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LOCALLY INJECTIVE AUTOMORPHIC MAPPINGS IN R”

O. MARTIO and U. SREBRO

Dedicated to the memory of Lars Ahlfors

1. Introduction

In this paper we continue our studies in the theory of quasimeromorphic
automorphic mappings, which we started in [7] and [8]. The notation will be
as in [8]. In particular, a continuous mapping / : D — R" = R" U {co}, where
D is domain in R”", is said to be K-quasimeromorphic, or shortly quasimer-
omorphic, if either f is a constant map, or else if the set f~!(c0) is discrete
in D, f belongs to the Sobolev class Wlf)’f(D \/'(c0)) and its weak deri-
vatives satisfy

(1.1) F')I" < KT (x,f)

a.e. in D for some constant K € [1,00). Here f’(x) denotes the Jacobian
matrix, |[f(x)| its operator norm, and J(x,f) the Jacobian of f at x. The
smallest K for which (1.1) holds a.e. in D is called the dilatation of f and will
be denoted by K(f).

If oo ¢ f(D), then f is said to be quasiregular, and if f is injective, we say
that 1" is quasiconformal.

Let G be a group of Mobius transformations which acts discontinuously
on D. A quasimeromorphic map f : D — R is said to be automorphic with
respect to G, if /' is G-invariant, i.e. if f o g = f for all g € G. We say that f is
K-automorphic, if f is K-quasimeromorphic and automorphic for some M&-
bius group G.

In [9], we showed that if G is a Mobius group which acts discontinuously
on the unit ball B = {x € R" : |x| < 1} and if vol(B"/G) < oo, then G carries
non-constant automorphic mappings. Later Tukia [15] showed that the ex-
istence of non-constant automorphic maps holds if G is only torsion-free.
Tukia’s result follows also from Peltonen [12]. On the other hand, it has been
shown in [14] that, contrary to the two dimensional case, some Mo&bius
groups which act discontinuously on B", n > 3, do not carry non-constant
automorphic mappings. These groups have elements of arbitrarily large or-
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der. We do not know whether automorphic maps exist if there is a finite
upper bound for the order of those elements in G which are of finite order.

In this paper we will be mostly concerned with the existence of locally in-
jective automorphic mappings. In this respect, there is a remarkable differ-
ence between n =2 and n > 3. This has been demonstrated already by Zor-
ich [18], who showed that there is no counterpart in R”, n > 3, to the sim-
plest and most important locally injective automorphic map in C, namely,
the exponential function &°.

We will provide necessary conditions for the existence of locally injective
automorphic mappings in X, where X = B" or X = H" = {x € R" : x,, > 0},
and n > 3, and prove the existence in some special cases.

Locally injective automorphic mappings can be used in the study of Fa-
tou’s problem on the existence of radial limits of a bounded quasiregular
mapping f : B" — R", for n > 3. It is still unknown if a bounded quasiregular
map f : B" — R", n > 3, has radial limits a.e. on B" or even at one point.

Martio and Rickman [5] showed, however, that if f : B" = R", n>2,is a
bounded quasiregular mapping and if its multiplicity function

N(r) = N(r.f) = sup{#/~'(») N B"(r) : y € R"},

where B"(r) = {x € R" : |x| < r}, satisfies the growth restriction

(1.2) N(r,f)grcr)s, 0<r<l,
for some constants C > 0 and 0 < s < n — 1, then the singular set E(f), i.e.
the set of points on dB” where f has no radial limits, is of zero (n — 1)-mea-
sure. We will show here that if, in addition, f is locally injective and if n > 3,
then the Hausdorff dimension dim E(f) of E(f) satisfies dim E(f) < s, and
this estimate is best possible. For the sharpness of this estimate, we construct
for every n > 3 a sequence of numbers s, € (0,7 — 1) and of locally injective
maps f,:H"— B" m=1,2,..., such that f, satisfies (1.2) with
S = Sy, dim E(f,) = sy, and s,, — n — 1.

Recently Koskela, Manfredi and Villamor [4, Theorem 4.1] have obtained
a bound for dim E(f) using the theory of .o/-harmonic functions. Their
bound is weaker than ours but, on the other hand, no local injectivity is as-
sumed and the boundedness of f is replaced by a weaker assumption
If (x)| < e(1 — |x|)?, see Remark 5.2 below.

2. Existence of locally injective automorphic mappings

Given a Mobius group G acting on X, X = B" or X = H", n > 3, one may
ask: Under what conditions on G, there exists a locally injective automorphic
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mapping / : X — R'? In this section we provide necessary conditions, and
prove the existence in two special cases. More examples will be brought in
the following sections. We always assume that G is non-trivial, i.e. G # {id}.

2.1. Radius of injectivity of a Mdbius group. By a Mobius transformation
we mean a sense-preserving conformal automorphism of R, n>2. A Mé-
bius transformation g, g # id, is classified as follows: g is parabolic if it has
a unique fixed point in R", it is elliptic if it is conjugate to some sense-pre-
serving orthogonal transformation 7 : R” — R”, and it is loxodromic other-
wise. If g acts on X, X = B" or X = H", then g is an hyperbolic isometry. If,
in addition, g is parabolic, then its unique fix point lies on 9., if it is elliptic
it fixes at least one point in X, and if it is loxodromic it fixes exactly two
points in X and no other point elsewhere.

Let G be a Mobius group which acts on X, X = B" or X = H". The
translation length of g, g € G\ {id}, is defined by

[(g) = inf {k(x,g(x)): x € X}.

Here k denotes the hyperbolic distance function in X. Then, clearly, /(g) > 0
if g is loxodromic and /(g) = 0 otherwise. The injectivity radius of G is de-
fined by

r(G) =3inf {l(g) : g € G\ {id}}.

Then, obviously, r(G) =0 if G has elliptic or parabolic elements, and
r(G) > 0 if G is purely loxodromic.

Suppose that G is torsion-free and acts discontinuously on X. Then
M = X /G is a hyperbolic manifold. Its injectivity radius r(M) is defined as
the supremum over all r>0, for which all sets B(x,r)=
{y € M : k(x,y) <r}, x € M, are topological balls. Then 2r equals the in-
fimum of the length of closed geodesics in M, and r(M) = r(G).

2.2. A universal radius of injectivity for locally injective quasimeromorphic
mappings. Let f : B" — R'bea locally injective map. The injectivity radius of
f is defined by

r(f) =sup {r > 0:f|B"(r) is injective}.

The following theorem, which is quoted from [10], see also [6], asserts the
existence of a universal injectivity radius for locally injective quasimer-
omorphic mappings f : B* — R", n > 3, which depends only on n and K(f).

2.3. THEOREM. Given n > 3 and K > 1, there exists a constant r = r(n,K) €
(0,1], such that r(f) > r(r,K), whenever f : B — R is a locally injective K-
quasimeromorphic map.
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2.4. LEMMA. Suppose that f : X — R', n>3, is automorphic with respect to
G. If G contains parabolic or elliptic elements, then f is not locally injective in
X.

ProoF. Suppose that G contains an elliptic element g. Then g fixes some
point @ in X. Hence, by continuity of g, given any neighborhood U of «,
there is a point x in U\ {a}, such that g(x) € U. Hence f(g(x)) =f(x),
proving that f is not injective in any neighborhood U of a. This argument
applies to n = 2, as well.

Suppose now that G has a parabolic element g and that g(a) = a for some
point @ € 9X. By conjugating G and f by a Mdbius transformation which
maps X onto H" and a to oo, we may assume that X = H", a = oo and that
f:H"—R" is K-automorphic. Denote g(0) = b, then b € 9H"\ {0} and
h(x) = g(x) — b, being an euclidean isometry, cf. [11, IV.C.6], which fixes 0,
is an orthogonal transformation. Now A(OH") = OH", hence h(te,) = te,,
and g(te,) = te, + b for all r > 0. Here ¢, is the unit vector which is normal
to OH".

Choose R > |b|/r(n,K), where r(n, K) is the constant in Theorem 2.3, and
consider the restriction of f to the ball B"(Re,, R). If f was locally injective,
then, by Theorem 2.3, it would be injective in B"(Re,,r) where
r = Rr(n,K) > |b|. But |g(Re,) — Re,| = |b| < r and f(g(Re,)) = f(Re,), and
therefore f is not locally injective in this case, too.

2.5. LEMMA. Given n > 3 and K > 1, there exists a positive constant [(n, K),
such that I(g) > l(n,K), whenever  : X — R", X = B" or X = H", is locally
injective and K-automorphic with respect to a Mébius group G, and g is a lox-
odromic element in G.

PrOOF. The claim easily follows from Theorem 2.3 after a suitable con-
jugation of G and f.

2.6. Theorem. Let G be a Mobius group acting on X, X = B" or X = H",
n >3, and suppose that there exists a locally injective map f : X — R, which
is K-automorphic with respect to G. Then G is discrete and purely loxodromic
with r(G) > p > 0, for some constant p = p(n,K). Furthermore, X /G is non-
compact and has infinite hyperbolic volume.

ProOOF. Since f is a local homeomorphism, G must act discontinuously on
X, and hence G is discrete. By Lemma 2.4, G has neither elliptic elements nor
parabolic elements, and thus it is purely loxodromic. Also, Lemma 2.5 im-
plies that /(g) > /(r,K) for all g€ G, and hence, r(G) > p(r,K), where
p(n,K) =1(n,K))/2 > 0.

Now, if M = X/G was compact, then the liftf :M —R' of f would be a
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covering map, and since R" is simply connected it would imply that / is in-
jective, which is impossible. Thus M is not compact. This argument applies
to n =2 as well. Finally vol(M) = oo, since otherwise G would contain
parabolic elements in view of the fact that M is non-compact, see [11]. The
proof is complete.

2.7. COROLLARY. Let M be an hyperbolic n-manifold, n > 3. If M is com-
pact, or if r(M) =0, then M cannot be immersed quasiregularily in S".

2.8. REMARK. Theorem 2.6 and Corollary 2.7 are false in two dimensions.
The modular function is analytic, locally injective and it is automorphic with
respect to a group G, which contains parabolic elements and H?/G is of fi-
nite volume. Also, r(H?/G) = 0, and H"/G can be immersed conformally in
S2.

The following example shows that a purely loxodromic group G which
acts on H?, may have zero injectivity radius and still carry locally injective
automorphic maps.

2.9. ExAMPLE. Choose real numbers 0 < x; < xp < ...,and 0 <ri <m < ...,
such that the discs Dy ={z€ C:|z—x¢| <r}, k=1,2,..., are disjoint,
0 ¢ D, and such that the hyperbolic distance dj between the disc D; and the
disc D_y ={z € C:|z+ xx| < rr} is smaller than 1/k. This can be achieved
by choosing the radii r; sufficiently large. Now, for k = 1,2,.. ., let g denote
the inversion in 0D; followed by the reflection in the imaginary axes, and let
G=(gr:k=1,2,...). Then G is purely loxodromic acting on H? with
I(gx) < 1/k, and thus with r(G) =0, and D = H>\ U(D; UD_;) is a funda-
mental domain for the action of G on H>.

Next, let ¢ be conformal map of D onto H? with ¢(0) =0, p(c0) = oo
and (i) = i. Then, ¢ extends conformally to D N H?, and it preserves sym-
metry with respect to the imaginary axes. Finally, let f(z) = ap(z)2 if
z€ DNH? and f(z) = f(g(z)) if g(z) € D, g € G. Then f is a locally uni-
valent analytic function in H?, which is automorphic with respect to G, and
r(G) =0.

It should be noted that the same construction holds when some of the
discs Dy are tangent, where in this case G has parabolic elements, too.

We do not know if the conditions of Theorem 2.6 are sufficient for the
existence of locally injective automorphic maps. However, there are two
special cases, where groups satisfying the conditions of Theorem 2.6, do
carry locally injective automorphic maps. These two cases are present below.

2.10. THEOREM. Let G be a finitely generated purely loxodromic group which
acts on H3. If G keeps
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H>={xeR:x3=0, x, >0}

invariant, then G carries bounded locally injective automorphic mappings
f:H>—R.

PrOOF. Since G is finitely generated and acts on H?, there is a finite sided
(hyperbolic) polyhedron P in H?, which is a fundamental domain for the
action of G on H?. The polyhedron may have free arcs on 9H>. This happens
if H?/G is not compact. Since P is finitely sided and since G does not contain
parabolic elements nor elliptic element, there exists a C* compact surface S
in R, possibly with finitely many non-degenerate boundary components,
and a C* Lipschitz map (in the Euclidean metric) f of the closure of P in H
onto S, such that f|P is an embedding and such that f(b) = f (V') if b, b’ € OP
are equivalent under G. Note that such a map would not exist if G had
parabolic element, in particular, it could not be Lipschitz.

We now extend f to H*. For 0 < 0 <, let H; denote the euclidean half
plane in A3 whose boundary lies on R = 9H?, and which forms an angle ¢
with H?. Let Ry : H?> — H} be the rotation about R. Then

D =U{Ry(P):0< O <m}
is a fundamental domain for the action of G on H?, see Figure 1.

For z € P let n(z) denote the unit normal vector to S at the point f(z). We
orientate all the normal sectors n(z) in the same way. We now extend f to D
by letting,

(2.11) f(Ry(2)) = f(z) + A dist(z,R)0n(z), ze P, 0 <O <,

where )\ > 0 is a constant. Since the curvature of S is bounded and f|P is
smooth and Lipschitz, f will be injective and quasiconformal if ) is chosen to
be sufficiently small. Furthermore, since G acts on each half plane
Ry, 0 <0 <, in the same way, f(b) =f(b') for any b,b' € 9D which are
equivalent under G.

Finally, we extend f to H? by letting f(x) = f(g(x)), if g(x) € D. Then f is
automorphic, locally injective and bounded. Indeed, if the sides of P are
paired by the loxodromic generators gy, ..., g2, then

U(g(P)Ug; ' (P))

is a neighborhood of P, and since f|P is injective it follows that f|H? is lo-
cally injective, and thus, so is f|H} for any 6, and hence f is locally injective
in H3. The image f(H?) is a bounded domain in R®, which is topologically
S x R.
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Figure 1. The mapping f in 2.10.
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2.12. REMARK. 1. We do not know if Theorem 2.10 is true if G is infinitely
generated and otherwise satisfies the same assumptions.

2. Note that the mapping f in the proof of Theorem 2.10 is locally in-
jective in H3, and if H?/G is compact, then f has a continuous extension to
OH?\ R but not to R. It is an open problem, if the line R is removable for
every locally injective quasimeromorphic map f : U\ R — R?, where U is a
neighborhood of R.

We now prove the existence of locally injective automorphic maps for
certain finitely generated Schottky groups which act on H”, n > 2.

2.13. THEOREM. Fori=1,...,k, let B; and B} be balls in R", n > 2, centered
at OH", such that for some X > 1, all balls AB;, B; are mutually disjoint, and g;
a loxodromic transformation acting on H" such that g;(B;) =R\ F;,
i=1,...,k. Then the group G ={g\,...,gk) carries locally injective auto-
morphic mappings.

PrOOF. The domain D = H" \ U(B; U B)) is a fundamental domain for the
action G on H". We will first construct a function f : D — R" which is con-
tinuous in D and quasiconformal in D, and then extend it by the elements of
G.

Fori=1,...,k, let U= (H"NAB;)\ B.. Let f : D — R" be a continuous
function such that f|D\ UU; = id, for i =1,...,k, the map f|U; is quasi-
conformal, and such that for every point x € 9B; N H", f(x) is the unique
point on OB} which is equivalent to x under G. For each i, f(U;) is a boun-
ded set topologically equivalent to a product of an (n — 1)-disc and a line
segment, see Figure 2.

Now, extend f to H" by the elements of G, so that f(x)=f(g(x)) if
g(x) € D\ OH". Then f is automorphic and locally injective. By composing f
with a suitable Mobius transformation, it can be made bounded.

The following examples show that a Mobius groups G, acting on
H", n >3, may not carry locally injective automorphic mappings, but still
may have a G-invariant local homeomorphism onto a bounded set in R".
The examples are described in H?, but can be modified to any dimension
> 3.

2.14. ExampLE. Consider H? as C x (0,00) and let f : H> — R? be defined
by

f(z,x3) = (e,x3), z€ C, 0 < x3 < 0.
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U, BOAB)NH® /

oH®

BAB)NH®
FOBH’)

JOHAT)
Figure 2. The construction in 2.13.

Then f is a local homeomorphism, mapping H> onto H?\ {x3-axis}, and f is
invariant under the parabolic cyclic group G which is generated by
(z,x3) — (z+ 2mi, x3). By Theorem 2.6, G does not carry any locally home-
omorphic automorphic map.

2.15. ExampLE. Consider H> as C x (0,00), and let G be the parabolic
group which is generated by the two transformations (z,x3) — (z+ 1,x3)
and (z,x3) — (z+1i,x3). Then G acts discontinuously on H?3, and H3/G is
topologically equivalent to M = T, \ T| where T} and T>, T; C T, are open
solid tori in R?, which have the same core. By Theorem 2.6, G does not carry
automorphic mappings. However, G does carry a G-invariant C*-local
homeomorphism " of H3 onto M. The map f can be constructed as follows.
Let ¢ : (0,00) — (0,A) be a C* strictly increasing function, where A > 0 is a
constant. Then @&(z,1) = (z,9(t)), z€C, 0 <t<oo, maps H> onto
C x (0, A). Choose a solid torus 7] in R? such that 87} is a smooth C™ torus,
and let F : C — 0T} be a C* doubly periodic map with periods 1 and i such
that F is injective on the open unit square which has vertices at 0, 1,7 and
1 +i. Let n(z) denote the unit normal vector to 97 at the point F(z). Then
for A sufficiently small f(z,x3) = F(z) + ¢(x3)n(z) is a C*> local home-
omorphism of H* onto the region D which is bounded by 7} and 97T>.
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3. Infinitely generated Schottky groups and radial limits

3.1. Fatou’s problem. Fatou’s theorem asserts that a bounded analytic func-
tion in the unit disc |z| < 1 in C has radial limits a.e. on |z| = 1. This theorem
is false for bounded quasiregular mappings in |z| < 1, due to the fact that the
boundary extension of a quasiconformal self-map of |z| < 1 may carry a set
of measure 27 to a set of measure zero, as was shown by Beurling and Ahl-
fors [2].

Not much is known about the existence of radial limits of a bounded
quasiregular mapping f in B", when n > 2. It is not known, for instance, if f
has a radial limit anywhere in 0B".

In the following example, the assumption that f is bounded is replaced by
the weaker assumption that f omits a non-degenerate continuum. In this
example f : H" — R", n > 3, is locally injective and automorphic with re-
spect to an infinitely generated Schottky group G, which acts on
H" R"\f(H") c R"\{x€R":x,=0, x; =0}, and f has no radial limits
on a dense set in H". The description of the construction will be given for
n = 3. Its extension to n = 2 or to higher dimensions is straightforward and
will be omitted.

3.2. The group G. Fix a € (0,5). Given a = (aj,a;) € R* = 0H>, a, >0
and r>0, let B(a,r)={xecR®:|x—a| <r}, Ula,r) =Bd,’)NH,
where

d = (aj,ay,rtana) and v = r/ cos a.
Then
B(a,r) N H; C U(a,r) and dB(a,r) NOU(a,r) C OH*.

If U= U(a,r) and B= B(a,r), a € OH>, r >0, are contained in the half
space x; > 0, we let

B*=1I(B) and U" = I(U)

where I denotes the reflection in the plane x, = 0. Now, select a collection %
of balls B = B(a, 1) of radius 1, with a in the half plane

H? = {x € dH> : x, > 0},

such that the corresponding domains U(a, 1) are in the half space x, > 0 and
are mutually disjoint. Make the selection maximal in the sense that no ball
B(a, 1) satisfying the above conditions can be added.

Now add to the collection # more balls B(a,r) of smaller and smaller ra-
dius r so that the corresponding domains U(a,r) are mutually disjoint and
such that the set
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E=0m\ | B
BeA
has no interior points.
Finally, for every ball B, B € 4, let gp denote the loxodromic transfor-
mation obtained by a reflection in 0B followed by the reflection I in the
plane x; = 0, and let

G = <g3 :Be ﬁﬁ>
Then G is an infinitely generated Schottky group which acts dis-
continuously on H?, and the domain

D=H\|J(BUB)
Be#

is a fundamental domain for the action of G on H>.

3.3. Themap f : H> — R®. Let ¢ be a homeomorphism of D N H? onto H?,
which is the identity map in H3\ U(U U U*), and which in U\ B and in
U* \E*, B € 4, satisfies the symmetry condition /oo =¢ol, and such
that ¢|U \ B is conjugate by a Mdbius transformation to the winding map,
which is given in cylinder coordinates by

{0
8a - (V,'l?,)@) - <I’,72Ta,X3>.

One can get the conjugation as follows: Fix B = B(a,r), and choose a
point 5 in the circle C = 9BN OH? and let T be a Mobius transformation
with T'(h) = oo, which maps the circle C onto the x3 axis, and maps 9B N H*
onto the half plane H?. Then T !'og,oT maps U\ B quasiconformally
onto U, it is the identity on QU and its dilatation depends only on «. For
xe U\ B, we let o(x)=ITogpol. Then the symmetry condition is sa-
tisfied, and since the angle between OU and OB and between 0U* and 0B* is
the same for all B, the map ¢ is quasiconformal in D.

Now, let 9 be the winding map which maps H3 onto R® \ H?, and which is
given in cylinder coordinates by (r,d,x;) — (r,2¢,x;1), and let f =1 o .
Then f maps D quasiconformally onto R*\ H2, and it has a continuous ex-
tension on D N H3. In view of the symmetry of ¢, f agrees with the action of
G on OD.

Finally, extend f to H? by the element of G by letting f(x) = f(g(x)) if
g(x) € D. Then f is quasiregular in H°, it maps H> onto R*\ E where

E=0H\|JB

Be#

and it is locally injective and G-invariant.
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Also, the map f has no radial limit along any vertical line /, which ends at
a fixed point x of a generator g of G. Indeed, suppose that g is obtained by a
reflection in OB followed by the reflection 7 in x, =0. For k =1,2,..., let
lox = I, N g%(D), where g~* denotes the k-th iteration of g~!. Then g¥(Lx) is
a circular arc joining 0B and 0B* and

d(f(lx,k)) = d(f(gk(l’ck))) > diSt(B7 B*)'

Therefore f has no limit along /,, and hence at any point in the orbit of x.
The orbit of the fixed points of the generators of G are dense in OH?, and
thus f has no radial limit on a dense set in OH>.

4. Quasiconformal groups and radial limits

The purpose in this section is to show the existence of locally injective
bounded quasiregular mappings in H", n > 3, which do not have a radial
limit on a set £ whose Hausdorff dimension is arbitrarily close to n — 1.
Each of the maps will be invariant under a certain finitely generated
Schottky type quasiconformal group, which acts on H”.

4.1. THEOREM. Given € > 0 and n > 3, there exists a bounded quasiregular
mapping f : H" — R", which is locally injective and has no radial limits on a set
of Hausdorff dimension >n—1—e.

Proor. We will present the proof for n = 3. Almost the same proof ap-
plies in all dimensions n > 3.

The proof is carried out in two steps. We first construct a quasiconformal
group G, which acts discontinuously on 3, whose limit set A has Hausdorff
dimension > 2 —¢. In the next step we construct a bounded automorphic
mapping f : H> — R* which has no radial limits at A.

4.2. The construction of the group G. Fix 6 > 0 and a positive integer m,
and consider the (Zm)2 closed cubes }j, —-m<i<m, i#0,j=1,...,2m,
in R?, which are of side length 2 — 26, are parallel to the coordinate axes and
are centered as follows. Fori=1,... mandj=1,...,2m, Q}j is centered at

the point (2i — 1,25,0), and Ql,,»j is centered at (1 — 2i,2j,0), see Figure 3.
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Figure 3. Generations in 4.2.

The cubes Q}j are of the first generation. The cubes of the second genera-
tion are obtained from those of the first generation by similarities. They will
all be centered in R> = OH3, and will be of side length (1 — 6)*/m. More
specifically, let Q be the closed cube of side length 4m, which is parallel to
the coordinate axes, and which is centered at the point (0,2m + 1,0). For
each pair (i,j) let a; (see Figure 3) be the center of the similarity
Ty : R — R3,

Tj(x) = @i + (x —ay)(1 = 6)/2m

which maps Q onto the cube (1 —6)" ,1/ Then the cubes of the second
generation are T;(Ql;), -m<a<m, B=1,....2m, -m<i<m,
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j=1,...,2m. A repeated application of each of the 4m? similarities Ty gives
all cubes of higher generations.

For each i and j we construct now a quasiconformal map gj : R R,
which acts on H?, which maps R’ \ Q' onto int O}, and which has two
fixed points: one at a;; and the other one at a_;. In QL. the map g;; is defined
by

ij>

gij(x) = Ty(x) = aj + (x — a;)(1 — 6)/2m,
and in Q% =T ;(Q";), g is defined by

gj(x) = T7j(x) = a4+ 2m(x —a_y)/(1 = 6).

Clearly, gl/(Q2 ) =0, ij and g;( ) 5

We now deflne gjin D_| =int Q1 \ Q2 and in Dy = R*\ (Qlij U Qll]) SO
that g;(D_1) = Dy and D, = g;(Dg) = int Q \Q The regions Dy and D,
depend, of course, on 7 and j. ' '

Let I:R?> — R® denote the reflection with respect to the plane x; = 0.
Then I( _,J) ,1/ We require that g;;(x) = I(x) for all x € 8Q_l/, and that

gij(x) = Tj;(x) for
x€ Q) =U{Q: (o, B) # (—i.))}-

Then g;(9Q" ;) = 9Qj; and g;(Q}5) = T;;(Qh4) for (a, B) # (—i,j). This de-
fines g;; on 0Dy and on cubes of the first generatlon which are in Dy. Then gj;
is extended quasiconformally over to the rest of D.

We now define g;; in D_; = int Q' ;\ Q% by letting

gi(x) = 1(g;'(I(x)), x € D_;.

Then g; has the following properties

(i) gj is a sense preserving homeomorphism of R’ onto itself which pre-
serves H?

(ii) g is conformal in Q1 U Q_” Q and quasiconformal elsewhere

(iil) g;(x) = I(x) for all points x in (’)Q_,;,.

We now let G denote the group generated by the 2m? transformations
gj, i=1,...,m, j=1,...,2m. Then G is a Schottky type group which acts
dlscontmuously on H”. : The domain D = H3\ UQ1 is a fundamental domain
for the action of G on H?. Two points on H3 N oD are equivalent under G iff
they are symmetric with respect to the plane x; = 0. The limit set A of G is
the intersection of all cubes which are obtained by applying the elements of
G to the closed cubes Q}j of the first generation. Each of these cubes belongs
to a certain generation according to its size, so that a cube in the k-th gen-
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eration is of side length (2 —2/)(1—6)*"'(2m)'™*. Such a cube contains
(2m)* — 1 cubes of the (k + 1)-th generation.

4.3. The construction of the map f : H> — R>. We first construct a special
quasiconformal map ¢; of the fundamental domain D onto H3. For i and j
let Uy denote the set of points in D which are at a distance < 6 from Q}/. Let
¢i1(x) = x for all x € D\ UUy;, and extend ¢; homeomorphically to each U;
in such a way that ¢; sends dQj; N H onto 0} N {x3 = 0} and ¢ is quasi-
conformal in Uj;. Clearly ¢; can be organized in such a way that it preserves
symmetry in the plane x, = 0. Then ¢, : D — H? is a homeomorphism which
is quasiconformal in D.

Now, let O(¢), ¢t > 0, denote the cube

O ={xeR¥:|x| <1 i=1,23}.

It is easy to see that there is a quasiconformal map ¢, of R’ such that
@a(x) = x for x € Q(4m) and p,(H?) C Q(5m); a map ¢, can be constructed
distorting a Mébius transformation sending H* onto a ball. This extra map
7 is added in order to make the final map f bounded.

Next let 3 : H - R be the winding map which is given in cylinder co-
ordinates by

©3(r, 9, x2) = (r, 29, x2).

Here x; = rcos® and x3 = rsind, 0 <4 < 7. Then @3 0 ¢, 0 (D) C Q(5m).

Now f = p30@py0¢; is bounded and quasiconformal in D, it is con-
tinuous in D and agrees on point which are symmetric and hence equivalent
under G.

We now extend f by the elements of G by letting f(x) = f(g(x)) if
g(x) € D, g € G. Thus f is bounded; it is invariant under G, and since G is
quasiconformal and f|D is quasiconformal, /" is quasiregular. Clearly, f is
locally injective, and has no radial limit at any point in A. By choosing m
sufficiently large dim A > 2 —¢e. The details of this computation will be
brought at the end of Section 5, where we compare dim A to the multiplicity
functions N(r,f). The proof is complete.

5. Locally injective bounded quasiregular maps and radial limits

For C >0 and s > 0, let F(C,s) denote the class of all quasiregular maps
f : B" — B" such that for 0 < r < 1,

Nr)<c(l-r~"

where N(r) = sup {#/f~'(y) N B"(r) : y € B"}. It has been shown in [5] that
if f e F(C,s) for some C >0 and 0 <s<n—1, then m,_;(E) =0 where
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E = E(f) is the set in B, where f does not have radial limits. We now show
that if, in addition, f is locally injective in Bn, and n > 3, then dim F < s.
Here dim E denotes the Hausdorff dimension of E. With the aid of the ex-
amples in Section 4, we will show that the result is sharp for infinitely many
values of s, s < n— 1, which accumulate at n — 1.

5.1. THEOREM. Let f : B" — B", n > 3, be a locally injective map in the class
F(C,s) for some C >0 and 0 <s<n—1. Then dim E <s. Furthermore,
there are sequences C, >0, and s,, m=1,2,..., with s, <n—1 and
Sm — n—1as m— oo, and a sequence of locally injective quasiregular maps
fom : B* — B" such that f,, € F(Cy,, ) and dim E(f,,) = sp.

5.2. REMARK. In Theorem 5.1 we assume that f is a mapping into B”, i.e.
that f is bounded. This assumption can be replaced by a weaker assumption,
that / omits a point in R". Indeed, if /' : B" — R"\ {y}, n >3, is a locally
injective quasiregular map, then f satisfies a growth estimate [f(x)| <
C(1 — |x|)™" for some C < oo and b > 0, [17, Theorem 11.27]. By composing
f with a suitable quasiconformal mapping this estimate can be used as in [4,
p. 765] to obtain an upper bound for M(fT}) which is weaker than in (5.9)
below. However, this suffices for the conclusion of the theorem. The authors
thank the referee for this observation.

ProoF. For y€ 8" ' =0B" r>0 and p>0 let, S(y,r)={xec S
q(x,y) <r}, where ¢ is the spherical distance function on S"°!,
pS(y,r) = S(y,pr), and S(r) = S(e,r), where e = (0,...,0,1) € R". Then

d(S(r)) < 2r and m,_1(S(r)) = M

for some constant A = A(n), where d stands for the diameter in R”. Finally,
for ye ™! and k=1,2,..., let 7, denote the path ~,(1) =1y, 0 <1 <1,
and v, = /[l —27%,1 —=27%71], 4 =+, and % = 7.x. The following stan-
dard auxiliary lemma is needed; its proof follows from Theorem 2.3 and
from the fact that quasiconformal maps are locally quasisymmetric see [16,
2.4].

5.3. LEMMA. There exists a constant 6y = 6o(n, K) > 0 such that d(f (v, 1)) >
boro for all y € S(27%&y), whenever f : B* — B", n >3, is locally injective and
K-quasiregular, and d(f (7)) > ro.

The proof for the theorem can now be completed as follows. We will show
that given ¢ € (s,n — 1), there is a set Ey in S"~!, which depends on ¢, such
that £ C Ey and such that the s~-Hausdorff measure #"(Ey) = 0. This will
imply that #°'(E) = 0 for all ¢ € (s,n — 1), and, hence, that dim E < s.

Given ¢ € (s,n — 1) choose a € (0,1) such that
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(5.4) B=a "2 < 1.
Fork=1,2,...let
(5.5) A ={ye S d(f(yx) > o},

Av={y e S" " +d(f(yx)) > 800},

oo o0
(5.6) Ec=|J4; and Ey=()E,
=k k=1

where & is the constant in Lemma 5.3. Then E; D E; D -+, and E(f) C Ey.
Indeed, if x € S" '\ Ey, then xe€ S" '\ E, for some k, and hence,
d(f (vxi)) < o for all i, i >k, and since 0 < o < 1, this implies that f|v, sa-
tisfies the Cauchy condition, and hence that ltgrll f(tx) exists.

For k =1,2,..., let I} denote the feNLmily of all paths v,x, y € Ay, and T
the family of all paths f o v, x, ¥,x € I'x. Then by the Ko-modulus inequality,
see [13],

(5.7) M(Li) < Ko(f)N(1 =27 )M (f T)),

where M stands for the n-modulus.
Now, f € F(C,s), therefore

(5.8) N(1 —27%1) < o+,
As for M(fT}), note that since d(f(y,x)) > 6oa* for y € A the function

(x) = slak, xeB
p 0, xeR"\ B

is admissible for fI", and hence
(5.9) M(fTy) < 02,8,"a"™,
where 2, = m,(B"). As for M(I}), we have

1 -2k

1-n
12_,() > My (zzlk)z(nil)ka

(5.10) M (I}) = my,_1 (Ay) (log

where the last inequality follows from logx < x — 1.
Then (5.7)—(5.10) imply
(5.11) M1 (Ag) < 2% . 2~ (n=Dk =k

where ¢ stands, here as well as in the sequel, for a constant which depends on
n and s.
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Next, by Lemma 5.3, S(y,6027%) Ay, whenever y € Ax. Now by Besi-
covitch Covering Theorem, for every k =1,2,... there are finitely many
poInts Y1, Vk2, - - -, Vkp, in A such that the py spherical balls S(yx;, 6275),
i=1,...,px, are disjoint and that

Pl
(5.12) A € | J10S(pes, 86275)

i=1

where AS(y,r) means S(y, Ar); note that S(y,2r) D B"(y,r)N9B"(0,1) for
any y € 0B"(0,1) and that we have used the Covering Theorem for euclidean
balls. Then

Pk
PG < 1S (ks 8627F) < i (Aw),
i1
and hence, in view of (5.11)
(5.13) e < 2%k

We now compute #'(Ep). Let § > 0. Choose k such that 208027% < 6.
Then

(5.14) d(108(j1,6027)) < 6, i=1,...,p;, j > k.
Also

Ey = QE[ C E, = L{Al
i= Jj=

Therefore, by (5.12)

i 0
H§(Eo) < H5(E) <Y d(108(y;0,6027))" <Y pi(20627)".
j=k i=1 j=k
By (5.13) and (5.4)

%Q(EO) < CZ Py —11)]2 jt CZ a2~ (1—s)
Jj=k
[ee} ) ﬁk

= cZﬁ’ =i 5

1
>~

Hence #'(Ey) = }siné H5(Ey) = 0. Consequently #'(E) = 0, and therefore

dim E <.
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5.14. Sharpness. In order to show that the upper bound for the Hausdorff
dimension of the singular set, which is presented in Theorem 5.1 is best
possible, we will construct quasiregular maps F,, : B" — B", n>3,
m=1,2,..., such that

Clﬂ

N(’”J%)Sm

and dim E(F,) = s,,, for some sequence s,,, which tends monotonically to
n — 1, and for some constants C,,.

Fix 6 € (0,1), integers m > 1 and n > 3 and a Mobius transformation T,
such that T(B")=H", T(0)=(0,2m+1,...,.2m+1,1), T(e;) =0 and
T(—e;) =00, and consider the map F=F,s=foT, where f =f,;:
H" — B" is the map which is mentioned in Theorem 4.1, and which is de-
scribed in details in the proof of Theorem 4.2 for n = 3. More specifically, f
is a locally injective quasiregular map, which is invariant under a Schottky
type quasiconformal group G, which acts on H".

The group G is generated by (2m)""' /2 transformations

8as a:(jly"'ajn—l)ajl:la"'7m7jk:17"'a2m7 k:2,...,l’l—1,

where g, is a quasiconformal automorphism of R' which acts on H" and
maps the interior of a closed cube Q, onto the exterior of a closed cube
Ou, & =—j1,j2...,ju1. Qo and Q, have side length 2 — 26, they are par-
allel to the coordinate axes and centered in OH" at the point
(251 — 1,22, ...,2j,-1,0) and (1 —2j1,2p,...,2j,-1,0), respectively, and,
thus, are symmetric with respect to the plane x; = 0. Furthermore, g.|Q.,
and g.'|Q, are similarity maps. The cubes Q! = 0, and Q!, = Q. are of
first generation. The cubes Q? = g,(Q!) and Q% =g.'(Q!,) are of second

generation and are of side length 2(1 — 6)2 /m. By repeated application of g,
and g ! one obtains the cubes of all generations. In particular,

0k =gk(Q)) and OF =g} (0.))

are cubes of k-th generation or shortly k-cubes. Here g’g and g;,k denote the
k-th iteration of g, and g,!, respectively. Each k-cube is of side length
(2 —26)(2m)" ™" and contains (2m)""' —1 (k + 1)-cubes, see Figure 3. Now
the limit set A of G, which is the intersection of all cubes, is a self similar
fractal set generated by (2m)""" similarities each of which has (1 — §)/2m as
a scaling factor. A standard computation, see [3, Theorem 8.6], shows that A
is of Hausdorff dimension

(515) dim A = s,

where
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_ (n—1)log(2m)
(5.16) = log2m/(1 - 6))"

Note that s,, — n—1 as m — oo.

The map f : H" — B" is as was described in the proof of Theorem 4.1 for
n = 3. In particular, f is locally injective, quasiregular and G-invariant, and
E(f) = A. Since the Hausdorff dimension is invariant under a Mobius
transformation, composing f with a Mobius transformation 7 : B" — H"
yields the map F = f o T which satisfies

(5.17) dim E(F) =dim E(f) = dim A = s,

where s, is given in (5.16).
We now estimate the multiplicity function N(r) = N(r,F). For ¢ > 0, let
H;,={x€ H":x, >t} and

Ni(1) = Ni(1,f) = sup{# /' (») (| H, : y € R"}.

The domain D = H"\ U (Q, U Q) is a fundamental domain for the action
of f on H", and the domains

D = " [imt 0\ | J 05"
B
together with D are the tiles in the tessellation of H”.
Fork=1,2,..., let

(1-98)"
(2m)"‘1 '

Then for ¢ € (t, tx—1), OH, meets all /-cubes, / = 1,2,... k, but none of the
(k + 1)-cubes, and thus

(5.18) e =

Ni(0) = 1+ m)'™" -+ o)™ )™ = 1] e+ ) [2m) = 1

by the injectivity of /" on each tile. Hence

2m)"! _ _
(5.19) Ni(r) =1 +(2£n;?721_2{[(2m)" R, <<
Now let
1—1
5.20 = .
(5.20) TTTE Tk

By considering the image of the circle |z| = r; under the transformation

1=, and recalling (5.18), one can verify that T'(S"'(r;)) meets all /-

w =
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cubes, / =1,...,k, but none of the (k+ 1)-cubes. Hence N(ry) = Ni(t), for
tx <t < tr_1 and thus, by (5,19), we have

(zm)n—l

{[Cm)"" = 1"y < c[@2m)"" = 1)~

Now, let rpy <r < riyq. Then
N(r) (1 =r)" < N(ree) (1 =rie)™,

and by (5.21), (5.20), (5.18) and (5.16), one can show that N(r)(1 —r)™ is
bounded for all 0 < r < 1. Consequently, F € F(C,s,) for some constant
C = C(m), which together with (5.17) shows that Theorem 5.1 is sharp.
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