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GORENSTEIN ALGEBRAS WITH NONUNIMODAL
BETTI NUMBERS
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Abstract

We show the existence of graded Gorenstein algebras whose Betti numbers are not unimodal,
contradicting a conjecture by R. Stanley. In fact, we prove that the Betti numbers given by the
natural lower bound are non-unimodal in sufficiently high embedding dimension — greater than
or equal to nine — and we have calculated two examples where the Betti numbers attain this
lower bound.

The Hilbert function of graded Gorenstein algebras were once conjecured
to be unimodal. R. Stanley [7, Ex. 4.3] found a counterexample and later
large classes of counterexamples have been found by others [2, 4, 5].

Later R. Stanley [8, Conj. 4b] conjectured that at least the Betti numbers
of a graded Gorenstein algebra should be unimodal. In many examples this
is also the case. For example it is clear that the Betti numbers of a complete
intersection are unimodal.

In a previous paper [3], we stated a conjecture on the generic Betti num-
bers of compressed Gorenstein Artin algebras. In this paper we prove that
our conjecture implies that the Betti numbers of a sufficiently general Gor-
enstein Artin algebra of embedding dimension at least 9 are non-unimodal if
the degree of the socle is odd, contrary to the conjecture by Stanley.

This, of course, does not prove the existence of Gorenstein algebras with
non-unimodal Betti numbers. Therefore we have, by means of the computer
algebra system Macaulay [1], computed the Betti numbers for two examples
of graded Gorenstein algebras, with embedding dimension 9 and 10, where
the Betti numbers are non-unimodal.

SETUP 1. Fix integers r and ¢. Let R be the polynomial ring k[x;, x3, .. ., x/]
over a field k& of characteristic 0. For any hyperplane H C R, we
define (H:R),={a€ Rylabe H, for all beR.,}. The quotient
A=R/ @, o(H : R),is then a Gorenstein Artin algebra with socle in degree
¢ [5, Prop. 2.4]. If H is sufficiently general in Ry, we have that A is com-

Received December 17, 1996.



162 MATS BOIJ

pressed, which means that the Hilbert function of A s
min{dimy Ry, dimy R._;} — the maximal possible (cf. [6, Thm. I] and [5, Thm.
3.4)).

DEerINITION 2. For any two positive integers r and ¢ we define a sequence
of numbers by, by,...,b, by b =b,+ b/, fori=1,2,...,r — 1, where

;L t=l4+i=1\(t=1+r\ [fe—t+r—i\ce—t+r
(2.1) b[—max{0,< i1 )( e i ( i1 )

Yo c—t+r—i—1\e—t+ry (t—=1+i\(t=1+r

b"_max{o’< F—i—1 >< i) ( i )(r—i—l ’

fori=1,2,...,r—1, where t = |¢/2] + 1.

CoNJECTURE 3 ([3, Conj. 4.23]). Suppose that H is a sufficiently general
hyperplane in R. and let A = R/ @, -o(H : R),. Then the Betti numbers of A
are given by by, by, ..., b,, from Definition 2.

REMARK 4. In fact, the numbers given by the sequence by, by, ..., b, is a
lower bound for the Betti numbers of any compressed Gorenstein Artin al-
gebra of embedding dimension r and socle in degree ¢ [3, §4-4].

PROPOSITION 5. The sequence of numbers 1 = by, by,by,...,b.—1,b, =1 gi-
ven by Definition 2 is non-unimodal if ¢ is odd and r > 9

Proor. The sequence by, by, ..., b, is symmetric around |r/2], i.e. satisfy
bi=b,_;, for i=0,1,...,r and by = b, = 1. Hence it suffices to show that
br—1 > by, if ¢ is odd and r > 9, where k = |r/2].

We first consider the case where r = 2k + 1. We have that ¢ = 2¢ — 1 where
t is the least integer such that (') > (""1*¢7'). We have now that the
conjectured Betti numbers are

t+k—2\/t+2k c—t+k+1\[c—t+2k+1
bk:(k—l)<k+l>_( k+1 )( k-1 )

21+ k)(1 + k — 2)!(1 + 2k)!

(t— D)k = DIk + DItk +1)!

and

t+k—3\[t+2k c—t+k+2\[c—t+2k+1
(52) b“:(kz ><k+2>_( k+2 )( k-2 )
At ke 1) (14K (4 ke — 1) (14 2K) (1 + k — 3)!
- (t— Dk —2)1(k +2)!( + k +2)!

Thus we have that
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(5.3) by 2k—1)(t+k+1)(t+k—1)
' be  (k+2)(t+k+2)(t+k—2)
_2k-D(Hk) -1 2k-1)
Ck+2 (1+k)?—47 k+2 T

for kK > 4. Hence we have proved that the sequence is non-unimodal in the
case r =2k + 1, for k > 4.

Now assume that r =2k. Then we have that by = bj + b} = 2b], since
by, = b} from (2.1). Hence we have that

(54) by 2(<t— }(J:/;— 1) (t— 1k+ 2k> B <z — ;(+ k) (t —k1_+12k>>

214k —2)!(t 42k — 1)!
T U= DKk =D+ k)

and

t—1+k—=2\/t—1+2k t—1+k+1\[/t—1+2k
(55) b“:( k-2 )( k41 >_< k+1 )( k—2)
34 k) (t4+k—1)(1+k—3)(1+2k—1)!
(=D k=2 (k+ D)tk +1)!

Hence we have that

b1 3(k—1)(t+k—1)(t+k) N 3(k—1) 51
by 2k+D(t+k+D(t+k—2)" 2(k+1) ="
for k > 5. We have now finished the case r = 2k, for k > 5. Hence the se-

quence is non-unimodal if r is odd and r > 9 or if r is even and r > 10, which
together finish the proof.

(5.6)

REMARK 6. Proposition 5 shows that if Conjecture 3 holds we have that
almost all graded Artin Gorenstein algebras with odd socle degree have non-
unimodal Betti numbers if the number of variables is at least 9.

For Gorenstein Artin algebrasof embedding dimension 9 and 10 with socle
in degree 3 the Betti numbers given by Conjecture 3 are

(6.1) (1,36,160,315,288,288,315,160,36, 1)

(6.2) (1,45,231, 550,693, 660,693, 550,231,45, 1),

respectively. Since it is a question of the generic case, it suffices to find one
algebra having these Betti numbers to verify the conjecture (cf. [3, §§4-3,
4-4]). The existence of such algebras has been verified by means of computer
calculated resolutions. In in both cases the ideals are generated by quadrics.
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The algebras generated by the program were given by random codimension 1
vector spaces H C Rj; and the computer used 104 Mb of memory to calculate
the latter resolution. These Betti numbers are equal to the Betti numbers gi-
ven by Conjecture 3. Hence by the minimality of these Betti numbers there is
no problem in the calculations being done in positive characteristic.
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