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FINITE APPROXIMATION OF WEYL SYSTEMS

T. DIGERNES, E. HUSSTAD and V. S. VARADARAJAN

Abstract

The functional analytic notion of approximation of Weyl systems, as introduced by Digernes
and Varadarajan, is considered. It is shown that the Weyl system on any second countable lo-
cally compact abelian group can be approximated by suitably chosen finite Weyl systems (Weyl
systems on finite abelian groups).

1. Introduction

There has in recent years been considerable interest in quantum theories that
are analogous to the conventional one, but differ from it in some of their
main features. We mention, without aiming at completeness, the following
works: Finkelstein [5], and Chan, Finkelstein [2] on ¢-deformed quantum
theories; Vladimirov [14], and Vladimirov, Volovich, Zelenov [15] on p-adic
quantum mechanics; Varadarajan [12] on quantum kinematics over general
locally compact abelian groups treated from the point of view of deforma-
tion and approximation. Quantum kinematics over finite abelian groups go
back to Weyl [18], and Schwinger [9].

In this paper, we develop the point of view in [12] further, as we discuss
approximations of quantum kinematics on locally compact abelian groups in
more detail.

Our motivation for studying quantum models based on very general abe-
lian groups does not arise solely, or even mainly, from any desire of gen-
erality. Rather it stems from the work of Schwinger [9] on the classification
of finite quantum systems, and its variations treated in Husstad [4], strongly
influenced by Digernes and Varadarajan, and [12]. In [9] and [4], as well as in
[18], unitary representations of a finite abelian group G and its dual G sa-
tisfying Weyl commutation rules (= Weyl system) were studied, and it was
shown that the conventional Weyl system associated to R® may be approxi-
mated (as in Section 2) arbitrarily well by Weyl systems on finite abelian
groups. The approximation scheme of Schwinger gave remarkable numerical
results on the level of generators. Motivated by this, the validity of this ap-
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proximation process was proved theoretically by Digernes, Varadarajan,
Varadhan [3]. Consequently one could take the point of view that quantum
theory associated with a finite abelian group is of much interest, and that the
calculations over R¢ are idealizations of the finite situation.

Our main Theorem 6.1 states that the Weyl system on any locally compact
second countable abelian group is a limit of Weyl systems on finite abelian
groups. This motivates dynamical considerations over other groups than R¢,
as they in this sense also give idealizations of finite quantum systems.
Moreover, this scheme makes it possible to obtain numerical results for
more unconventional quantum dynamical systems.

It turns out (cfr. the comments in [12]) that the Weyl system on Z/p"Z
converges to that associated to the p-adic field Q,, as n — oo. From this
point of view one can for instance study “harmonic oscillators”, and “cou-
lomb” problems over local fields and rings. A path-integral formulation for
vector spaces over division algebras over non-archimedean local fields has
been established in Varadarajan [13].

The paper is organized as follows: In Section 2, Weyl systems and limits of
such are defined. ““Continuity” results for duality and direct sum are pre-
sented, and the structure of finite Weyl systems is discussed.

In Section 3 we approximate any second countable locally compact abe-
lian group G by elementary groups Hy/K, ~R* & T" & F}, & Z'¥, Hy open
compactly generated subgroup, while K, is a compact subgroup for which
G/K, is the dual of a compactly generated group. The group F} is finite
abelian. This follows from the more general results of van Kampen [11], and
Pontrjagin [7]. Let N < n. Here, Hy C H, which by [7] in particular induces
an injection ¢y : Z’% — 7" whereas the natural map G/Ky «— G/K, in-
duces an injection 2’; : Z% — Z%, In the resulting mixed inductive/projec-
tive limit description of G, induced maps (for which ¢4, and s}, are two of
the matrix coefficients) can be taken to be semi-aligned, but not diagonal in
general.

Section 4 is used to define finite abelian groups G, (and maps), candidates
for approximating the Weyl system on G. We do a two-step approximation
in the sense that we first take the diagonal H,/K,, and then construct G,
based on H,/K, and the matrix coefficients .} and ;2?, for all i <n. We
choose to treat circle parts essentially as integer parts through Fourier
transforms. In effect, the embedded finite translation on /?(Z*), and the
embedded finite multiplication by character on L?(T*), are intertwined by
the non-finite Fourier transform #" : [>(Z%) — L*(T).

The space of Schwartz-Bruhat [1] functions %(G), functions which live on
the elementary group H,/K, for some n, is introduced in Section 5 to deal
with the analysis. The key point is that &(G) is invariant under the standard
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Weyl system. This moves our calculations to H,/K,, and immediately shows
that the Weyl system on G can be approximated by Weyl systems on ele-
mentary groups. In this section, we get around problems with semi-align-
ment: Given simple tensors in %(N) for which we control the support of
their images in the discrete space /(2" @ Fy @ Z’), we find that we also
control the support of their images in *(Z* & F! @ Z") for n > N (Lemma
5.3). Their support is governed by the maps ¢}, and f;';’v

In Section 6, the general approximation result is proved. First, pointwise
convergence of characters is verified. The important point is that in Z-direc-
tions, the approximation is exact from some 7, and by semi-alignment we
control the coordinate in these directions. In T-directions we have no such
control, but the result follows as the approximation in T-directions is uni-
form. The strong convergence of projections follows directly from the sup-
port control of Section 5. The remaining statements essentially follow from
pointwise convergence of characters, and the support control Lemma 5.3.
For the sake of completeness, we conclude with a proof for the conventional
case R¢. Finally, some applications to local fields and rings are mentioned.

2. Limits of Weyl Systems

Let G be a second countable locally compact abelian group, with G as its
Pontrjagin dual. The Weyl representations V' and U of G and G, respec-
tively, are, for x € G and v € G, given by

(V) =1y —x),
(UNW) =N B), fel’G), yeG.

This pair of strongly continuous unitary representations satisfies the Wey/
relations;

(1) UMV () = (x)V(UR) xeG yeb.

The pair (V, U) is called the standard Weyl system on G. The standard Weyl
system is irreducible; the resulting projective unitary representation of G & G
has no non-trivial invariant subspaces in L*(G).

DEFINITION 2.1 (Limit of Weyl systems). Let {G,},-,, G be second coun-
table, locally compact abelian groups with associated standard Weyl systems
{(Vyu, U,)} and (V, U). Then we say that the sequence {G,} converges to G in
the sense of Weyl systems (or that (7, U) on G is the limit of (V,, U,) on G,)
if the following conditions are satisfied:

i) There is a Hilbert space $ and isometries I,:L*(G,) — 9,
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I:1*(G) — $, such that P, —s P strongly. Here, P, and P are the ortho-
gonal projections on I,(L?*(G,)) and I(L*(G)), respectively.
i) Setting

V() = IUWI™" on I(L*(G)) e
< identity ~ on I(L2(G))* e

and defining 77, U, and V), similarly, there are, for each x € G, v € G, se-
quences {x"} and {7"} such that x" € G, v" € G,, and

U,(v") — U'(7), V,(x") — V'(x)
strongly.

If the conditions in Definition 2.1 are satisfied, we easily see that
(x", 4"y — (x,7), so pointwise convergence of characters is necessary for
Weyl convergence.

Assume that the standard Weyl system on G is a limit of the standard
Weyl systems on G,. The Stone-von Neumann-Mackey Theorem says that
up to multiplicity and unitary equivalence, the Weyl relations for G have a
unique solution. Thus, in the natural sense we can approximate any Weyl
system on G (= any other solution of (1)) by Weyl systems on G,. In this
paper, we exclusively work with standard Weyl systems.

2.1. Duality. The standard Weyl system (17 U) on G (identify G and its
bidual) is connected to the standard Weyl system (V, U) on G through the
Fourler transform; V' = #UZ ' and U = #V.#~'. The Fourier transform

7 . [*(G) — L*(G) is for suitable f given by (Z£)(7) = [ o/ (X){(—x,7)dx,
v €G.

PROPOSITION 2.2. If G is a limit (Definition 2.1) for G,, then G is a limit for
G, in the sense of Weyl systems.

PrOOF. Define I, : L*(G,) — $ and I: L*(G) — § by I, = I,7, ' and
I1=17" By construction, P,=P, and P=P. Let x € G. Then we easily
see that 1,U,(x")I-' = L,V,(x") 7! on P,(9) and 1U(x)I~' = IV(x)I~' on

P(9). Similar formulas for V' prove the proposition.

2.2. Direct Sum. If G is decomposable, say the direct sum of two sub-
groups, G = G| @ G, then the standard Weyl system of G can be identified
with the sum of the standard Weyl systems (Vg;, Ug,) on Gj, j =1, 2. This
means, for x=(x;,x2) €G, L[*G)~ L2(G1) ®L2(G2) and  Vg(x) ~
Ve, (x1) ® Vg, (x2). Similar relations hold for U. This extends to finite index
sets.
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PROPOSITION 2.3. If (V/, U’) on G is the limit of (V], UJ) on G, for j in a
finite set, then (V,U) on G = &;(/ is the limit of (Vy, U,) on G, = &;G),.

Proor. The result follows from strong continuity of tensor products for
uniformly bounded sequences of operators. Let us give some details in the
case of two summands: Define [, = I! ® IZ, and I = I' ® I°, both acting on
$:=9'®9> Then P, =P ® P2 and P=P'®P*>. Likewise, for x=
(x1,x2) € G, put x" = (x{,x4). Applied to a simple tensor ) = 1)y @ ¢, € H,
Vi = V() © V(s and V'(x)d = V()i ® V(x2)da. As P
and V,(x7) are uniformly bounded in norm, we get the expected con-
vergence. The arguments are the same for U when we take v" = (1{,~5) for

v=(7,7) € GZ@@@-

2.3. Finite Weyl systems. Let n = p'p5 - - pj* be the prime expansion of n
(pj are different primes while r; are non-negative integers). Then,
Z, ~ Zp’l" EBZP? ®-- P szk, and Z, is indecomposable if and only if n is a
prime power.

So, recalling the direct sum construction in the previous paragraph, the
standard Weyl system (V,U) on Z, is indecomposable in this geometrical
sense, precisely when n = p” is a prime power. By their structure theory,
namely as direct sums of finite cyclic groups, we can build the Weyl system
on any finite abelian group from these geometrically indecomposable finite
Weyl systems. Schwinger [9] started constructing this theory of finite degree
of freedom. Finite quantum systems were also studied by Stovicek and Tolar
[10], and later in [4].

3. Structure of Second Countable Locally Compact Abelian Groups

Recall structure theorems on l.c.a. groups: Pontrjagin [7], Section 39, Theo-
rem 51 proves that any compactly generated group is of the form
R¢@® C @ Z, where C is a compact abelian group (“compactly generated”
means ‘‘generated by a compact neighbourhood of the identity’”). In the
same reference, Section 39, Proposition A, he proves that for any l.c.a. group
G, and any compact set K C G, there is a compactly generated open sub-
group H such that K C H C G. Moreover, the structure theorem of van
Kampen [11], Theorem 2, says that any l.c.a. group G is of the form R* @ G',
where G! contains a compact open subgroup K. For any other such decom-
position, the exponent e is the same. Following Reiter [8], we say that G is a
G'-group if e = 0 in this decomposition. In particular, a compactly generated
G'-group is of the form C & Z°, where C is compact.

If G is second countable and l.c.a., so is G and any subgroup and quotient
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of G. Likewise, the property of being a G'-group is preserved under these
operations.

We have not found Proposition 3.2 in any standard source in topological
group theory. That proposition follows from the next lemma, which is
probably also stated somewhere.

Lemma 3.1. Let G' be a G'-group, H C G' a compactly generated_open
subgroup, and let K' be a compactly generated open subgroup of G'. If
K := (K')" C H (the annihilator is taken in G'), then H/K ~T* & F®Z", an
elementary group (F is a finite abelian group).

ProOOF. Use the structure theorem of Pontrjagin [7], Section 39, Theorem
51, for compactly generated groups on both H and K'. By duality,
G'/K ~T@ D, where D is a discrete abelian group. Moreover, as K is
compact, H/K ~ C/K & Zb, where C/K is a compact group. As H C G' is
open, H/K CG'/K is open, and there is an open injection
C/K 2" — T @ D. In particular, the compact open subgroup C/K & {0}
must map to a compact open subgroup. As T¢ has no open subgroups but
itself, the image of C/K & {0} is of the form T ¢ F, where F C D is discrete,
but also compact. Thus F is finite.

PropoSITION 3.2. Let G be a second countable locally compact abelian
group. Then G ~ R° @ G', where the following is true for the group G': There
exists an increasing sequence of open subgroups {H,}.—, such that UH, = G',
and a decreasing sequence of compact subgroups {K,}, Hy D K, D K11, such
that NK, = {0}. Moreover, H,/K, ~T" & F, ® Zb where F, is a finite abe-
lian group (a, and b, are non-negative integers).

ProOOF. The first part follows from [11].

Any separable l.c.a. group can be written as a countable union of compact
sets (take an open neighbourhood of 0 with compact closure, and translate
this closure with elements from a countable dense subset of G'). Thus, by [7],
Section 39, Proposition A, and Theorem 51, there is {H,} such that
UH! =G', and H/ is open and compactly generated. Let H! = H|+
H} +---+ H), this subgroup is also open and compactly generated. Then
H, C H,_,. Likewise, construct {K} } such that K is open and compactly
generated, and K}, / G'. Thus, K,, := (K,’n)L is a compact subgroup of G'
such that K,, \, {0}. As K; is compact and {H'} covers G!, there is an in-
teger N such that for n > N, K| C H,. Let H, := H};,,. Then, by the pre-
vious lemma, we are done.

The proof of Lemma 3.1 implies that H,/K,, ~ T% @ F" @ Z" so we get
elementary groups also if n # m. Here, F, = F,.
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3.1. Semi-alignment for G'-groups. Let G' be a second countable G'-group
with {H,} and {K,} from Proposition 3.2. Let 7, :G' — G'/K,, and
Tim : G' /K,y — G'/K; be the natural maps (m > /). We have 7 = 7, © T,
and the kernel of , is the compact group K;/K,,. From the proof of Lem-
ma 3.1, there are subgroups Z,,C, C G', where Z, ~ Z, C, is compact,
such that H,=C,+ Z, (direct sum). Likewise, there are subgroups
Tw,Dwm C G/K,, with T,, ~ T D, is discrete, such that G/K,, = T,,, + Dy,
(direct sum). For m >/ and k > n we then have the following commuting
diagram, which describes the structure of G! in terms of elementary groups;
the top row gives G! as an inductive limit, while the right-most column de-
scribes G! as a projective limit:

C,+Z, C Cr + Z; C G!
|k, |l [
2) Ty +F'+Z, C Tu+F'+Zi C Tyu+Dy

l l l

T)+F.+z, Cc T, +F +2Z C T,+D.

All sums are direct. By the subgroup Z, C G'/K,, we mean the isomorphic
image of Z, under 7,,. The subgroups F! ~ Ff1 are finite. This setup follows
from the comment following Proposition 3.2. However, in this diagram we
select a basis for all ZP-parts from that in the top row, and a basis on all T%-
parts from that in the right-most column. We make no particular choice for
the finite parts. Thus, in this basis the inclusion H,/K,, C Hy/K,, is re-
presented by a 3 x 3-matrix
id
(3) lie = Ok P |
k

Ly

for some morphisms 07 : F" — F", ¢ : Z, — F", and [,5 2y — Z.
The empty places represent 0-maps. The 2 x 2-matrix in the lower right
corner is triangular because Z; has no finite subgroups.

k

 are both in-

LEMMA 3.3. In the preceeding matrix representation, 07, ¢
Jective.

ProoF. The map 67 is injective as the finite part is only mapped into the
finite part.

Let 0 # z € Z,. Let [z] be the image of z in Z, /Ker(¢));) ~ Im(¢7} ). As this
quotient is a finite abelian group, there is some integer k such that
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[kz] = k[z] = 0. Consequently, kz € Ker(¢.). Thus by injectivity of 7,
0 # i (0,0,kz) = (0,0, (kz)), so k(z) # 0. Thus, ¢ is injective.

Let us recall some generalities on dual _groups. For lc a. groups {G;} (i
runs over a flnlte set), set G = @;G;. Then G = ®; G @,G Duality between
Gand G := ®; G is set up with

(4) (), () = TTx e,

where for x; € G; and ~; € 6,-, (xi,7i), i1s some duality between G; and @,-.
Let «:G— X be a morphism between l.c.a. groups G = @&;G; and
X = @;X;. Thus, a = (a;), where aj; : G; — X; is a morphism. Then the
dual map & : X—aG (under (4)) has matrix representauon a = (a;) in the
natural dual basis on both X, and G. Here, a; : X; — Gj is the dual map
under (-, -)g, and (-,-) .. Thus, the rule is the same as the usual one for the
adjoint in matrix algebras

So, | Hy /Ky = Jim = Hn /K.n — H,/K; has matrix representation

m m
Kj Im

(5) Jm = Ol

id
The reason is that the dual of jj;, is an open injection; of the same type as 7).
Using (4):

COROLLARY 3.4. In this matrix representation for ji ., &' : T,y — T; and
o . F™ — F! are both (non-zero) surjective. The morphism ¢ : F" — T,
could be 0.

The reason why X, and x]" do not depend on m and n, respectively, is that
all diagrams in (2) are commutative. In fact, L’,;' represents the inclusion of Z,
in H, into Z; in Hj (top row). Similarly, " is the matrix coefficient in 7,
mapping 7, onto 7; (right most column).

Later, we need some additional technical properties on the description of
G'.

LEMMA 3.5. Let i : 2" — 7" be an injection. Then there is a complemented
submodule B such that i(2") c Bc 2, B~2Z".

PROOF. Let B be those z € Z” for which nz € i(Z°) for some n € Z. This is
the torsion closure of the image of i. It is easy to see that B is a submodule.
Let non-zero nju; € i(Zb) for n; € Z, u; € B, where j runs over a finite set. If
{nju;} is dependent over Z, then {u;} is also dependent over Z. Conversely, as
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i(Z") C B, the rank of B over Z equals the rank of i(Z’) over Z. As i is in-
jective, this rank is 5. Moreover, it follows from the definition of B that the
quotient Zb’/B is torsion free. This implies that B is a direct summand (with
b generators).

LEMMA 3.6. Let 20" -5 Z0...zb 2 b 25 \where {1,} consists
of injections. Then we can choose the basis on each Z" such that for any pair
m > n, for i = ly_10--- 01y, LZ’(Z”“) czZiae {O}b”’fb"; maps into the first b,
factors.

PrOOF. Choose a basis on Z”'. Then use Lemma 3.5 to find complemented
11(Z") € By € Z. Now it is clear that we can choose a basis as wanted on
Z". Again from Lemma 3.5 we find complemented ,(Z”?) ¢ B, ¢ 2. In
particular, ¢;(B;) C B,. Use Lemma 3.5 once more to find complemented
1 (B1) C Bé C B,. Now we can obviously choose a basis on Z" where Z is
mapped into the first b, coordinates, while Z” is mapped into the first b,
coordinates of Z”. The proof is completed by continuing this construction.

Define the elementary groups E,, =T" ®&F'® zZ", Fl=F, and
E, .= E,,. Then H,/K,, ~ E,,,.

Let us return to Diagram (2). Using this, we can assume that the induced
injection (same notation) 77 : E,, — Ej, has a matrix representation like
(3), and the induced surjection j}., : E,, — E, has a matrix representation
like (5).

As (k- 2P — 7% is given as in Lemma 3.6, we apply that lemma to {Z"}.
We use this change of basis on Z in any E,;. Thus, the matrix representa-
tion of 77 is of the same type as before. As a dual condition (use (4) between
Z% and T%), we make the kernel of )" contain T~ ¢ {0}*. The annihi-
lator of the image of a morphism is the kernel of the dual map. The ob-
servation that relates all Z% (in H,/K;) to H, is crucial at this point. Order-
ing problems would otherwise occur for the two-dimensional array (those
(k,1) € Z* for which k, > 0), and we could not get the analogue of Lemma
3.6.

Assume that n > N are positive integers. Rename iy, := %, and jy, = jy, .
The next result summarizes our discussion:

PROPOSITION 3.7. (semi-alignment). Let G' be a G'-group with structure
given by Proposition 3.2. Then Hy/K, ~ En, =T @ F}, @ Z, where for
n> N the induced injection iy, : En, — E,, and the induced surjection
Jnn : Eny — En can be assumed to have matrix representations
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1 n m
1d Ky N

iNn = 07\7 ¢’11V and an = 9?\}
Uy id
The maps Oy : Fy — F, and }; : Zbv — 7P are injective, and LNn(ZbN) -
P4 {O}b”*b‘v. Furthermore, 6% : Fy, — Fy and &}, : T% — T are surjec-
tive. Also, the kernel of kY contains T ¥ @ {0}*. The morphisms
@y - 20 — F, and ¢ - Fiy — T could be 0.

As ¢}, and ¢% in general are non-zero, the finite parts may intertwine in a
non-trivial way. This causes technical problems in the rest of this paper.

3.2. The dual system. This paragraph contains definitions. .
From standard topological group theory, Z“ @ Fy @ T ~ Hy /K, ~
K- /Hy. The sequence {K;} / G' consists of open subgroups while the
elements of {Hy} \, {0} are compact subgroups. So, the (non-unique) se-
quences {Hy} and {K,} single out a special decomposition for the dual
group Gl .
Fix a duality (-,-) between G! and G'. Let x € Hy and v € K:-. Then

(6) <x+Kna’Y+H]t>Nn = <x7'7>

(well) defines the duality (-, ), between Hy/K, and HN//\KH = K} /Hy.

Define the standard duality (-,-), between Ey, =T" @ F} ®Z" and
Enn =2% @ F? T  (dual basis) as follows: Let x=(1f,2)=
((Zi)v (ﬁ)’ (Zk)) € Enp, and v = (uvgv S) = ((ui)7 (gj)7 (Sk)) € Eny. Then

(7) (), = (et 8y () = [ T Hs“

Fy = ©;Z,, from the structure theorem of finite abelian groups.
In the previous section we found an isomorphism Hy/K, ~ Ey, giving
Proposition 3.7. Let

(8) x+ K, € Hy/K, — xny € Eny, 1n particular x, := X,

denote this isomorphism. There is an isomorphism between K- /Hy and Enn:
9) v+ H]%, € Kni/H]t — Ynn € m, in particular v, := Y,

such that for x € x + K,,, and v € v + Hy,

(10) (x,7) = (x4 Kay v + Hy )y = (Xvny Ym) -

This is because there is only one dual pairing modulo automorphisms (for
any isomorphism K. /Hy ~ Eyy, (12) defines some dual pairing, compose
this isomorphism with the appropriate automorphism).
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Assume N < n. Then iy, (under the standard dual pairing) is the surjection
induced from the natural map KX/H- — K*/H%, and jy, is the injection
induced from the inclusion K3 /Hx C K/Hx: Let x € Hy, v € Ky. Then
(x + Ky, v+ Hy)yy = (x+ Kn, v+ Hy) y, = (x+ Kp, v+ Hyy),,  from (8).
Thus, the dual of the inclusion Hy/K, C H,/K, is the natural map
K /Hy «— K} /H,, and the other way around for the original natural map.
As the standard dual pairing in particular is of the form (4), we have in the
dual basis,

id o

n
KN
ing = 0" and jn,=| m g
Nn /}X JNn N GN
% B id

The meaning of 5’; etc. is clear from the definition of the standard dual
pairing.

The dual map of xf}, /;7\\,, is an injection Z*¥x%, — Z%. The form of the
standard dual pairing shows that x(Z%) C Z% & {0}, The maps {/}}
and {/2’};} are used in the definitions of the next section.

3.3. The inclusion L*(Hy/K,) — L*(G'). Later, we apply the structure
theory on the level of functions. Let us still work with G'. As Hy/K, is
needed to describe the relation between H,/K, and Hy/Ky, we incorporate
Hy /K, in the analysis of this situation. Define for any positive integers N, n
the linear map

P(x+K,) if xe Hy

2 Sy 2l " _
Pk 2 (@) by sy = { 0 €y

The norm of S%@ is finite as Hy is an open subgroup and K, is a compact
subgroup (explained in Paragraph 3.3.1).

Let G' have some fixed Haar measure. Then there is a unique Haar mea-
sure on Hy /K, such that S% is an isometry. It turns out that we do not need
to know more about these measures for the main approximation result,
Section 6. Nevertheless, the next paragraph gives an explicit description of
these measures, and for convenience we will use these measures in the rest of
this paper. To simplify the notation we set S, := S/..

3.3.1. Measures. If B is a subgroup of the abelian group 4, we say that
(A4,B,A/B) is a Weil triple if A, B, and A/B have Haar measures satisfying
Weil formula, symbolically written d,p - dp = d4. If K is a compact group,
by normalized measure, we mean the Haar measure on K such that total
measure of K is one.

We make the following choice: Hy has restricted measure as an open
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subgroup of G', K, has normalized measure, and (Hy, K,,, Hy/K,) is a Weil
triple. This defines the correct measure on Hy/K,:

/ (S ()P = / (S5 ()2
G! Hy
= / If (x + K,)[d(x + K,) - measg, (K,)
HN/Kn

_ / (x4 Ko)Pd(x + Kp).
HN/K”

We omit the proof of the next lemma as this description is not strictly
necessary for Theorem 6.1. By counting measure, we mean counting measure
with point weight one.

LemMA 3.8. Let G' be a G'-group with structure {(Hy,K,)}, Hy/K, ~
Eng=T" @ F\, ©2Z", and F"' =: F,.

i) There is a Haar measure on G' such that the map Sy is isometric when E,
has the product measure where Z" has counting measure, and both T, and F,
have normalized measures.

ii) If G' has the measure of 1), for any positive integer n, S, is isometric
when E, has the product measure where Z% has counting measure, and T% has
normalized measure. The measure on F, has the same point weight as the point
weight on F| when F{ has normalized measure.

Part ii) of this lemma is illustrated in the examples of Section 7.

4. Setup

Let G = R°® G', where G' is a second countable G'-group. Recall Defini-
tion 2.1. The purpose of this section is to define finite approximands for
(U, V) on G. Because G is a finite direct sum, we use the construction in
Proposition 2.3. We first introduce some notation which will be explained
below. Here, n is an odd positive integer throughout this section, and for any
such odd positive integer we define n° through n = 2n° + 1:

Finite abelian group G, =2Z°® G,
Isometry I, = R‘® 1!,
Group element )" = (", X") € G,
Dual group element (" = (d",3") € G, = Z® 6;
For an odd positive integer j, Z; = {—j°,—j°+1,...,—-1,0,1,...,j°}, con-

sidered as a finite cyclic group. The e-th power of Z; is denoted by Z;.
Moreover, self-duality is set up with (k, /) = &>"*/J for k,I € Z;.
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4.1. Schwinger embedding. The real part R® is handled by the groups and
scalings ¢, of Schwinger [9]. We follow Schwinger as we use (x,y) = ¢ for
x,y € R. Then we get the same scalings ¢, as he used. The finite group has
already been taken as Z;.

4.1.1. The maps R¢. Let RS : I*(Z%) — L?(R°) be the e times tensor map of
the operator R, :/[*(Z,) — L*(R), where for keZ, Iy —
(en)fl/zl[(k,l/z)%(kﬂ/z)e”) = (en)fl/zl,lf, where €, = +/2m/n. Characteristic
function for the Borel set E is denoted by Ig.

4.1.2. Group element r" and dual group element d". Let | - | denote the sup-
e Z: in the following way: If |r| < (n°+1/2)e,, then define
V= (rl,...,") eZ, where ! is the unique integer such that
ri € [ — 1/2)€n, (! +1/2)e,). Otherwise, " is by definition 0. We identify
R¢ and its dual group, and the approximation of d € R® is given by the same
procedure as that for r.

We turn to the G'-group part of the set up. Here, the idea is to use the
structure theory of the previous section to get hold of finite abelian groups
G!. This set up will relate to the standard duality (7).

4.2. The groups G'. Let Fipm, k,m,n odd positive integers, be given by
Fimn =2Z" ® F, & ZZ”. The numbers b,, a, and the groups F, come from the
elementary group structure of G', Proposition 3.2; H,/K, ~
E,=T" ®F,®Z" for some choice of {H,} and {K,}. For j odd, let Fj”
consist of those k € Z” for which k|, <Jj°, the j-cube in Z" centered in origo.
Recall that we in Section 3 found ¢! : Z" — Z" for i < n. Let k, be the
smallest odd integer such that /(F%') C F,f for all i < n. Equivalently, k, is
the smallest odd integer such that |k| <#»° implies |} (k)| <k; for any
i < n. Likewise, as /gf’ : 2% — Z% for i < n, let m,, be the smallest odd integer
such that w7(F%)C F% for all i<n For n odd define
Gl = Fiymn = 28 @ F, @ 20",

4.3. The embeddings I'. We start by constructing Ly : I*(Fipm) — L*(G").
These maps are defined through

n by
P (Fromn) =~ P(Z) @ P(Fy) @ P(Z))
T @id®Z™ 3
SR (T @ P(F,) @ P2 ~ LA(H,JK,) s L2(GY).
Here we identify Iy, with SH<T,‘,’1" ®id®ZZ”), S, is the lift of Paragraph
3.3. Finally, let I := I -
The measures on Z, T, and F, are those of Lemma 3.8. The maps ZZ"
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and T are defined below in order to be isometric when Z,ll” has the usual

counting measure, while Z;» has normalized measure.

4.3.1. The maps Z}". The embeddings Z," : *(Z") — [*(Z"") are defined in
the obvious way by sending I, to Iy in (2" for i e ZZ”.

4.3.2. The maps T%. Let T% = F"Z%(F )", where F,, : P(Z) —
P(Z%) and #" : >(Z*) — L*(T™) are Fourier transforms. This is a varia-

tion of the approach in Proposition 2.2.

4.4. Approximate group element in G'. Given x € G', we associate to it
xkmn ¢ F As G = UH,, x € Hy,_ for some smallest integer W,. For
n> W,, surject (recall Equation 8) x — x+ K, = x, = (t,,/n,2z) € E,.
Then let x¥" = (™ f,,2") if n > W,, and 0 otherwise, where the elements
M € 70 and ™ € Z% are defined below. Finally, let X := x%m gt .= g
and z" := k",

4.4.1. The integer part 2. 1f z, € F", let z, =: 2" € Zl". Otherwise, put
kn
z*" to 0.

4.4.2. The circle part t™". Here we apply root functions. Parametrize the
circle T by z=¢e, 9e[-1/2,1/2). For our t,= (t,;) €T", let
M= (™) € Zy, where ™ is the unique element in Z, such that
Onj € [t = 1/2)/m, (/" +1/2)/m) for 1,; = ™.

4.5. Approximate character in G'. Recall the dual construction and defini-
tions of Paragraph 3.2. Therefore, for v € G!, /A" € 2 o F, @ Z,l:" (dual
basis) is chosen by the same procedure as for the group element case. Let us
fix some notation: For n > I/AV7 (I/AV7 chosen analogous to W,),
Yo = (tn, &y ) € Ey (recall Equation 9). Then ™" = (/™ g, ) if n > W,
and 0 otherwise. Here the circle part s € ZZ" and the integer part u™" € Z;
are defined by the procedures in the last paragraph (with reverse notation).
Finally, we set 4" := Ak 3t .= ™" and §" := sk,

5. The Space of Schwartz-Bruhat Functions

Let G be a l.c.a. group. Recall from Section 3 the existence of pairs (H, K),
where H/K is elementary, H is an open subgroup, and K C H is a compact
subgroup.

Bruhat [1] introduces the Schwartz-Bruhat space of functions on G, ¥(G),
as those complex valued functions which have support in some H, and are
locally constant on some corresponding K. Thus & is naturally defined on
the elementary group H/K, here @ should look like an ordinary Schwartz
function. This means: Let P be a polynomial function on H/K, and D a
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translation invariant differential operator. Then ¢ € ¥ (H/K) if @ is smooth,
and all the seminorms ||P - Df]|,, are finite. Alternatively, this can be for-
mulated by the tensor product of Grothendieck for locally convex spaces
(Schwartz spaces are nuclear). We use Tyx to denote

®c [*(G) — Tyx® € L*(H/K), (Tux®)(x+ K) = &(x),
xex+KecHIK.

Notice that Tyg is the inverse of S} (Paragraph 3.3) for H = Hy and
K = K, on the range of S}. If H C H' and K’ C K, then ¢ Schwartz-Bruhat
on (H,K) implies ¢ Schwartz-Bruhat on (H',K’) as well. There are “large”
enough pairs (H, K) for #(G) to be dense in L?(G), and the Fourier trans-
form leaves this space invariant; if ¢ is Schwartz-Bruhat on (H, K), then @ is
Schwartz-Bruhat on (K*, H*).

As G by [11] is of the form R® @ G', where G' is a G'-group, the definition
of #(G") is really what is new in this extension of Schwartz functions.

Let G' be a second countable G'-group. Use Proposition 3.2 to find {Hy},
{K,}. 1t suffices to define #(G') on the pairs {(H,, K,)}:

LEmMMA 5.1. Let G', {H,} and {K,} satisfy the conclusions of Proposition
3.2. If (H,K) is some other pair in the definition of & (G"), then there is a non-
negative integer n such that H, > H and K,, C K.

ProOF. First, H/K ~ T ® F @ Z°, so, as the quotient is compactly gener-
ated and K is compact, H itself is compactly generated (the pre-image of a
compact set is compact as K is compact). If C is compact and generates H,
then G! = UH, covers C, and C C Hy for some integer N. Thus, H C Hy.
Next, K+ CG' is open while H' C K* C G' is compact. Moreover,
K+ /H* ~ H/K, so K+ is compactly generated, and the same reasoning as
before gives K+ C Kj; and Ky, C K. So the claim follows with 7 as the larger
of N and M.

We use @ € ¥(n) to denote ¢ € ¥(G') supported in H,/K,. Notice that
F(n) Cc S (') whenn < n'. Also, put ¢" := Ty g, P for & € ¥ (n). Let V" and
U" denote the standard Weyl system on L*(H,/K,).

LEMMA 5.2. Assume x € G', v € G and b € F(GY). Then we can find an n
such that &, V(x)® and U(y)® are all contained in S(n),
(V(x)@)" = V"(x + K,)?", and (U()®)" = U"(~y + H;)d".

PrROOF. Assume & € ¥ (n'). Since H, /' G', x is contained in some H,p,
and by the group property of any H, it follows that
V(x)® € & (max{n',n"}). Replacing x by x + k, for k € K,, clearly makes no
difference. That multiplication by character is locally constant is a special
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case of Weil [16], Proposition 2. Here, the proof is straightforward: As
UK = G', v € K;- for some n. Thus, multiplication by ~ is automatically
locally constant on K,. Moreover, since ¢ is supported in H,, multiplication
by v or v+ 4/, for v/ € H}, gives the same result. The largest n from the two
parts of the proof gives the desired result as translation and multiplication
by character is invariant for the Schwartz space of any elementary group.

Using I, = S,,, it follows easily from this lemma that G' is a limit of the
elementary groups H,/K, in the sense of Weyl systems.

5.1. Exploring #(G'). Assume that G! is a second countable G'-group.
Forn> N, if ® € #(N), then & € &(n). We need more on the relationship
between ¢" and &Y. Recall from Section 3 the induced maps

JNn Iy, . .
Ey & En, = E,. From their construction,

" — N O Jnn © (iNn)_l on iNn(ENn) )
0 otherwise.
We easily get this by passing through Hy/K,. Notice that scaling factors
would enter without the measure considerations of Paragraph 3.3.1. Let
&€ S(N), where in addition ¢V =oNeYdY is a simple tensor;
oY € (1), oF € #(Fy), and &) € #(Z"). Then by Proposition 3.7, for
(t,f,z) €eE,=T"DF,® Zandn>N (primed coordinates are in Ey;),

@"(l‘ f z) = {QjTN(’inN(TO + Qf)%(f/)) if z= L”N(z’) andf — ¢Z(Z/) + 02(/”)
o 0 otherwise

w PO iz =) wnd [ = 6 ()
0 otherwise

o o) if z=4(2)
0 otherwise

This is a product of one function in all three coordinates, one function in F,
and Z”, and one function in Z” alone. We see the same by calculating
Jjnn o iyl (on the image of iy,). This matrix is upper triangular.

Recall the Fourier transform #” on Z*. Let D, = Z* & F, & Z. We also
denote #" ® id ® id acting on />(D,) by #". We generally skip all ® and any
id in the notation for tensor product of operators. So, for instance, we use
the same symbol for an operator and its amplification by identity operators.

LEMMA 5.3. Let W]TV:(Q"N)%@% n any integer larger than N, and
' = (F")'9" € X(D,). Then
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Ut =9t A, - DY,

where W% = 0¥ o [E’}\V]_l (and 0 outside range of E’}\V) is a function of Z%,
@2 = @Y o [1]" (and 0 outside range of %) is a function of Z”, while A,
depends on all three coordinates.

ProofF. From (5.1) only the first part in the product formula for &,
E = Or(kyn(t) + o (f") if z = (2), f = &% () + 04 (f), and O otherwise,
depends on T%. Let ¢ = (k,f,z) € D,. First, if f and/or z is outside the range
of iy, 1" is obviously 0. This settles the ,,otherwise” case for the require-
ments for / and z. If not, we are left with Fourier transform in T*-direction
of the function &Y (kN(1) + Fi(z,f)), where Fi(z.f):= ¢%(f') to show
clearer that f” also depends on z. Thus, we take the inverse Fourier trans-
form of a translated function that is locally constant on Ker(x},). Then the
Weil formula shows that the Fourier transform is supported in the range of
g’,’\v, and translation goes to multiplication:

(7)) 12")(q) = /teT“ OF (i (1) + Fy(f,2)) ke, D)t

_ /6 e PR+ 2k / | fear

In the last line, «/; also denotes the map (isomorphism) from the quotient
T /Ker k} to T*. From Paragraph 3.3.1, Ker(x},) has normalized measure
as this compact group is the circle part of Ky/K,. Then as T* has normal-
ized measure, also the quotient T*¥ has normalized measure. The integral in
t' is non-zero, and then it always has value 1, if and only if & is in the anni-
hilator of Ker(x/ ), which means that k € Im(g’};). That takes care of rest of
the "otherwise’ claims, and gives for k = /;’,“T,(k’)

(@) = [ @640 + B DR ), D
= [ B 0 + R DK 3 D)
= [ @ ®. e (K F ()

= r(K) - (=K Fi(f,2)).

Combined with (11), the result follows.
Without the measure considerations of Paragraph 3.3.1, again scaling
factors enter (but can be taken into A,).
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This lemma has the following important consequence: Let Supp denote the
support of a function, then Lemma 5.3 shows that Supp¥" C
K (Supp ¥¥) @ F, @ ¢4 (Supp @5 ). This motivates the choice of the size
parameters k, and m, in Section 4.

6. Main Approximation Result

THEOREM 6.1. The second countable locally compact abelian group G is a limit,
in the sense of Weyl systems (Definition 2.1), of the finite abelian groups
{Gn}, 0aqq defined in Section 4.

PrOOF. Propositions 2.3, 3.2, and Propositions 6.3, 6.4 below.
6.1. The G'-case.

PROPOSITION 6.2. Let x € G', and e@. Then (x",v")s — (x,7)q as
n — oo (n odd). Here, X" € G\ and " € G) are as in Section 4.

Proof. For n > W, the larger of W, and I/AVW (as in Section 4), by Equa-
tion 12, (x,7) = {x + Kn,7+Hni>Hn/Kn = (Xn, Vu),- Thus, for n > W

<xn’,yn>G; - <xv ’Y>G" :‘<(tnv mzn)v (unvgnvsn»G,g - <(tn7f;hzn)v (ul17gnasn)>s|

< ‘<Znysn> - <stn>zf1’

+

(tn7 un> - <lﬂ7 un>Tj§ ‘

For the inequality, write out the characters as products, then use triangle
inequalities, and the fact that all numbers involved have absolute value one.

Let us estimate (12). Here, z, = ¢, (z) by semi-alignment Proposition
3.7. Observe that kY > |z,| ., for all n larger than some L: Let L be such that
|zw|y < n° for n > L. Then by construction in Section 4, [/}, (zw)|. < Ko
Consequently, for n larger than L (taken > W), 2" = z, = ¢}, (zw). Again by
Proposition 3.7, /;,(Z"") is contained in the first by factors of Z. Thus
(Zny Sn) = Hf:”’l @b where s, = (s,4), sps = €*™. Likewise, for this
large n, {(z",s") = Hfjl S EmB where 5" = (s7), s7/kn =0y, Then we
calculate

b
(12) < Z ‘1 _ eZwi/,’{V(zW),iiﬂ
=1
as 0", =6, + 6. where |6'| < 1/(2k,). Moreover, (12) tends to 0 because
n,l , n n
|y (zw) 104 < bwlzw| K/ (n°2Kn) < buw|zw |/ (20°).

The estimate on ¢}, (zy), comes from the fact that .}, is a Z-module map
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between two free Z-modules. In the standard bases, ¢}, has integer coefficient
matrix representation (a;). By the construction of k,, this is easily seen to
imply |a]1-| < k;/n°. Consequently, |/} (z,),| < bwmax;|zy j|k;/n° follow from
this matrix representation.

Finally, (13) is estimated as (12) because m,, is constructed similar to k.

Let us settle some matters of notation for the projections of Section 4:
P, L2(GY) — INP(GY). PL: L2(T%) — T4 (P(Z)). and PZ:L2(Z%) —
by by
Zy ().

PROPOSITION 6.3. The second countable G'-group G' is a limit, in the sense
of Weyl systems, of the finite abelian groups {G'}, ., of Section 4 .

PrOOF. Let & € #(N), N some positive integer, where ¢V = SYSY Y is a
simple tensor as in Paragraph 5.1. Moreover, ¢3 is taken with finite support,
and q5lTV is a trigonometric polynomial.

The linear span of the chosen @ is dense in L?(G'): Through & — &", the
linear span of all the L?(Ey) is dense in L?>(G'). Moreover, it is easy to see
that the linear span of simple tensors with finite support are dense in the
discrete space *(Dy). Applying #V gives the desired density in L*(Ey) as
the Fourier transform Z " on Z% takes finite support functions to trigono-
metric polynomials, and the other way around. Finally, the resulting func-
tions are in .#(Ey). Thus, we really work in a smaller space than ¥ (G").

Convergence of projections. As P,® € & (n), (P,®)" = PIP*¢" from the
definition of P, (the linear map S, is the inverse of Ty, k,), and

||Pu® — O = ||PP5" — ||

forn>N.Let C"=Fp ©F, ® F,fn By the construction in Section 4 (V" is
as in Paragraph 5.1), PTP2¢" = Z"|c:W". As #) and ¥¥ have finite support,
there is a Q (taken larger than N) such that for n > Q, Supp(®Y) C F2¥ and
Supp(WITV) C F/. Then, by definition of k, and m,, and Lemma 5.3,
Supp(¥") c C". Thus, P,& = & for n > Q, and strong convergence of pro-
jection has been proven.

Convergence of the V’s. Let x € G' as in Proposition 6.2. Because of
Lemma 5.2, for n > M, which is the larger of N and W (W as in Proposition
6.2), V(x)®e€ ¥(n), and (V(x)P)"=V"(x,)?". Here (Equation 8)
Xp = (tn,fn,2zn) € E,. We agree on a notation where V' (V) denotes transla-
tion (finite embedded translation), and the argument tells us what group is
involved. Then (V(x)®)" = V(t,)V(f)V (z,)@" for n > M. Moreover, by
construction of the isometry S,, V,(x")®€ ¥ (n) for n>N, and
(VI (x®)" = VI (") Vu(fn) V] (2")®", where for instance V(") is the embed-
ding of V,,(¢") through the map 7. Thus, as V(f,) is unitary, for n > M,
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(14) V(@2 = V,(")Pllg = [V (E) V()" = V(") V, ()P ||,
= 1V (@) (1) 2" = V(") ()", -

From the definition in Section 4, V(") =" U,’l(t”)(%’")*l7 where
U, (") = U,(1") as we identify I*(Zg ) with itself under the finite Fourier
transform. Moreover, U(t,) operates through multiplication by (-,7,) on
2(Z*). Let L (now taken > M) be so large that zjy; C F2 for n > L. Then
from Section 4, z, = LM(ZM) C F» ", and z" = z,. So, for n > L, the operator
V!(z") acts as V(z,) on U’ (¢")@" if both U'(")#" and its translate by z, is in
the range of the nth projection PZ. As the support of U,;(z")@" in Z"-direc-
tion is restricted by the support of &5, we can find J (taken > L and > Q)
such that for n > J, Supp(V (z1)®%5) C FP, consequently Supp(V(z,)®%) C
F,f So, forn > J,

(14) = | U (1) 2" — Uy (2",

as V(z,) is unitary. For n>J and ¢=(k,u,v)e€ D, [U(t,)-
U (w1t A,(q) = 0 for k not in F%, and otherwise

my?

[U(tn) = UL ("3 40(q) = P34a(@) (K, ") = (K, 12)].

For the last expression to be non-zero, by Lemma 5.3, we must in particular
have k = /;?\v(kN) for some ky € Z%. As ¥} has finite support, the pointwise
convergence of (13) in the proof of Proposition 6.2 can be made uniform on
the Z“-support of ¥¥, consequently also on the Z%-support of % (these two
sets have the same number of elements). Thus, for € > 0 there is an R, such
that for n > R, |(k, ") — (k,1,)| < € for all k in the support of the Z*-direc-
tion of Wh. Thus, by Fourier transforming back again, for n > R. (and
n>J),

(14) < e [[¢"]]p, = - ||2"]|g, = € [|2l|G:-

Convergence of the U’s. The arguments are essentially as for translation,
only the order of the steps is altered. Let v € G! as in Proposition 6.2. Again
by Lemma 5.2, for n > M, (U(y)®)" = U"(v,)®" where v, = (uy, gn, n) € E,.
By preliminaries similar to those for translation, for n > M,

(15) 1UM® — Uy ()2l = |1U (s0) 25 V (1) P Ay
= Uy (" PV, (") 3 4| .

With arguments as in the first part of the previous paragraph, there is L
(taken > M and > Q) such that ¥/ (u")#2A, = V(u,)¥2A, for n > L, and

(15) = [[U(s2)@" = U,(s") "I
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Let ¢ = (v,u,l) € E,. Then, for n > L, and [ € Fb” (otherwise the expression
below in 0), [U(s,) — U, (s)]P"(q) = [{{,sn) — (I, s”>] "(q). Now, we follow
the procedure of the last part of the proof for translation. Again, (15) will be
bounded by € - ||D||; for sufficiently large n.

6.2. Real numbers. The set up is as in Section 4. For f € C(R), far(ken),
k € Z,, is defined by fo(key) = ;' [(\/3 f(x)dx, ey = \/2n/n.

PrROPOSITION 6.4. The group R is a limit, in the sense of Weyl systems, for
the finite cyclic groups Z,,, where n runs through the odd positive integers.

Proor. Let f € C.(R) be a continuous function with compact support in-
side [~B, B], B > 0. We consider the isometries R, : [*(Z,) — L*(R) defined
in Section 4.1 with associated projections P, as in Definition 2.1.

The fact that P, — id strongly is probably well-known. Nevertheless, we
give a proof based on uniform convergence. If ¢, < 1, then f, := P,f =
> jkj<ne Jav(ken) - 15 has support in [-B — 1, B+ 1] := I(B). Furthermore, for
any x in this interval and n°, > B+1, x lies in some I¥, thus
Ju(x) = far(ke,). By the mean value theorem, f,,(ke,) = f(z) for some z, also
in 7. So, for any € > 0, just make n large enough for |f(y) — f(x)| < € for
any pair x,y € I¥, for all k such that I*NI(B) is non-empty. Then
Ifu(x) — f(x)| < € for any x in I(B). Hence f, — f uniformly, which suffices
for the L?-convergence.

The result for ¥, — V follows very similarly.

As for U, — U, it is easily seen that it is enough to check that U/ (d")f,
gets close to the compression (U(d)f),. Here d" € Z, approximates d € R as
in Section 4.1. So,

((U()f), = Un(d")al

k+1/2 2miy, gn
/ e — kN (X)dx - I
\k|<n k—

1/2)en

(k+1/2)e o
Z I/ Nl 6—1 / |ezxd _ plekend |dx - Il,’;~

lk|<n° —1/2)e

Since (U(d)f), — U, (d")f, has support in I(B) when ¢, < 1, consider the
uniformly continuous function G(x,y) =¢™ on the compact strip
I(B) x |[d — 1,d + 1]. So, given any € > 0, we can find a uniform » such that
|G(x,y) — G(¥',)")| < € for any pair of points in each I*¥ x I}, for those

n 2

k € Z, for which I¥ N I(B) is non-empty. Thus, for any z € I(B), there is a k

.. n (k+1/2)e,
giving  [(U()f),(z) = (Up(d)f) @] <[ llso (en) " Jo o edx =] f [l €.
As this works uniformly, the theorem is correct.
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7. Applications: p-adic Numbers and Rational Adeles

Let p be a prime number. Varadarajan mentions in [12] that the Weyl system
on Z,., as h — oo, converges to the Weyl system associated to the field of p-
adic numbers Q,. We construct examples of H, and K, in this case. These
groups are interesting as they lead to phase spaces for p-adic quantum the-
ories. Also, Q, is the canonical example of a non-compact, non-discrete G'-

group.

7.1. The p-adic numbers. The field of p-adic numbers (see Gouvea [6] for
basic properties) is the completion of the rational numbers Q under the p-
adic valuation | - | - There is a (continuous) field structure on Q, when p is a
prime. In a coordinate representation, the p-adic numbers can be viewed as
Laurent series x, x=1 -, x;p!, where n is an integer and x; €
{0,1,...,p— 1}. Under the natural addition and multiplication, such that
the resulting series also has coefficients in this set, Q, is a field. Furthermore,
under |- |,, defined by |x|, = p~" where X, is the first non-zero coefficient in
the series of x, these series are no longer just formal. In fact, Q, is a com-
plete metric space. As an abelian topological group w.r.t. addition, Q, is
self-dual. The compact open subgroup p"O, consists of those x € Q, for
which x; = 0 for all k smaller than the integer n. The p-adic integers O, form
the maximal subring of Q,.

Put H,=p "0, and K, = PP O,, where a,+ b, =n and the integers
ay, b, — oo as n — oo. Then H, /' Q, while K, \, {0}, and through mul-
tiplication by p*, H, /K, ~ Z,.. Thus, by Theorem 6.1, Q, is a limit of

Gﬂ = an (}’l Odd)

in the sense of Weyl systems.

Notice that Schwartz-Bruhat functions on Q, are locally constant func-
tions with compact support.

The measure on Z, from Paragraph 3.3.1, when Q, has its usual Haar
measure and total measure of O, equals 1, is the following: Then
measure(Z,) = measure(H,) = p®, so measure({0}) =p= " =p . Tt
makes sense from the approximation point of view that the measure of a
point goes to zero, while the total measure goes to infinity. If # is even and
a, = n/2, then Z,» has the self-dual Haar measure of our set up.

7.2. Rational adeles. The locally compact abelian ring 4 of adeles over Q
(see Weil [17]) is defined as the product R x Ay, where Ay is the group of fi-
nite adeles; the sequences x = (x,) € [[, i Qp such that x, € O, for all but
finitely many places. These adeles define a locally compact ring under re-
stricted product topology and pointwise addition and multiplication. Let
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Hn =R eBp prime<n Pin Op @pprim(»n Op and
K, = {0} @p prime<n pnOp @pprime>n Op-

Then each H, is an open subgroup, and H, / .o/ while K,, C H; is compact,
K, \. {0} and H,/K, ~ R @, prime<n Z,=. Consequently, .o/ is a limit of

G, =2, @pprimegn Zpln (}’l Odd)

in the sense of Weyl systems.

E.
. R.
. F

L.
. H.
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