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STABLE RANK OF THE C*-ALGEBRAS OF
AMENABLE LIE GROUPS OF TYPE I

TAKAHIRO SUDO

Abstract

In this paper we show that stable rank of the C*-algebras of simply connected, amenable Lie
groups of type I is estimated by complex dimension of the spaces of all characters of these
groups. It is extended to the connected case, by which we show that product formula of stable
rank holds for the group C*-algebras of connected, amenable Lie groups of type 1. For further
estimation of stable rank of those group C*-algebras, we need the conditions of the radicals of
those groups.

1. Introduction

Stable rank of C*-algebras, that is, non commutative complex dimension,
was initiated by M.A. Rieffel [9] to study the stability problems such as de-
termination of the cancellation property of finitely generated projective
modules over irrational rotation C*-algebras. He also raised an interesting
problem such as describing stable rank of the C*-algebras of Lie groups in
terms of geometrical structure of groups. In this direction, A.J-L. Sheu [10]
computed stable rank of the C*-algebras of certain simply connected, nilpo-
tent Lie groups. Next, H. Takai and the author [12] succeeded in the com-
putation of stable rank of the C*-algebras of simply connected, nilpotent Lie
groups. Moreover, we [13] extended our results to the case of simply con-
nected, solvable Lie groups of type I.

On the other hand, the author [11] estimated stable rank of the reduced
C*-algebras of semi-simple Lie groups by real rank of their groups, and ex-
tended it to the case of reductive Lie groups and partially to the case of non
amenable Lie groups of type I.

In this article we show that stable rank of the C*-algebras of simply con-
nected, amenable Lie groups of type I is estimated by complex dimension of
the spaces of all their 1-dimensional representations which is homeomorphic
to the fixed point subspaces of the chracters of their radicals under the ad-
joint actions of their semi-simple parts. We extend it to the connected case,
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by which we prove product formula of stable rank for the group C*-algebras
of connected, amenable Lie groups of type I. Moreover, in the special case
where the radicals of those groups are commutative, we estimate completely
stable rank of their group C*-algebras by complex dimension of the spaces
of all characters of these groups and that of the orbit spaces of the char-
acters of their radicals under the adjoint actions of these groups.

2. Preliminaries

We review some basic properties of covariant representations of C*-crossed
products.

Let A be a C*-algebra, G a locally compact group and (U, G,a) a C*-dy-
namical system. A covariant representation of (2, G, «) is the couple (7, U)
of a unitary representation 7 of G on a Hilbert space H and a *-representa-
tion of 2 on the same space with the property that Ugn(a) U; = 7(ag(a)), for
a € A, g € G. Recall that there is a bijection between covariant representa-
tions of (2, G, ) and non-degenerate representations of the crossed product
Ax,G. In particular, the set of all irreducible representatons of Ax,G cor-
responds to a subclass of covariant representations of (2, G, «) (cf.[7]).

Let Gy be a closed subgroup of G and I" the right coset space Go\G. Let
(mo, L) be a covariant representation of (21, Go, alg,) on a separable Hilbert
space Hy. Take the induced representation U = indg,;¢ L of L to G. Let
L*(G, Hy) be the Hilbert space of all Hy-valued, square integrable, measur-
able functions on G with respect to a left Haar measure. The representation
space H of U is considered as a closed subspace of L*(G,H)). A re-
presentation m of A on H is defined by (w(a)¢)(g) = wo(agl(a))f(g), for
acU, £€ Hyge G. The couple (m, U) is a covariant representation of
(A, G, ) induced by the covariant representation (mp, L) of (2, Go,alg,)
(cf.[14]).

A projective representation L of G on a separable Hilbert space H is the
map from G to the group of unitaries on H with the property that

(1) L, = 1y, where e is the identity of G and 14 is the identity operator on
H.

(2) Lgy = o(g,h)LgL;, for any g, h € G, where o(g, h) is in the one torus T.

(3) The function g — (L,£|n) is a Borel function on G for each £, € H.

Then L is said to be a o-representation of G (cf.[4]).

If A is of type I and G acts smoothly on 9, then every covariant re-
presentation (m, U) of Ax,G is induced by some covariant representation
(mp, L) of (A, G,) for p € A such that m, = p® 1y, and L, = L) @ L2, where
1y, is the identity representation of 2 on the representaton space H, of p
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and LL, Lf are o0,,0, -representations of the stabilizer G, of p with
L:](g)p = poay for any g € G, respectively (cf.[14]).

Stable rank of a unital C*-algebra 2 denoted by sr(20), is the least positive
integer n such that, for every (¢;);_, in A" and ¢ > 0, there exists an element
(b;)i_, in A" with Y7, bib; invertible in A" and |la; — byl| <e (1 <i<n). If
no such integers exist, then we let sr(2) = co. For a non unital C*-algebra
A, let A be its unitization and define its stable rank by sr(2") (cf.[9]).

We recall the following estimate of the stable rank obtained by combining
Theorem 4.3, 4.4, and 4.11 in Rieffel’s paper [9]: For any C*-algebra and its

any closed ideal 3,
st(T) V sr(A/T) < sr(A) < sr(J) V sr(A/T) Vesr(A/T),

where V means maximum and csr(-) is connected stable rank (cf.[9]). This
formula is used over and over again in this paper.

3. Main theorems

Let G be a Lie group and G its spectrum consisting of all irreducible re-
presentations of G identified up to unitary equivalence. Denote by G, the
subspace of G consisitng of all 1-dimensional representations, i.e. characters
of G. Let C*(G) be the group C*-algebra of G whose spectrum C*(G)" is
identified with G.

Let G be a simply connected Lie group and ® its Lie algebra. Let
® = R ® S be the Levi decomposition where ‘R is the radical, i.e. the largest
solvable ideal of ®, and & is the semi-simple Lie subalgebra of ®. Let R, S
be the simply connected Lie subgroups of G corresponding to R, S respec-
tively. Let G = Rx,.S be the semi-direct product of R by the adjoint action «
of S. Then its Lie algebra G is isomorpic to R & S. Then we have G = G,
since two simply connected Lie groups with their Lie algebras isomorphic
are isomorphic (See [2]). Hence, C*(G) is isomorphic to C*(R)x,S.

Let ®* be the real dual space of . Then G acts on &* by the coadjoint
action Ad*. Denote by (6*)“ the subspace of all fixed points of &* under
Ad".

We consider the case that G is equal to the reduced dual of G, that is, G is
amenable. Then S is compact. Since it is semi-simple, Sl = {15}, where lg is
the trivial representation of S. Denote by & the action of S on R defined by
Gy(m) =Toag,s €S, TE R. Since R, is S-invariant and closed in R (cf.[13]),
we have the following exact sequence:

(1) 0 — IrxS — C*(R)%0S — Cy(R1)xaS — 0,

where 3 is the closed ideal of C*(R) corresponding to R\ R;. Denote by R?
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the set of all fixed points of R; under a. Since R is S-invariant and closed in
R, the following exact sequence is obtained:

(2) 0 — Co(Ry \ RY)xS — Co(R))x4S — Co(RY)xS — 0,
with Co(RS)xS = Co(R}) @ C*(S) and C*(S) = G M,(C).

LEmMA 3.1. Let G be a simply connected Lie group, R its radical with
S = G/R, and R the Lie algebra of R. Then R} is isomorphic to (R as a
topological group.

Proor. Note that R; is isomorphic to (R*)* via y — dx/2mi, where
X € R; and dy is the derivative of y ([13; Lemma 2.1]). Since &;(x)(r) =
x(srs71),r € Rys € S and Ad*(s)p(X) = o(Ad(s71)X), X € R, € R, then

(@ (0)(X) = S x{sexp s )]y = G x(exp (A X))y = d(Ad(5)X)

which implies that the adjoint orbit space R;/S = R, /G is homeomorphic to
the coadjoint orbit space (R*)X/S = (R*)® /G as orbit spaces with respective
quotient topologies. In particular, it implies the conclusion.

Using Pukanszky’s results [8], we have the following:

LEMMA 3.2. If G is a simply connected, solvable Lie group, then every ele-
ment of G is one or infinite dimensional.

PRrOOF. Let [G, G] be the commutator subgroup of G, which is a connected,
nilpotent Lie group. Let [G,G]™ be the universal covering group of [G, G].
Then we have the canonical map from ([G, G])" to (|G, G]™)" induced by the
quotient map from [G, G|~ to [G, G]. We know that any element of ([G, G]™)"
is one or infinite dimensional ([13; Lemma 2.5]). So is any element of
([G,G)"

For each = € ([G,G])", there is a closed Lie subgroup K, of G with
K, D [G,G] and there exists an element of p of K, with plig,g) = ™ such that
the induced representation U, = indg_gp of p to G is a factor representation
of G. Every factor representation of G is quasi equivalent to a factor re-
presentation constructed in this way ([cf.[8]).

Note that G| = (G/[G,G))" ([13; Lemma 2.3]). Thus, if 7 € ([G,G])" is
trivial and K, = G, then p is in Gl. If 7 is a non trivial one dimensional re-
presentation, then K, # G. Hence U, is infinite dimensional. If 7 is infinite
dimensional, then so is U,. Therefore any factor representation of G is one
or infinite dimensional. In particular, every element of G is one or infinite
dimensional.
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LEMMA 3.3. In the situation (2) above,
dim¢c jef < SI’(C()(]AQ])N@S) <2Vdimeg f?f,
where dime(-) = [dim(-)/2] + 1 with [] Gauss symbol and N means maximum.

PROOF. Since R, is a Th-space (cf.[13]) and S is compact, the orbit space
Rl/S is a T»-space. By [1; Proposmon 3,9] and its remark, S acts smoothly
on Ry, that is, any quasi-orbit on R; by S is transitive. Let S, be the stabi-
lizer of S at y € R). Since S is a Lie subgroup of S, then dim S, < dim S for
any x € R \R*lg Thus, from the Takesaki’s result in section 2, every irre-
ducible representation of Co(R; \ RS)xS is unitarily equivalent to an irre-
ducible representation acting on the infinite dimensional sapce of L?(S,\S)
for some x in R; \ R (cf.[14]). Hence every element of (Co(R; \ RY)xS)" is
infinite dimensional. Since S has the trivial representation,

st(Co(RY) ® (©5M,(C))) = sup({(dime R} —1)/n} + 1) = dime Ry,
s
where {x} is the least integer > x. Applying the same methods in ([13
Lemma 3.2]), we have the conclusion.

The solvable case of the next result was proved by H. Takai and the au-
thor [13].

LemMa 3.4. Let G be a simply connected, amenable Lie group of type I. Then
Gl %kf x {ls}, dimg G] <sr(C*(G)) <2Vvdime G].

ProoF. First of all, we show from (1) that every element in (JzxS)" is
infinite dimensional. By Lemma 3.2, any element of Sg is infinite dimen-
sional. Let 7 be an elemant of (3zx.S)". Suppose that = is finite dimensional.
Take a covariant representation (p, U) of (3g, S) corresponding to 7. Then p
is finite dimensional, so are its irreducible components, which is the contra-
diction. In particular, G; = RS x {ls}.

Let Jc be a closed s-ideal of C*(G) such that Jg = (IgxS)"
(Co(Ry \ RS)xS)". Then the following exact sequence is obtained:

0— 36— C(G) = D=0, D=Cy(R))®C(S).

We apply the methods in ([13; Lemma 3.2]) to the exact sequence above.
Take a composition series {J;};-, with J9 = {0} of C*(G) such that J;/J;_;
(i > 1) are of continuous trace. Consider the following exact sequence:

0—-C—->3—-2,—0

for every i > 1, where €;, D; are the closed *-ideals and quotients of J; cor-
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responding to S¢N3, DN respectively. Next consider the finite compo-
sition series {J;NE;};_; of €. Put & =3;N¢; (1 <j<i) and £ = {0}.
Then the following exact sequences are obtained:

(3) 0— /81 =3/ —3/¢ -0, (1</<i).
Since J;/3;_1 (1 <j < i) are of continuous trace, so are
(& +3-0)/3J =2 &/(¢NT) =8/¢, (1<7<0).

By definition, Qj is contained in 3¢ for (1 <j <i). Hence, every element of
(€;/2;,.1)" (1 <j <) is infinite dimensional. Thus, applying Nistor’s result
[5; Lemma 2] to (3), we have that sr(J;/2-1) <2Vsr(J;/%)), (1 <j<i).
Since J;=3;/¢ and D, =3;/8, we get sr(J;) <2Vsr(D;). Hence,
s1(3;) <2V sr(D). By the same argument, the above inequality holds for any
i>1.

Put m =2 Vsr(D). Let ()7, be an element of (C*(G)")". Then there
exists an element ()7, of (3;)" such that |la — bi|| < /2 (1 <i<m) for
some j. Since sr(3J;) <m, there is an element (¢;)i", of (3 )" such that
Somicie is invertible in 3 and b — ¢l <e/2 (1 <i<m). Hence

i=1"i

llai — cil| < e (1 <i<m)and >, clie; is invertible in C*(G)™.
PROPOSITION 3.5. Let G be a connected, amenable Lie group of type 1. Then
dime G, < sr(C*(G)) < 2V dimg Gi.

PrOOF. Let G be the universal covering group of G. Consider the map
@ : G — G" defined by &(r) = 7o g, where ¢ is the quotient map from G to

G Then ¢ induces a surjective x- homomorphlsm g from C*(G) to C*(G). We
denote by 7 the element in C*(G) corresponding to 7 € G. Let K be a closed
set in G". Then KN®(G)= {moqe G"| Nyex ker p C ker7og}. Put
L=qg ' (KN®(G)), then L={re G| Nypepker® C kerz}. In fact, if

Nrer ker @ C ker 7 for m € G, we get
Npexker p C N, xogker p = Nwerker 7o Ckerwog.

Hence 7 is in L. So & is continuous. If R is the radical of G with S = G/R,
then RY x S is closed in G, so is &' ((R} x §) N®(G)) in G. Thus, in the
same way as in Lemma 3.4, we have the conclusion.

Applying Proposition 3.5, we have the product formula of stable rank as
follows:

COROLLARY 3.6. If G, H are two connected, amenable Lie groups of type 1,
then
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st(C*(G) ® C*(H)) < st(C*(Q)) + st(C*(H)).
PRrOOF. Since G,H are of type I, (G x H)" is homeomorphic to G x H.
C*(G x H) is isomorphic to C*(G) ® C*(H). By Lemma 3.5,
st(C*(G) ® C*(H)) < 2V dime(Gy x H)
<2V (dim¢ Gy + dime H,) < st(C*(G)) + sr(C*(H)).
LEmMMA 3.7. If G is the semi-direct product RxS with S a connected, compact
Lie group, then G = R x S.

ProOF. Suppose that the action of S on R is non trivial. Let X be a non-
zero element of the Lie algebra of R. Take an element Y of the Lie algebra
of S such that ad(Y)X = aX with o > 0. Then Ad(exptY)X = ¢*X for ¢ in
R. Hence Ad(S)X is non compact, which is impossible since S is compact.

LeMMA 3.8. Let G be a simply connected, amenable Lie group of type 1. Then
st(C*(G)) < (2 vV dime Gy) A (dim RV 1),
where A is minimum.

PROOF. Note that dimcG; =dimc RS <dimR. If G=S, that is,
dimR =0, then sr(C*(G))=1. If dimR=1, then, by Lemma 3.7,
G = R x S. Then C*(G) = Cy(R) ® C*(S). Hence, sr(C*(G)) = 1.

REMARK. If G is a simply connected, solvable Lie group of type I, that is
G = R, then we have that ([13; Theorem 3.9]) sr(C*(G)) = (2 V dim¢ Gy) A
dim G.

We have the complete description of stable rank of the group C*-algebras
of the following special case in terms of groups:

PrOPOSITION 3.9. Let G be a simply connected, amenable Lie group. If its
radical R is commutative, then G is of type 1 and
st(C*(G)) = (2 A dimg (R /G)) V dime G;.

PrOOF. We use the fact that R = R; = (R*)® = ®* (cf[13]) where R* is
the real dual space of the Lie algebra R of R. Since the adjoint representa-
tion Ad of S on ‘R is completely reducible, so is the coadjoint representation
Ad* of S on R*. Thus we obtain that

SR*ZV()Xle-“XVn,

where Vy x {0} x -+ x {0} = (R")® is the fixed point subspace under Ad*,
and V; (1 <i < n) are S-invariant subspaces of R* such that the restrictions
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Ad*|y, are irreducible and the subspaces of all fixed points in V; are zero
(1 <i<n). From Lemma 3.7, V; = R" for some n; > 2 (1 <i < n).

By averaging over the compact connected group S, one can find a metric
on V; invariant under Ad*|, (S), and hence Ad*|, (S) is contained in the
special orthogonal group of V; (cf.[6; Theorem 2, p.131]). Then we have that
any orbit in V;\ {0} is homeomorphic to a subspace of the (n; — 1)-dimen-
sional sphere S"~! of V;.

Then by Fourier transform and the above observation,

C*(G) =2 C*(R)xS = Cy(R)) xS =2 Cy(R*) xS = Co(Vo x Vi x -+ x V,)XS.
Since (R*)" is S-invariant and closed in R,
0 — Co(R*\ (R*)*)xS — Co(R)xS — Co((R)®) @ C*(S) — 0.

Since Vp x {0} x (Vi \ {0}) x {0} x --- x {0} (1 <k <m) are S-invariant
and closed in (R*\ (R*)®)\ LA (Vo x {0} x V; x {0} x --- x {0}), then we
have the following exact sequences:

0 — Co((R"\ ()") \ UL (Vo x {0} x Vi x {0} x -+ x {0})) =S
— Co((R*\ (R)F) \ LT (Vo x {0} x ¥ x {0} x -+ x {0}))S
— Co(Vo x {0} x (P \{0}) x {0} x - x {0})xS — 0,(1l <k <n)
Moreover, from the property of Ad*|Vk above, it implies that
Co(Vo x {0} x (W \{0}) x {0} x --- x {0})xS
=~ Cop(Vo) @ Co(R) ® (C(S™ 1) xS).

Then put W; = (R*\ (ER*)S) \ UL, (Vo x {0} x Ve x {0} x --- x {0}). De-
fine

L={@, ,in|l<i<---<i<n}, (2<I<n-1).
Then define inductively (2 </ <n-—1)
Wi= Wit \ Ui iper (Vo x {0} x Vi x {0} x -+ x ¥, x {0} x -+ x {0}),
Wit = Vo x (V1\{0}) x -+ x (Vy \ {0}).

Let J is a proper subset of I; and J* = J U {(k1,---,k;)} with (ky,---,k;) €
I\J. Since Vyx {0} x (Vi \{0}) x {0} x -+ x (Vg \ {0}) x {0} x ---x
{0} is S-invariant and closed in Wj_1 \ U, ... ;pes (Vo x {0} x Vi x {0} x -+ x
Vi x {0} x --- x {0}), it follows that
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0 — Co(Wi—1 \ Uy . iyes+ (Vo x {0} x V3 x {0}
X oo x Vi x {0} x - x {0}))xS
= Co(Wii \ Uiy ipes (Vo x {0} x 7 x {0}
-x Vi x {0} x --- x {0}))xS
— Co(Vo x {0} x (W4, \ {0}) x {0}
X oo X (Vi \ {0}) x --- x {0})xS — 0,
Then from the property of Ad*|Vk,- (1 <i<l) above,

Co(Vo x {0} > (Vi \ {0}) x {0} x - > (Wi, \ {0}) x -+ x {0}) xS
=~ Cy(Vo x RN @ (C(S™ 7V x ... x §tk=1))%§).

Put Sp, gy = S~ x - x St~V (1 <1< n). Since S is compact, then
S(kyk)/S 18 @ Tr-space. By the definition of induced covariant representa-
tions in section 2 ([14; Theorem 6.1]), every element of (C(S(k],‘,‘_yk,))><1S)A is
infinite dimensional, and C(S, ..x,)) %S is of type I. If ¢ € S, ...x,), then its
orbit Oy is S-invariant and closed in S, ...x). So Co(Oy) =S is a quotient of
C(S(k, k) *S. Note that Co(Oy)xS = Co(S/Sy)»S. Since S is second
countable, there is a measurable cross section from S/S, to S. Using the
Green’s imprimitivity theorem [3; Corollary 2.10], Co(S/Sy)xS = C*(Sy)®
K(LA(S/S.))-

Then we have that C*(G) is of type I and every element of C*(G)"\
((R*)® x 8) is infinite dimensional. By the same methods in Lemma 3.4,

dime(RY)® < sr(C*(G)) < 2V dime(R)°.

If dimc (RS > 2, then sr(C*(G)) = dime(R*)°.

If dim(R*)® =1 and dimc(R*/S) =1, then C*(G) = Co(R) ® C*(S). So
st(C*(G)) = 1. If dim(R*)® = 1 and dimc(R*/S) > 2, then by the above ob-
servation, C*(G) contains a subquotient of the form Cy(D)® K with
dim D > 2. Hence, sr(C*(G)) = 2.

If dim(R*)* =0 and dimc(R*/S) =1, then R* = V. Since C*(S) has
connected stable rank one ([cf.[9]), sr(C*(G))=1. If dim(R*)=0 and
dimc(R*/S) > 2, then C*(G) contains a subquotient of the form Cy(D) ® K
with dim D > 2. Hence, sr(C*(G)) = 2.

Since G = (R*)° by Lemma 3.4 and (R,/G) = (R*/S) by the proof of
Lemma 3.1, we have the conclusion.

Applying Lemma 3.8 and Proposition 3.9 in the situation (1), we have the
following main theorem:
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THEOREM 3.10. Let G be a simply connected, amenable Lie group of type 1.
Then

(2 Adime(R,/G)) V dime Gy < sr(C*(G)) < (2 V dime Gy) A (dim RV 1),
where R is the radiacl of G.

ProOF. It suffices to show the first inequality. By the same methods in
Proposition 3.9, we obtain sr(Co(R1)>4 S) = (2 Adimc(R;/S)) V dime RS.
Moreover, R, /S = R, /G, R} =~ G,.

REMARK. If G is the direct product of the real ax 4+ b group and a semi-
simple compact group, then sr(C*(G)) = 2. On the other hand, the above
inequalities give 1 <sr(C*(G)) < 2. We conjecture that, in the above for-
mula, if the radical is non commutative, then sr(C*(G)) = 2 V dimc G;.

4. Examples

ExaMPLE 4.1. If G is the direct product R x S with R a simply connected,
solvable Lie group and S compact, then

C'(G) =2 C*(R) ® C*(S) 2 d3C*(R) ® M,(C).
Since S has the trivial representation, sr(C*(G)) = sr(C*(R)).

ExaMPLE 4.2. Let G = R"xSpin(n), (n > 2) where Spin(n) is the universal
covering group of SO(n). Let o be the action of SO(n) on R" defined by
ay(t) =g -t for g € SO(n),t € R", where - means the matrix multiplication.
The action & of Spin(n) on R" is defined by a,(t) = ay(t) for
g € Spin(n),t € R", where ¢ is the quotient map from Spin(n) to SO(n). Put
R = R". Note that the Lie algebra R of R consists of vector fields of the
form X =37 64 for 1 eR, with expX = (t1,---,1,). Let g-1=
(s1,-+,8,). Then Ad(g)X = 1, dv Let R* be the real dual space of R.
Then 9%* ~ R =~ R" as a topological (vector) group. Then via the Fourier
transform,

C*(G) = C*(R)xSpin(n) = Cy(R) x4 Spin(n),

where & is the action of Spin(n) on Co(R) induced by a. Let # be the
Fourier transform from C*(R) to Cy(R). We check the action &' explicitly as
follows: for a rapidly decreasing C>-function / on R, x, € R which corre-
sponds to ¢ € R", and g € Spin(n),

&N () = (F 0 g 0 7)) (1) = (1)

Then we check the action @ of Spin(n) on R as follows:
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ag(X)(f) = xe(@gr () = Gt (1) (xe) = (Xgte1) = Xqle)(f)
for f € Co(R). Hence, R/Spin(n) ~ R, U{xo} with {xo} = (R)*™" = G,.
Since {xo} is Spin(n)-invariant and closed in R,
0 — Co(R\ {x0})»Spin(n) — Cy(R)xSpin(n) — C*(Spin(n)) — 0.
Let y € R\ {xo}. Since SO(n), = SO(n — 1), then SO(n)/SO(n), is home-
omorphic to S"~'. Then Spin(n) acts on SO(n)/SO(n), by the left multi-
plication. As in the proof of Proposition 3.9,
Co(R\ {x0})*Spin(n) = Co(R, x S"~')xSpin(n)
=~ Cy(R+) ® (C(SO(n)/SO(n — 1))xSpin(n)).
Note that Spin(n)/Spin(n), =2 SO(n)/SO(n), and Spin(n) acts on Spin(n)/
Spin(n), by the left multiplication. It follows that
C(SO(n)/SO(n), )xSpin(n) = C(Spin(n)/Spin(n), ) xSpin(n).

Since Spin(n) is second countable, then by [3; Corollary 2.10],
C(Spin(n)/Spin(n) ) xSpin(n) = C*(Spin(n), ) ® K(LZ(Spin(n)/Spin(n)X)).
Since  C*(Spin(n)) = ®gpin () Ma(C), C*(Spin(n), ) = EB<Spin(n)X)AM,,(C) and

M, (C) has connected stable rank one, we get
sr(C7(G)) = sr(Co(Ry) © C*(Spin(n), ) @ K)
= sup ({(sr(Go(Ry) @ K) =1)/n} +1) = 1.
(Spin(n))()A

ExAMPLE 4.3. Let G = R"""x(Spin(n) x Spin(m)), (n,m > 2) with the ac-
tion « defined by a)(x,y) = (as(x),a(y)) for s € Spin(n),t € Spin(m),
xeR"yeR", where & is as in Example 4.2. Then C*(G)=
(Co(R")xSpin(n)) ® (Co(R™)xSpin(m)). By the same analysis in Example
4_2, Gl o (Rn+m>(Spln(n)xSpm(m)) _ {(0,0)} and

R"™ /(Spin(n) x Spin(m)) ~ (R+ U {0}) x (R, U {0}),
where R"" is identified with its spectrum. By Proposition 3.9, we have
sr(C*(G)) =2.
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