ey:={x:limy ||x,|| =0} is a closed subspace of E,. The quotient
E:=E. /Ey is called the ultrapower of E with respect to %. The norm on E
is given by |[7]| = |7 + Eo|| = limy ||y,]||. E is isometrically embedded into E
by means of x — (x,x,x,...) + E.

Every bounded sequence (S,) of operators S, on E defines an operator S
on E., by SX = (S,x,),.cy» With norm given by ||S|| = sup, ||S,||. So Ej is in-
variant for S, and we obtain a uniquely defined operator SonkE given by
Sy = 8§ + Ey. Moreover, H§|| = limy [|Su]|. If (R,) is another bounded se-
quence of operators R, on E, such that R, = S, my-a.e., then R=175. Thus
each subfamily (Sn)nenm With py (M) =1 defines in a canonical way an op-
erator on E which c01n01des with S. It should cause no confusion if we de-
note the operator on E induced by (S ey also by S = (S) If Tisa
bounded operator on E then the constant sequence (7', 7,...) defines the
extension 7 of T on E. The mapping 7 — T is an isometric embedding of
the algebra Z(E) into Z(E).

It will become clear from the context whether S denotes an operator
coming from a constant sequence or from an arbitrary sequence. But one
should keep in mind the following two different notations: For (S,),.y being

a bounded sequence of operators we consider not only S = (3‘5 but also
each individual operator S,, defined through the constant sequence
(Sus Suy Sy -+ ).

PROPOSITION 3.2. Let w be a nonquasianalytic weight on Z. Let (T,) be a
sequence of bounded linear invertible operators on E satisfying || TX|| < w(k)
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foralln e Nandk € Z. Let finally A C T be closed. Then lim d(o(T,),A) =0

implies o(T) = A. e

Proof. (I) The assumption ||T%|| <w(k) for all k and n implies
| T%|| < w(k). Consider the representation U of .o/ := [1(Z) in £(E) given by
Uf := Y f(k)T*. Then Theorem 2.6 implies that o(T") = h(ker(U)).

(I) For fixed n e N we also consider U, :f € .o — Uyf := S f(k)T*.
Then Theorem 2.6 combined with [13, Theorem 3.4] yields that
U(Tn) = U(/Tn) = h(ker(Un))

(IIT) Now let A € T\ 4 be given and set € := dist(A, A)/2. Then there ex-
ists ny such that for n>ny the spectrum o(7,) is contained in
C:={¢:dist(§,A) < ¢}

Since m(C) is the smallest closed ideal J in .o/ with i(J) = C, and since
o(T,) C C we obtain m(C) C ker(U), =: J, by (II). Set

1’ V:ka
f = X6 — 6 where 5]((7'){0, VGZ\{k}

Then ]A‘(ﬁ) = 0 implies A = ¢, hencef does not vanish on C. Since .o/ is a
Wiener algebra, in particular regular, there exists g € .7 such thatfgr =1on
C. This in turn implies that /} :=f +m(C) is invertible in the quotient alge-
bra o/ /m(C). Let a := ||g + m(C)|| be the quotient norm of g := g + m(C).

(IV) Since m(C)cC J,, g+ J, is the inverse of f+J, in <//J, and
lg + Jul| < . Since U, is obviously contractive, U,g is the inverse of
(A—=T,) and ||U.g| < a, or in other words A € p(T,) (= C\o(T,)) and
(A= T,)""|| < a. This holds for all n>ny (see (III) above). But then
X € p(T) by [12], Lemma 2.1.

(V) Let conversely A € A be arbitrary. Then by assumption to every n
there exists \, € o(7T,) such that lim,_. A, = A holds. Assume now that
A€ p(?). Then by Lemma 2.1 of [12] there exists 6 > 0 such that X\ € p(T},)
and ||(A— T,,)"'|| < 6 holds my—a.e. To this 6 there exists 7y € N such that
|\ — Al < 1/6 for all n>ny. But this implies |\, — \| < m my—a.e.
From the equation

()‘n - Tn) = ()‘ - Tn)(l - <>\ - )‘n)()‘ - Tn)il)
we obtain that )\, € p(T,) holds my-a.e, a contradiction.

Proof of 3.1: If the assertion fails there exists a free ultrafilter % such that
limy ||T, — I|| >0, or in other words, such that T # 1 holds. But
lim d(o(T;),{1}) = 0 implies o(T) = {1} by Proposition 3.3. Now from
ﬁ_TZ?H < w(k) for all n € N and k € Z we obtain ||T*|| < w(k) for all k € Z (see
part (I) of the proof of Prop. 3.3). Now w is an U-weight by hypothesis, so

T = I, a contradiction.
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4. A generalization

In this section we consider the convergence of (o(7,)) to a finite set
{A1,..., A} = 4. For the formulation of our result we need the following
definition:

DErFINITION 4.1. A decomposition of the identity operator I on the Banach
space E is a finite set {Py,..., P,} of pairwise disjoint nonvanishing projec-

tions which add up to 7, i.e. > Py =1.
=1
THEOREM 4.2. Let w be an U-weight on Z and let (T,) be a sequence of
bounded linear invertible operators such that ||T|| < w(k) for all n € N and
k € Z. Assume that lim d(o(T,),A) = 0 for some finite set A = {\,..., \}.

n—

11— 00
Then there exists nyg such that to each n > ny there exists a partition

{P1n,. .., Pm} of I satisfying lim ||T,, — > NePrnl| =0
n—oo k:1

REMARK 4.3. Note that the sequence (> A Pxn) itself needs not converge
k=1
as easy examples show.

Proor. (I) Let 6 := inf{|\; — \;| : i #j}/8 and let ny € N be chosen so that
d(o(T,),A) < 6 for all n>mng. Then, we have for Dy, :={\ € o(Ty,):
|A — A\x| < 6} that

(i) DN Dy, =0 for k # [; and

) o(T,) = U i

(II) Let Pr, b_e the spectral projection corresponding to Dy, i.e.,

_ 1 -1
P [ €-T) e

[§—Ne=26
The set {Pr, : k=1,...,r} is a partition of /, and we want to prove that

(T, — > M Pr,) converges to 0.
k=1

(ITIT) We use an ultrapower E of E with respect to an arbitrary free ultra-
filter. Proposition 3.3 yields o(T) = {A1,..., A\}. Let O; be the spectral pro-
jection corresponding to \;; moreover set F; := Q;(E). Then X_,»T|F/ =1/ by
Theorem 2.6 since ||(>_\jT)k|| < w(k) (cf. the proof of 3.1). Hence T'= ) \;0;.

(IV) Set G :={&: ¢ — M| <6} and C:= U Ci-
k=1



ON THE CONVERGENCE OF SEQUENCES OF OPERATORS... 77

As in the proof of Proposition 3.3 we have m(C) C ker(U,) =: J,, at least
for n > ny. The function £ — g := {6y — 6; has the property that g¢ does not
vanish on C, hence g; =: g + m(C) is invertible and uniformly continuous
(as a function of €). Since m(C) C J, for n > ny and since U, : [1(Z) — Z(E)
(Upf =" _f(k)T*) is a contraction we obtain for the induced re-
presentation U, : [1(2)/J, — Z(E) that (¢ — T,,)"" = U,((ge + J,)"') is uni-
formly equicontinuous. Thus for each ¢ >0 there exists a partition
{&1,...&n} of the circle Ci such that

‘ 1

-1

Pen=5-2 (&= Tu) (&1 - &)
Passing to E we obtain ||Qy -3 - ?")_l(fjﬂ —&)|| <e/2 as well as
1P — 5 2°(& — T) (&1 —&)| <e/2. Since € >0 was arbitrary we get
Or = Py, hence (T — ) A\Pi) =0. Since the free ultrafilter % was chosen
arbitrarily the assertion follows.

< g/2 uniformly in n > n.
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