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CONIC SINGULARITIES OF SOLUTIONS TO PROBLEMS
IN HYDRODYNAMICS OF A VISCOUS FLUID WITH A
FREE SURFACE

V. A. KOZLOV, V. MAZ’YA and J. ROBMANN

0. Introduction.

The present paper is concerned with some boundary value problems for the
Stokes system

(0.1 —AU+grad P=F, div U=0

in a three-dimensional domain with conic points at the boundary. It is well-
known (see e.g. [5], [13]) that the solution (U, P) of an elliptic boundary va-
lue problem for the system (0.1) in a neighbourhood of a vertex x(*) =0 of a
cone % asymptotically behaves like a linear combination of terms of the
form

z > l o rk u(57k)(w)
02 # 3 o (i)

where r = |x| and w are coordinates on the sphere S> = {x € R*: |x| = 1}. In
order to obtain this result, one applies the Mellin transform .#,_,, A € C, to
the operator of the boundary value problem in J#". In this way a pencil 2l of
boundary value problems on the spherical domain " N S? is generated. The
above mentioned asymptotic representation follows by applying the Cauchy
residual theorem to the inverse Mellin transform of the resolvent 2(X)~".
The exponents z in (0.2) form a discrete sequence of eigenvalues of 2(\),
while (1, p©) is an eigenvector and (uV), p()), ... (4 p®)) are generalized
eigenvectors corresponding to z. Thus, the question of conic singularities has
been reduced to the spectral analysis of the operator pencil 2((\) which is, in
fact, the subject of the present paper.
We consider the following boundary conditions for the system (0.1):
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i U=0,

(i) U, =0, En.,‘r(U) =0,

Gii) U, =0, —P+2¢e,,(U)=0,
where n = (ny,n,n3) is the exterior normal to §#°, U, = U - n is the normal
component of the velocity U = (U, U,, Us), U, is the tangential component
of the vector U (i.e., the projection of U onto the tangent plane to 9.¢"), and
¢ 1s the strain tensor. We admit that different boundary conditions may be
prescribed on different conic subdomains of 9. These boundary conditions
appear in analysis of the steady-state motion of a viscous fluid in a vessel
with a free surface having contact with the walls of the vessel (see for ex-
ample [15]).

Here we list the main results of the paper:

1. The strip {A: —1 < Re\ < 0} does not contain eigenvalues of the
pencil 2.

2. The strip —2 < Re A < 1 contains only real eigenvalues.

3. There are no generalized eigenvectors to the eigenvalues in the strip
-2 <ReA< 1l

4. The numbers 0 and —1 are eigenvalues of 2 if and only if there exists a
nonzero constant vector (u,p) = (c,0) satisfying the boundary conditions.

5. We describe all eigenvectors and generalized eigenvectors correspond-
ing to A = 1, when this number is an eigenvalue of 2(\).

6. We derive a variational principle for the eigenvalues of 2 in the inter-
val [0, 1) and find the total multiplicity of the spectrum in [0, 1). In the case
of the boundary conditions (i) and (iii) on different parts of 9.¢", this multi-
plicity is an increasing function of ¢ (see Corollary 8.1).

In [11] similar results were obtained for the system (0.1) with the Dirichlet
boundary conditions. We remark that the Neumann condition

—P+2¢,,(U)=0, &,.(U)=0 ondx

which appears in the hydrodynamic potential theory is not considered in the
present paper. For this problem it was shown in [8] that the strip
—1 < Re A <0 contains only the eigenvalues —1 and 0, if 9#" admits a one-
to-one orthogonal projection onto a plane.

We give some consequences of our results for solutions of the mixed
boundary value problems under consideration in a bounded domain of
polyhedral type. Using the same technique as in [5], one can show that the
solution (U, P) has the asymptotics



CONIC SINGULARITIES OF SOLUTIONS TO PROBLEMS... 105

U= Z e u® (W) + o),
k

P= Z ™ p® (W) + O(logr)
k

near every singular boundary point x(*), where ); are eigenvalues of 2()\) in
the interval [0, 1). (Here we assume for simplicity that the right-hand sides in
the Stokes system and the boundary conditions vanish near x(*).) In com-
parison with the general asymptotic representation (0.2), the asymptotics
just written does not contain logarithmic terms and the powers of r are ne-
cessarily real.

As applications of our results, we consider two special cases in Section 9.

1. Formulation of the problem.

Let # be the cone {x = (x1,x2,x3) € R*: x/|x| € 2}, where (2 is a domain
on the unit sphere with Lipschitz boundary 90f2=7%,U...U7y. Here
,.-..,y~ are pairwise disjoint open connected arcs of 0f2. Then the bound-
ary of % is the union of faces, 04 =T,U---Uly, where
Iy ={x: x/|x|] € %}

We divide the set of the indices 1,...,N into three subsets Iy, I,, I.. Our
goal is to find solutions of the system

(L.1) —AU +grad P =0, divU =0 in A
satisfying the boundary conditions

U =0on I} forkel,
U,=0, ¢,,(U)=0o0n Iy fork eI,
(1.2) 3
U, =0, 4@22 ei(U)ninj=0 on I’y forkel,,
ij=1

which will be understood in the generalized sense.
In order to introduce the notion of generalized solutions, we need the fol-
lowing Green formula
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3
(1.3) <2 > ei(U) -e5(V) = PdivV —divU - Q)

ij=1

/ AU—graddivU+gradP)7—divU@) dx
H

3 3
+Z / <—PU;+22€5,(U)YZ[> ?de’,
i=1

= ax\(oy
where
ei(U) =4 (05, Ui + 0y, Uj).

If (U, P) is a formal solution of the problem (1.1), (1.2), (¥, Q) vanishes for
large and small |x|, and ¥V satisfies the conditions

(L.4) V=0onIly forkely, V,=0onlI} forkel,
V,=0onI} forkel,
then (1.3) implies

(1.5) / <ZE’/ (V) —

PdiVV—%diVU-@)dXZO

NI'—

Hence it is natural to define generalized solutions by means of this integral
identity.

More precisely, let # be the space of all vector-functions u € H' (Q)3 sa-
tisfying the conditions

(1) u=0 on y for k € I,

(i1) u, = 0 on ~y for k € I,

(iii) ur =0 on v for k € I,
where u, = u - n, n denotes the exterior normal to 04", and u, is the projec-
tion of the vector u onto the tangent plane to #". We say that the pair (U, P)
of the form

1
(1.6) U(x) =1 ZE (log r)* 1 (w) us=o e
=0 "

1
(17) P =Y ognf pHw),  p e (@),
k=0""

is a generalized solution of (1.1), (1.2), if (1.5) is satisfied for all
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(V,0) € H{(A')® x Ly(A) with compact support in #\{0} such that V' sa-
tisfies the boundary conditions (1.4).
2. The operator pencil generated by the boundary value problem.

We rewrite the integral identity (1.5) in terms of the spherical components
Ur7 U(,Da U@a

U, U sinfl cose sinfsiny cosé
Uy | =Jl U |, J=J(0,0) =] cosbcosp cosfsing —sinb |,
U, Us —sinyp cos 0

of the vector U, where r,0,¢ are the spherical coordinates of the point
x = (x1,x2,x3), i.e.,

x| =rcospsinf, x;=rsinpsinf, x3=r cosé.

Then (1.5) takes the form

/ / (q,.(U) en(V) +e0(U) ggo(V) + 9 (U) €0 (V) + 2,9(U) £19(V)
0
+260a(U) rp(7) + 220,(U) 0(V) = 4 P (2(7) + 2V + 2,57

N——

1 (2l U) + mlV) + 20(U)) Q) 2 dwdr — 0,

where
B 1 U. Uy
Er =0, fee = g Oele T oot
1 U, 1 U,
cop =—0gUg +— , Erp =13 (.—%Uzﬂ——*+arU¢>7
r r rsin @ r
(2.2) { 7
5)‘9:%(;89Ur_79+8rU9);
1 U,
—_1(Z _ i
€9¢—2<r89U,p cot 6 - +rsin08¢U9>.

We introduce the sesquilinear form
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108
o((,)- (4))
2
1 o _ _
= r(U)en(V) +e0o(U) egp(V) + € (U) £ (V)
21//(6 € €60 €60 € €
+2¢e0(U) (V) +2¢er,(U) €,¢(V) +2¢e9p(U) EW(V)
l (8,,(7) + 899 +5¢7<P V )
_% (5”,((]) +ego(U) + ep (U ) ) 2 dwdr,
where
A y(w),

Using (2.1), we find

22 a((4). (0)5a) =l + [ (490 Tnt (20 - 0,
0
I—A

—l—%()\—l—Z)(l = Nuy -V +u, VoV, + (V) ¥ — 5 U, - Vv,

A+2
_ % (unr) Yy —

lp((l —,\)v,.+vw-vw)

A +2)u, +V,- uw) Z]) dw,

1
2

S

_ (o 1 : 1
U, = ( ) , Ve, -, = g Op(sin Quy) + " Oplp,

Oyl
vw r = . — )
! <(sm 6) lﬁwu,.>
1 1 _ _
[, V] = Optg - OpVp + ( 08 Uy, +cot9u9) (m@v@—i—coteve)

1 1
—&—% (89% + mam — cot 9%) . (86% + maﬁg — cot 9%) ) dw.

One directly verifies that
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2
(2.3) [y, ] = %/ |V, - uw|2dw +%/ ’69%9 — %ﬁvuw —cotQuy| dw
sin
17 2

2
dw.

1
1
+ j/ .89% + @8@19 —cotu,
2
Hence

[, U] 2%/|VUJ uw| dw.

We denote by 4'(§2) the set of all vector-functions u, = (ue ) such that the
quantity Yo
24) ol = / (el + nf? + [0y P+ |La iy — cot O, \2
h(02) (2 sing ¢ 12
0
1 5 1/2
+ ‘—sinﬂa‘puw + cot 9u9‘ ) dw)
is finite and by 4'(§2) the closure of CgC(Q)2 with respect to the norm (2.4).
According to Proposition 1.1 in [10], the Cartesian components of the vec-
tor-valued function u = (uy,uz, u3) belong to H'(£2) if and only if u, € H' ()
and u,, € h'(£2). The following lemma gives an equivalent norm in A'(2).

LEMMA 2.1. For all u, € h'(2) the inequality

(2.5) o, 0] + / o deo > co sl
n

holds, where ¢ is a positive constant.

PrOOF. Let # be the set {x € # : § <|x| <2}. Since the boundary of
A"y 1s Lipschitz, the Korn inequality (see [2])

/(i:|€i.j(U)2+|U|2)dec/iminj'zdx

a, Wl ay W1

is valid. Taking U(x) = u(w) and writing the last inequality in the spherical
components, we obtain

a((5): (5):0)+ [ Qul? o+ huePy e ¢ (sl o+ )

(0

Setting u, = 0, we arrive at (2.5).
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We define the space #; as the set of all (u,,u,) € H'(£2) x h'(£2) such that
the boundary conditions (i)--(iii) are satisfied, i.e., we have (uy, us,u3) € A if
and only if (u,,u,) € H#,.

The form a(-,-;A) is continuous on (Jﬁ X Lz(Q)) X (%@ X LQ(Q)> and
generates a continuous operator

AN) : A, x Lr(2) — A% Lr(2)

by the equality
() ()=l (). vt pae oo

This is the operator pencil mentioned in the introduction. We shall study its
spectrum.

3. Basic properties of the pencil 2.

We prove that the operator 2()\) is Fredholm for every fixed A, and in-
vertible for at least one A. For the proof of this assertion we need the fol-
lowing two lemmas.

LeMMA 3.1. Let g be an arbitrary L, function on (2. Then the equation
A+2)u, +Vy-u,=g
has a solution (u,,u,) € P;l (2)x ;11 (£2) satisfying the inequality
A2 el 1) + ol o) < cllgll, e
with a constant c independent of g and ).

Proor. First let [,gdw=0. Then according to Lemma 2.3 in [11], the
equation V, -u, = g has a solution u, € hl((Z). Thus, the vector-function
(0,u,) satisfies the desired equation.

In the case ngdOw =c¢#0 we set u, = ¢(A+2)"" ¢, where ¢ is an arbi-
trary function in H'(£2) such that fgwdw: 1. Then the integral of the
function g — (A+2)u, over (2 vanishes, and we can solve the equation
V., uy, =g— (A+2)u,. The so obtained vector-function (u,,u,) has the de-
sired properties.

LEmMMA 3.2. Let Re A = —1/2, and let |\| be sufficiently large. Then for ev-
ery fr e A, g€ La(f2) there exists a vector-function (u,p) satisfying the
equality

G o((")(2)2) = 9+ [ ez

N
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for all v e #;, q € Ly(2). Here and in what follows by (-,-),, we denote the
continuation of the scalar product in Ly(2)* to #,* x #,.

PrOOF. By Lemma 3.1, there exists a vector-function u(®) = (uf.o),ufuo)) S

M, satisfying the equation (A + 2) uﬁo) +V,- u&o ) = —2g. Then according to

(2.2), we have
a((”(() )’ (;) ; )‘) = (F7V)Q+/quw7

n

where
(F,v) o = [, v,] + / (;kuﬁm VLT A (A +2) (1= A u” v,

Jr% (>‘ + 2) (1 — >\) un(UO) TV + UEO) VeV + (vw : ut(UO))vf

I-A
2

A+2
u® V5, — % (V) ~vw) dw.

Obviously, F is a continuous functional on .
We show now that there exists a vector-function (uV,p) € #; x Ly(02)
such that

A+2)ul + v, ull) =0

and

(). ()e2) =0~ rm,

for v € #,, q € Ly(52). Then the vector-function (u,p) with u = u® + 4V
satisfies (3.1).
For Re A = —1/2 we have

u u . - 2 2 2 1
() (3)3) = f (3 |
7
1 2
Ogu, + m@;u@ — uy, cot 9’ + 1A = Dug + Ogus|?
2
)dw.

Since this form vanishes only for u = 0, it follows from Lemma 2.1 that

2

+

1
+13 ()\—l)u,erS.—

in 6@

Oty
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5 o(2), (23] 2 i

if |A| is sufficiently large, where the constant ¢ depends on A but not on u. In
particular, (3.2) is satisfied for all ue€ %de{u eHy: A+ 2)u+
V. - u, = 0}. Consequently, by Lax-Milgram’s theorem, there exists a solu-
tion u) € #Y of the equation

63 (") ()N = - Fg. ve s,

We consider the functional

(3.4) VHG(V)"éfa((”?), (;);/\)f(ffF,v)Q

on #;. By (3.3), the functional G vanishes on the subspace #(\) of ;.
Hence we have

(G(v)| = min [Gw)| < c[wlly, ,

where the minimum is taken over all we # such that
A+2)w, + Vi -wy=(A+2)y,+V,- v, Due to Lemma 3.1, we can
choose w € H'(§2)x h'(§2) such that

W, < ellA+2) e + Voo - ol 0 -

Therefore, G(v) can be understood as a linear and continuous functional
applied to (A +2) v, + V,, - v,. By the Riesz theorem, there exists a function
p € Ly(£2) such that

G(v):%/p~(()\+2)?r+vw~%)dw
2

for all v € ;. Using (3.6), we obtain

(")) () =o((")): ()

_%/p. (A +2)% + V- 7) dw = (f — F,v),,.
(0]

Thus, the vector-function (u(!), p) satisfies the desired equation. This proves
the lemma.
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THEOREM 3.1. 1) The operator () is Fredholm for all ).

2) The spectrum of the pencil W(X) consists of isolated eigenvalues with fi-
nite algebraic multiplicities.

3) The line Re A = —1/2 does not contain eigenvalues of the pencil A(N\).

4) The number )\ is an eigenvalue of the pencil W(N) if and only if —1 — X
is an eigenvalue of this pencil. The geometric, algebraic and partial multi-
plicities of the eigenvalues Ay and —1 — g coincide.

ProoF. 1) We show first that the kernel of the operator 2[()\) is trivial for
Re X = —1/2. Let (u,p) be an element of the kernel of 2(\), where A is a
number on the line Re A = —1/2. Then

O=a(<;>, (2);>\> :—%/ ((A+2)u,.+vw-uw) gdw

o)
for all ¢ € L,(£2). This implies
(3.5) A+2)u, +Vy-u,=0 in £2.
Using (3.5) and the equality A +2 = 1 — \, we obtain

0=a(() (;):*) = [uwm—;(z/ivw‘uﬁdw

+ / (% Vatty — (1= N +4 [V -+ 20, + (]1 = AP = 2) |u,|2) dw.
?

Since 2 [, u,] > [, |V - u,|* dw and |1 — \* > 9/4, the last equation is sa-
tisfied only, if #, = 0 and u, = 0. Furthermore, for u = 0 we get

o((3) (o)) =4[ p(0=Amsvom)ao=0. Grn) et

n

In particular, the last equation is satisfied for all v, € H '(2), v, = 0. From
this we conclude p = 0. Thus, the kernel of () is trivial for Re A = —1/2.

If moreover || is sufficiently large, then by Lemma 3.2, the operator 2A(\)
is an isomorphism. Since A(\) — A(u) is a compact operator for arbitrary A,
u, it follows that the operator 2(A) is Fredholm for every complex A. This
proves assertion 1).
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2) The second assertion follows from 1) and from the invertibility of A(\)
for A= —1/2 (see e.g. [3]).
3) The proof of the third assertion is contained in the proof of assertion

1).
4) It can be easily seen that

s () Q) =) ) ),

ie., AN =A(—~1—-X). As a consequence of this equality, assertion 4)
holds.

In a standard way it can be shown that the integral identity (1.5) has a
solution of the form (1.6), (1.7) if and only if )¢ is an eigenvalue of the pencil
A(\) and the vector-functions (u(?,p®),... (4, p®)) form a Jordan chain
to this eigenvalue, i.e., (u?,p(?)) is an eigenvector to Ao and (uV,p)), ...,
(u), p©)) are generalized eigenvectors associated with (1 p(®)),

In the sequel the following properties of the spaces # and #; will play an
important role.

LEMMA 3.3. 1) The subspace H#; admits the representation
(3.7) Hy = H X A

where A" is a subspace of H'(£2), H' (2) C A", and A;* is a subspace of
(), K (2) C -
2) For all u,v € S the equality

(3.8) / U, v d =0

on

or, equivalently,

(3.9) (Vo uy) ¥ +uy, - Vb, ) dw =0
[ )

is valid.
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ProoF. 1) In order to prove (3.7) we have to show that (u,,u,) € H#; im-
plies (u;,0) € #;.

Let (u,,u,) be an element of J#;. The Cartesian components of the vector-
function (u,,0) are

wi sin 6 cos ¢
w=|w | =J (u,) = | sinfsinp | u,.
w3 cosf
If k € Iy U I, then u, = 0 on ~; and, therefore, w = 0 on 7. Since the vector
(sinf cos p, sin 6 sin p, cos ) = x/|x| is orthogonal to n, we further have
w, =0 on ~ for every k=1,...,N. Thus, we # and, consequently,
(ur,0) € H,.
2) If k € Iy U I, then v, = 0 on ~;, while u, = 0 on 7 for k € I,,. Hence

/un V,do =0

Vi
for k =1,...,N. This implies (3.8).

It remains to prove that the left sides of (3.8) and (3.9) coincide. Using the
representation of u, by the Cartesian components of u, we get

(3.10) / ((VW CUy) Ve + Uy, - Vﬁ,) dw

2

= /(sin 0)"! (89(51n9 up v,) + aw(uﬁ,)) dw
o

= / (0089 cos o Op(u17,) + cos 8 sin ¢ Oy(uavy)
0

. _ sin _
— sin 6 9y(usv,) — aT(g Oy (u1vy)

cos

) Oy (tr7,) — 28in 0 cos @ ui v,

— 2sinf sin puyv, — 2 cosd uﬁ,) dw.
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Integrating by parts, we further obtain

1 -
(3.11) Iog2 / Vo (r2u(w) ve(w)) dx
l<‘\f‘\<2
1 5 — —
= Tog2 n-ruw)v(w)dx' = | w, v du.

on on

I<|x|<2

The integrand on the right side of (3.11) is equal to

Vi (7 2u(w) vi(w))

1
=3 (cos@ cos @ Oy (u17,) + cos @ sin o O (uyv,)

sin
2 8, (urv,)

— Sinaag(LQV,,) T Sind

S P 5 (

o (u2¥,) — 2siné cos 19, — 2sin 6 sin p ur v, — 2c039u3V,.).

Hence the integral on the left side of (3.11) coincides with the expression

(3.10). The lemma is proved.

REMARK 3.1. In the following we will only use the properties (3.7) and
(3.8) of the space . All results of this paper are also true for other sub-

spaces # C H'(§2) x h'(£2) satisfying these conditions.
Due to (3.8) the sesquilinear form a(-, -; \) can be written on

in the form

(3.12) a((;‘ () A) = v

).
+/< Vot - VoV, + (/\+2)(1_)‘)(”r7r+%uw‘%)
+
2
(-

17
+()\ 2 )u, w vw+(¥+1)(vw~uw)v,

(«7/5 X Lz(Q))z

vr+Vw-Vw)—% (()\+2)u,+vw-uw>q>dw.
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We introduce the matrix

A+2 0 0 0

0 I1-A 0 0

SA) = 0 0 1-AX 0
244X 0 0 1-A

According to (3.7) the vector-function ((\ + 2)u,, (1 — A)u,,) belongs to 7, if
(u,,u,) € #,. Moreover, we have

() sM ()i 1) =alsn () ()1 =2)

for all u,v € #;, p,q € Ly(£2). Consequently, there is the equality
(3.13) S AN = A(—1 - 1) S(N), A€ C,

where S(\)' is the transposed matrix to S(A). This leads to the following
assertions.

THEOREM 3.2. Let Xy be an eigenvalue of the pencil W(N\) and let
@@ pO, . (4 p)) be a Jordan chain to this eigenvalue.

1) If Mo & {1,-2} or Ao € {1,-2} and S(\o) (;Eﬁi) £0, then —1— )y is

also an eigenvalue of the pencil W(N\) and the vector-functions

(50) =500 (40),

1 0 0 0
y() k ul®) 0 -1 0 0 ulk=h
(q<k>> = (7| 500) (,;(k)) Tlo o -1 0 (,,(k—l)) :
4 0 0 -1
k=1,....s form a Jordan chain to —1 — ).

2) If X € {1,-2}, S()\g)(zg) =0and s > 1, then —1 — Xy is also an ei-
genvalue and the vectors

0 . oy (o D0 o) e
<q<k>>:(_1) S(AO)(pUc))JF 0 0 -1 0 <p<k71>) !
4 0 0 -1
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k=1,....s, form a Jordan chain to —1 — ).

Proor. First note that

) ST )

ull 0 -1 0 0 ul®

(%) (pm) Tlo o -1 o (p<o>> >0,
4 0 0 -1

if Ao € {1, -2} and S(Xo) ( 40 ) =0.
By the assumptions of the lemma, the vector-functions (uV),p")) satisfy
the equations

k 0)
AD N (Y ) =0 fork=0,1,....s,
IZ (o) (p(/))
where AV () = &/A(X)/dN. We have to show that
. A
1 . o)
. UK (—1 - A ‘
(3.14) 2; T M= ()
®)
= (A1 =20) 800 () )
k—1 j
(1Y
+ - (A(—1 - ) S(No)
Yy (M=

— (k=) AT V(1= 20) S () (,,53 )=0

Differentiating (3.13) with respect to A\, we obtain
S0)' AT (N) + (k=) S’V AXTD ()
= (=DM (A1 =N SO = (k) AT V(1 =28 )

for j < k — 1. Hence the left side of (3.14) is equal to
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The theorem is proved.

4. On real eigenvalues of the pencil 2[.

The sesquilinear form (3.12) is not symmetric in its arguments. In order to
obtain a symmetric form, we introduce the matrix

Z 00 0 B

s 0o 1o 242

A= 0 o1 0] “T1-x
2%-2 0 0 1

Then the sesquilinear form

(2 ()% ()

= [u, va] + / <§ (Voitr) - V¥ + (A +2) (1 = e\ 7,
N

00wt () uvew

/N

is obviously symmetric.
THEOREM 4.1, The strip
1 3
(4.2) [Rex+1[ <3
contains only real eigenvalues of the pencil A(N).

Proor. Let A be a complex eigenvalue in the strip (4.2) such that
Re A # —1/2, Im A # 0 and let (u, p) be an eigenvector corresponding to this
eigenvalue. Using (3.5), we obtain

0=s((“). (1):2) =l + / e e i

HO+D =Nl do
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Since

Ims((;‘), (Z) $2) =4 Imx (2Re)\+1)/ (ﬁ Vo

2

6
o |uw|2) do,

TR

res((2)- (2):2) =

(1 —Re\) (24 Re)) + (Im A)?
+/( 211 =\

|vw”r|2
0

5 (1=Re))(2+Re)) + (Im \)? ol

1= AP

+1 ((1 —Re)) (2+Re)) + (Im )\)2) |uw|2) dw,

we get

(7). (1)) - A (1), (1)

= o]+ ((1-Re) 2+ Red) + (1m))?) / | deo.
(0]

If X satisfies the inequality (4.2), then the right side of the last equation may
be zero only in the case u, = 0. Then from (3.5) it follows that u, = 0. Hence
the form (3.12) is zero only if

/p ((1 —A)vr+vw-vw) dw=0  forallve ¥,
(0]

The last equality implies

/p Fodw=0  forall v, € H'(£)
N

and, consequently, p =0. Thus, the theorem is proved for the case
Re A # —1/2. For Re A = —1/2 the assertion of the theorem follows from the
third part of Theorem 3.1.
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5. On generalized eigenvectors.

By Theorem 4.1 the eigenvalues in the —2 < Re A <1 are real. Then the
quantity ¢ in the definition of the matrix J, is equal to (A +2)/(1 — A). In
this section we will use this expression for the definition of the matrix J).

LemMA 5.1. If Ao is a real eigenvalue of the pencil W(\) in the interval
(=1/2, 1) and (9, p'9) is an eigenvector corresponding to this eigenvalue,
then

0) (0)
(5-1) %“((;{m))"“ (Z(m);)\)‘)\:/\o <0
Proor. The left side of (5.1) is equal to

(0) (0)
52 (o) Co)i I, = [ (s mee?
(0}

Xo+2 Ao +2
-3 >
1_)\0 (1—/\0)

+ (mo r5- ) WO =1 2x + 1) 1l P+

LVl 4+ (V- u) ) — pW—%u(O)ﬁ) dw.

D=

Further, since (¥, p(¥)) is an eigenvector, we have

u® v
(5.3) a((p(())), (q);xo) =0 forallve #,, qe L)
Inserting v = 0 into (5.3), we get

(54) Mo+2)u® +V,-uY =0 inQ
Furthermore, substituting v = (u,(0>,0), g =0 into (5.3), we arrive at the

equality

55 [ (LIV0P + 00+ 2 (1w P
N

1 =X oy 0 1=X 00 _
+< 5 _|_1>(Vw.uw)u,. -3 PV u’ | dw=0.

Multiplying the real part of the left side of (5.5) by 2 (A — 1)~ and adding
this to the right side of (5.2), we find that
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d Q) 40
(o) (o))
d\ p© p© A=)

142 142 2
:/<+4>\()2|un)(0)|2_( + A0+3 Ao + 2>|u(o)|2
2(1—/\0) 1_)\0 (1—/\0)

X -
— L@+ 1) [P - T (" Vool + (Ve ) ) ) dw,

We eliminate V,, - u&o) in the last equation by means of (5.4). Then we obtain

0) )
% S((Zw)) ’ (Z«») ; A) ’A:Ao

_ 1+ 2A0 / ( 1 |ku<0)|2 _ L |u(0)|2 _ |u(0)|2) dw.
N (1=x) " v

Since s((%;) ) (%;) ; /\0) =0 and (M +2) ul” + v, u? =0, it follows
that

_ (0) (0)
- %&)AO) % S((:«» ) (Z«n )N
(0) (0) _ (0) (
= S((Z(O) ) (;«» )i %) - %&)AO) %S«Z(m ) (Z<0> )il

= [ty 1] + (Mo +2) (1 = Xo) / 11O dw.
(7

The right side of the last equation is nonnegative and equals zero only in the
case ufjo) =0, u,<.0> = 0. Analogously to the proof of Theorem 3.1 we get
p® =0 in the last case. Hence )y can not be an eigenvalue. This proves the

lemma.

THEOREM 5.1. The eigenfunctions of the pencil W(N\) which correspond to
eigenvalues in the strip |[Re A+ 1/2| < 3/2 do not have generalized eigenfunc-
tions.

ProOOF. By the last assertion of Theorem 3.1 and by Theorem 4.1, it suf-
fices to prove the theorem for real eigenvalues in the interval (—1/2,1).

Let Ao € (—1/2,1) be an eigenvalue of the pencil A(N), (u®,p®) an ei-
genvector to this eigenvalue, and (u()), p(!)) a corresponding generalized ei-
genvector. Then the equations

(0)

(5:6) “((Z<o>)’ (;) o) =0
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S NONE
(5.7) a((p(l)> ; (q) ; /\0) = *% a(<p(0>) : (q) ; )‘) ’A:Ao

are satisfied for all vector-functions (v,q) € H#; x Ly(f2). Substituting

(;) = (ZE:;) into (5.6), we get

) M
S((Z(tn)’ (Z(l)) ; AO) =0
By the symmetry of the form s we can conclude from this that
59 0=5((50) - (o) ) = () (o) )
Using (5.8) and inserting (;) =Jy ( ) into (5.7), we obtain
) 0
di)\ “((Zw)) I (Z o)), =0

From this and (5.6) we get

d O u®
dx “(( p<0>) I (p<0>) 5 A)’A:AO =0.
Since this contradicts Lemma 5.1, the theorem is proved.

6. The strip —1 < Re A < 0.

We will show now that the strip —1 < Re A < 0 may only contain the eigen-
values \g = 0 and \; = —1. Furthermore, we will see that the numbers 0 and
—1 are eigenvalues only in some special cases.

THEOREM 6.1. 1) The set
{AeC: -1 <ReA<O0}\{0,-1}

does not contain eigenvalues of A(N).

2) Let #, be the set of constant vectors u € C? which belong to A#. The
numbers 0 and —1 are eigenvalues if and only if #, # {0}. Both values have the
same geometric and algebraic multiplicities. The set of the eigenvectors to
Xo = 0 coincides with the set {(u,0) : u € #,}, while generalized eigenvectors
do not exist.

Proor. By Theorems 3.1 and 4.1 we can restrict ourselves in the proof to
real eigenvalues in the interval [—1/2,0].

Suppose that (u,p) is an eigenvector to the eigenvalue A € [—1/2,0]. Then
according to (3.5) we get
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60 0=o((2)())

A+2
= [uy, ) +/§ (|un,,2 —|—%(>\ +2)(1 =X |uw|2 _%
Q

(vw”r) u,

A2
2

Uy - Vit + (A +2)(1 = eX) u,?
+u, Vo -ty + (Vo - uy) ﬁr) dw

A+2
_ 1 cu? L Vo — (1= N |
= [u,, uy) 2/|VW u| dw—l—/(z(l_/\)wwu, (1 = Nuy
0 Q

1V w20 P+ (()\ +2) (1 =) — 2) |u,l|2> dw,
where as before ¢ = (A +2)/(1 — A). By (2.3),
[ty 14, —%/ |V, - uw|2 dw
Q
= %/ (’69149 — ﬁa@“w — cot@ug‘z
Q

+ ‘89% +S_L8¢u9 — cot@uw‘z) dw > 0.

ind

Since (A+2)/(1—=X)>0, it follows that (A+2)(1 —cA)—2>0 for
A €[-1/2,0), and (6.1) implies u, = 0, u,, = 0. This proves the first part of
the theorem. If A = 0, then (6.1) yields

(6.2) Vo ty + 2u, =0,

(63) kur —u, = 0’
1

(6.4) Opttg — Ea”"% —cotfuy =0,
1

(6.5) 89% + Mapug — cot Guw =0.

Adding the equations (6.2) and (6.4), we get u, + Oyug = 0. Furthermore, by
(6.3) we have uy = Oyu, and, consequently, u, +8§ur = 0. Hence the func-
tions u,, uy have the form
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u, = ¢1(p) cosl+ ca(p) siné),
ug = c2(y) cos — ¢ () sinb.

Inserting u,, = V,u, (i.e., up = Optty, u, = (sin 0)_1 O,u,) into (6.5), we arrive
at

3 ((sin®) ' d,u,) = 0.

Consequently, the function ¢ in the representation of u, is constant. More-
over, it holds u, = (sin ) ' ,u, = c}(). We insert this representation for u,
and the representations given above for u, and uy into (6.2). Then we obtain

() +e5(p) = 0.

This implies ¢; = a cos ¢ + b sinp and

Uy sinf cosyp sinfsing  cosf a a
up | = | cosf cosp cosfsinp —sinf b |l=J|b |,
u, —sinp cos 0 1 1

where a, b, ¢| are constants. Furthermore, for v, = 0, ¢ = 0 we have

S((;) (:1);0) = / (unr'vwv& (2ur+2Vw-uw—p)vr) dw = 0.
Q

Using (6.2), (6.3) and (3.9), we get [,pv,dw=0 for all v, EI(:II(Q), ie.,
p=0.

Thus, Ao = 0 is the only possible eigenvalue in the strip —1/2 <ReA <0
and the corresponding eigenvectors (in the Cartesian coordinate system)
have the form (u,0), where u € #,.

The assertions of the theorem for the number \; = —1 follow from Theo-
rem 3.1. The proof is complete.

REMARK 6.1. The condition #, # {0} in the second part of Theorem 6.1 is
satisfied only in the following three cases:

1. # is a dihedron bounded by two half-planes I'y, I'_ and
H ={ue H(2): u,=0o0nn~}, where yx = I'y N S2.

2. A is a dihedron bounded by two half-planes I",, I"_ which are ortho-
gonal to each other and # = {u e H'(2)*: u, =0 on~., u, =0 on~_}.

3. A is a half-space bounded by a plane I" and # = {u € H' (), u; =0
ony=1nS%}.

In all other cases the numbers 0 and —1 do not belong to the spectrum of
the pencil 2.
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7. The eigenvalue \ = 1.

In this section we will investigate the number A = 1. By Theorem 4.1 this is
the only possible eigenvalue on the line Re A = 1. We will see that the ex-
istence and the number of eigenvectors and generalized eigenvectors to A = 1
depends on the properties of the space .

DEFINITION 7.1. The space # C H'(£2)" is said to be a subspace of the
first kind, if

/undu/:O for all u € #.
o0

Otherwise, # will be called a subspace of the second kind.

REMARK 7.1. Obviously, # is a subspace of the first kind, if I, = (), and a
subspace of the second kind, if I # ().

We further note that
/ u, do' = /Vw Uy, dw
on 7]

for arbitrary u € H'(£2)*. This equality holds, if we set v, = 1 in the second
part of the proof of Lemma 3.3.

LeEMMA 7.1. Let f be an arbitrary function in Ly(£2).
1) If o is a subspace of the first kind, then for the solvability of the equation

(7.1) Vo t,=f

in space #” it is necessary and sufficient that
(7.2) / fdw=0.
0

2) If A is a subspace of the second kind, then equation (7.1) is always sol-
vable in A .

3) There exists a constant ¢ such that in both cases a solution u, € #;° of
equation (7.1) can be chosen in such a way that

(7.3) ||“w”hl(n) <c |lf||L2(Q) .

Proor 1) It is evident that the condition (7.2) is necessary for the solva-
bility of (7.1). As it is known (see, e.g. [16]), this condition is also sufficient for
the solvability of (7.1) in the space h'(f2). This proves the first assertion.
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2) Let uf? ) ¢ HY and fQ A ufdo) dw # 0. We write the solution u, € #*
of (7.1) in the form

-1
uy = u'V 4 cul? where ¢ = (/ V., - ul? dw) /fdw.
Q Q

Then an equation of the forr(p V.- uS) = g holds for ui,l), where fngdw =0.
This equation is solvable in 4!(£2). Thus, the second assertion is proved.

3) We denote by X, the space {u, € #°: V,-u, =0} and by X, any
direct complement in J”. Then by assertions 1), 2) the operator
u, — Vy,-u, 1s an injective mapping from X; onto the space
{f € Ly(2): [,fdw=0}, if # is a subspace of the first kind, and onto
L,(02), if o is a subspace of the second kind. Consequently, if we choose the
solution of (7.1) from the space X, the estimate (7.3) with a constant ¢ in-
dependent of f is satisfied. The proof of the lemma is complete.

For A =1 the sesquilinear form (3.12) takes the form

a((;), (;), 1) = [uy, Vo] +/ (%un,,.vwvr+%urvw T+ (Vo ) ¥,
0

—IpVe-v, -3 (3u,+VW-uw)q> dw.

Consequently, every eigenvector (u, p) satisfies the equation

(7.5) 3u, +Vy,-u,=0 in 2
(cf. (3.5)). Inserting v, = 0, ¢ = 0 into (7.4) and using (7.5), we obtain
(7.6) / ((ku,) VP — 6u, v,) dw=0  forall v, € #*.

7]

From (7.4)—(7.6) it follows that

(7.7) [uw,va/(gu,.vw.vf%pvw.vw) dw=0 for all v, € #*.
(7]

The equation (7.7) together with (7.5) can be considered as a variational
problem for the vector-function (u,,p). We consider the following general-
ization of this problem.

ProBLEM 1. Let the functions f, g€ L,(f2) and the vector-function
F € Ly(£2)* be given. One has to find a vector-function (1, p) € #° x Ly(£2)
satisfying the integral identity
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(7.8) [, Vo] + / ( —1IpVe v+ (Ve uw)ﬁ) dw
7

:/(fvw-vw+F-Vw+g7>dw

I7)
for all v, € A, q € Lo(12).

REMARK 7.2. From the integral identity (7.8) it follows that
(7.9) Vo u,=g in 2

Therefore, (7.8) can be written in the form

(7.10) [, V] — % /pr TV dw
17
=/<fVW-VW+F~Vw) dw forall v, € ",
0

Clearly, the integral identity (7.8) is equivalent to the validity of the equality
(7.9) and the relation (7.10).

Before we investigate the solvability of Problem 1, we prove the following
lemma.

LEMMA 7.2. The set of the vector-functions u,, € h'(§2) satisfying the equa-
tion

(7.11) [y, 1) =0

is exhausted by the linear combinations of the vector-functions

i 0
712 (1) _ sin @ (2> _ COS (3) _ )
(712) cosf cosp)’ o —cosfsinp)’ o sin @

Proor. Equation (7.11) is equivalent to

(7.13) Opug =0 in 12,
(7.14) Oty +cosOupg =0 in £2,

Uy, 1 B .
(7.15) By (SM) o o =0 in 2.

From (7.13) it follows that uy = uy(p). Hence from (7.14) we conclude that
u, has the form

u, = —cos b F(p) + h(9), where F' = uy.
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Using now (7.15), we find that
u, = cosf O,up + sin b g(yp).
Consequently,
cos O (dpug + F(p)) +sinbg(yp) = h(6).
This implies
F=acosp+bsinp+c, g=c, h0) =c cosh+c;sind,
where a, b, ¢, ¢; are constants. Thus, we get
ug(p) = b cosp —a siny, u, = —cosf (a cosp + b sing) + ¢, sin.
This proves the lemma.

ReMARK 7.3. 1) By the inequality (2.3), we have V, -u, =0 for every
vector-function u, € h'(§2) satisfying (7.11).

2) Let ug), j=1,2,3, be the vectors (7.12). Then the vectors r(u%),

j=1,2,3, have the form of rigid body rotations

0 X3 —X2
X3 ) 0 ) X1
—X —X1 0

in the Cartesian system of coordinates.
We denote by # the set of all linear combinations of the vector-functions
(7.12) which belong to the space J“.

LEMMA 7.3. Let f =g =0 and F = 0. Then the following assertions are va-
lid for the solutions of Problem 1.

1) If o is a subspace of the first kind, then the solutions of Problem 1 are
exhausted by the vector-functions (u,,p), where u,, € #, p = const € C.

2) If A is a subspace of the second kind, then the solutions of Problem 1 are
exhausted by the vector-functions (u,,0), where u,, € #;.

Proor For f =g =0, F =0 from (7.8) it follows that V, - u, = 0 and

[uw,vw]—%/pvwﬁwdwzo for all v € £~
0

(see Remark 7.2). Consequently, [u,,u,] = 0. This implies [u,, v,] = 0 for all
v, € # and



130 V. A. KOZLOV, V. MAZ’YA AND J. ROBMANN

/pvw-fwdw:() for all v, € #;~.
17}

Since /'(£2) C A, the last equality can be satisfied only for constant p. Now
the assertions of the lemma follow from Definition 7.1 and Lemma 7.2.

We consider the inhomogeneous Problem 1 now.

LEMMA 7.4 Let f,g € Ly(£2) and F € Ly(£2).
1) If  is a subspace of the first kind, then for the solvability of Problem 1 it
is necessary and sufficient that

(7.16) /gdw =0 and /F-dew =0 for all v, € #4.

n N

2) If A is a subspace of the second kind, then the condition

(7.17) /F-dew:0 for all v, € #4.
17}

is necessary and sufficient for the solvability of Problem 1.

Proor. The proof of the necessity of the conditions (7.16), (7.17) is ob-
vious. We prove the sufficiency of these conditions.

Let at first # be a subspace of the first kind. As we have mentioned in
Remark 7.2, the solution (u,,p) of Problem 1 satisfies the equation
V., -u, = g. Using the first condition in (7.16) and the first part of Lemma
7.1, we obtain the existence of a solution ug) ) of the equation V,, - u, = g in
the space #“. We write the solution of Problem 1 in the form
Uy, = uﬁ}) + uﬁ? ). Then for the determination of uﬁ}) and p we have the equa-
tion

(718) [V, v) 1 / PV Todw = —[u®, v,]
0

+/(wa-?w+F-Vw)dw for all v, € J~.
0

Furthermore, the equation V,, - uf} ) — 0 must be satisfied in £2.

We introduce the space X = {u, € #* :V, -u, =0}. It is evident that
Hy C X. Let X be the direct complement of #p in X. Then [, ] is a scalar
product in X,. We seek the element ufj” in the space X,. Inserting v, € X
into (7.18), we obtain
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(7.19) D, v = —u®, v] + /F-Vw dw  forall v, € Xp.
0

The right side of (7.19) is a bounded antilinear functional in Xy. Hence the
Riesz theorem implies the existence of an element uf} ) e X satisfying (7.19).

If v, € #}, then (7.19) is satisfied by the second condition of (7.16). Con-
sequently, (7.19) is satisfied for all v, € X.

Let X; be the direct complement of the subspace X in J4” and let
Y ={ge L) : [,gdw=0}. By the first part of Lemma 7.1 the operator
u, — V- u, is an isomorphism from X; onto %. We represent the element
v, € A asasum vy, = vfdo) + vfp, where v&o) € X, vS) € X;. Then the integral
identity (7.18) is satisfied, if

(7.20) —%/pvw-@dw: —[u @, v(D] +/F'@dw— D v(1)]
0

7]
+ [rvo D
0

The right side of (7.20) is a functional on % and, consequently, also on %.
Therefore, there exists an element p € # satisfying (7.20) for all wWea 1-
Thus, we have proved part 1) of the lemma.

The proof of the second part proceeds analogously.

Now we are able to give a description of the eigenfunctions and general-
ized eigenfunctions corresponding to the eigenvalue A = 1. We start with the
case when 4 is a subspace of the first kind.

THEOREM 7.1. Suppose that 2 # S* and A is a subspace of the first kind.
Then the number X\ =1 is always an eigenvalue of the pencil W(\) and the
vector-functions (0,u,,c), where u, € #y, ¢ € C, are corresponding eigenvec-
tors. Moreover, the following assertions are true.

1) If the problem

/ (Vuw - V¥ — 6w7¥) dw =0 for all v € 4,
)

/wdw:O

n

(7.21)

has only the trivial solution in the space ", then there are no other eigenvec-
tors. If the problem (7.21) has a nontrivial solution w € A", then there are the
additional eigenvectors (w,u,, p), where (uy, p) is a solution of Problem 1 with
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f= —%w, g = —3w, F = 0. Other eigenvectors to the eigenvalue A = 1 do not

oceur.
2) For the existence of a generalized eigenvector to the eigenvector
@, ul?, pOY it is necessary and sufficient that u® = 0, ul” = 0, p© = const,

and that the problem

/ (Vow - V7 — 6w7) dw = —/p(o)vdw for all v € ",
0 0

/dezo

n

(7.22)

has a solution w € . In this case the corresponding generalized eigenvector
has the form (w,u,,p), where (u,p) is a solution of Problem 1 with [ = —3w,
g = —3w, F = 0. Other generalized eigenvectors do not occur.

Proor. Let (u,,u,,p) be an eigenvector to the eigenvalue A = 1. If 4, = 0,
then by (7.5) we get V,, - u, = 0 and from (7.7) it follows that

[, 1) —%/pvw-vwdwzo for all v, € #~.
0

Using the first part of Lemma 7.3, we conclude that u, € #5 and p = const.

Let now u, be nonzero. Then by (7.5) and (7.6) the function u, is a solution
of the problem (7.21) and from (7.5), (7.7) it follows that the vector-function
(4, p) is a solution of the problem

(7.23) V- uy, = —3u,

[uw,vw}—%/pvw-vwdw:—%/u,,vw-vwdw for all v, € #°.
0 0

This proves the assertions on the eigenvectors.
We investigate now the existence of generalized eigenvectors. Let

@ u? p©@) be an eigenvector to the eigenvalue A =1 and let

@M, ul), pV) be a corresponding generalized eigenvector. Differentiating

(3.12) with respect to A\, we obtain

La((“) ()N, =2f (b= uw .

N

— (V- Uw) Ve + PV — Uy 6) dw.

Consequently, the generalized eigenfunction satisfies the equation
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(7.24) W v,) +1 / ((unﬁ”) V.7 +5uV Vv, 7,
7]

— (V- t) ¥, + p O3, — u® q) dw =0

for all v, € A", v, € H¥, q € L,(12). From this we get

(7.25) 3u) + v, ul) +u® =0 in 2
and
7.26 VoY vy, +2(V, - uN) v, —6u v,
T w T
0

_(v (0))Vr+p )dw_

for all v, €7 Usmg the equalities V, - U = 349 and
\E uS) = —3um — u, (see (7.5), (7.25)), we find that (7.26) is equivalent to

(7.27) / ((un£1>) VoV — 6u,(,1> V,,> dw = / (5 uﬁo) v, — p¥ V,) dw

2 2

for v, € A;". Substituting v, = u,(,o) into (7.27) and using (7.6), we obtain

(7.28) / (5 WO = pl© W) dw=0.

0

Furthermore, by (7.7) we have

0044 [ (52 ¥ ill pO 0 i) =0

0

The last equahty together with the equality V,, uw = —3u, and (7. 28) im-
plies [uw ,u“, ] 0. Therefore, uﬁj € #,. Moreover, we get u,< = V =0
(see Remark 7.3). As it has been shown in the beginning of the proof this
implies p(*) =const. Inserting v, =0, ¢=0 into (7.24), we find



134 V. A. KOZLOV, V. MAZ’YA AND J. ROBMANN

(729) [l v+ %/ (5 uVv, -5, —pVv, 7,349 -m) dw=0
02
for all v, € #,*.

In particular, if v, € #4, then

/ufdo)ﬁwdwzo
n

and, therefore, u&o ) —o. Thus, we have shown that only eigenvectors of the

form (0,0,p?)) may have generalized eigenvectors. In this case the following
relations for the generalized eigenvectors hold (see (7.25), (7.27), (7.29)):

(7.30) 34V 4+ v, -4V =0  in

(7.31) / ((ungw) Vv — 64y, 4+ p© v,) dw=0 forallv, € #,
02

(7.32)  [uV,v,] + %/ (5 Vv, v, -pVv, -vw) dw=0 forall v, € #".
7]

From (7.30), (7.31) it follows that u,(}) is a solution of the problem (7.22),

while (7.32) is equivalent to Problem 1 for f = —%uﬁl), g= —3u,<.1), F =0due

to (7.30).

We will now show that there are no second generalized eigenvectors. Let

(ugl),us), p) be a generalized eigenvector to the eigenvector (0,0,p(®),

p» = const. Suppose there exists a second generalized -eigenvector
@ 2 @ .
(", ugy”, p'?). Since

d? u v _ _
(9= [ ()
7]
it follows that
U, v,] + %/ ((unﬁz)) SV +5uP Vv, +2(Ve - u) v, - pP v, T,
o)

—Bu? + v, UG- 6uV7 34V 5, +uV Vv, -7,
— (Ve - uD) 7, + pV5, — 4V ﬁ) dw=0
for all v, € A", v, € H¥, q € Ly(§2). This implies

(7.33) 3uP + Vv, u? +u) =0 in 0
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and

(7.34) / ((ku,@)) V7, — 6u? v,) dw
2

= / (5ulV3, — pV3,)dw for all v, € #;".
N

From (7.25), (7.33) and from the properties of the space #,“ it follows that
Jo u!? dw = 0. Hence by (7.27) we have

/ (unf,z) . VWE - 6u£2) W) dw = —W/ u§2> dw=0.

7} Q

Inserting v, = u,(.l) into (7.34), we, consequently, obtain

(7.35) / (51uF = pV ulD) deo = 0.
(0]

We now insert v, = 4V into (7.32). Then (7.30) yields

[V, u] — %/ (5 luM P = p» E) dw=0.

w w

N

From this and (7.35) we conclude that [uﬁ,l), ufdl)] =0,ie., uful) € Hy. Accord-
ing to (7.30) and Remark 7.3 this implies uw = 0. Thus, second generalized
eigenvectors do not exist. The proof is complete.

THEOREM 7.2. Let 2 # S? and let # be a subspace of the second kind.

1) If #y # {0}, then the number \ = 1 is always an eigenvalue of the pencil
W(A). The vectors (0,u,,0), where u,, € #y, are eigenvectors to this eigenvalue.
If the problem

(7.36) / (Vow Vv —6w¥)dw=0 forallve A"
0

has only the trivial solution w = 0 in ", then there are no other eigenvectors.
If the problem (7.36) has a nontrivial solution w € ", then there is also the
eigenvector (w,u,,p), where (u,p) is a solution of Problem 1 with f = —%w,
g = —3w, F = 0. Generalised eigenvectors do not occur.

2) If #y = {0}, then \ = 1 is an eigenvalue if and only if the problem (7.36)

has a nontrivial solution w € J#,". Then there is the eigenvector (w,u,,p), where
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(uy,p) is a solution of Problem 1 with f = —3w, g = —3w, F = 0. Generalised
eigenvectors do not occur.

ProoF. First we investigate the existence and the form of the eigenvectors.
Let (u,,u,,p) be an eigenvector of the pencil 2A(\) to the eigenvalue A = 1.
Then analogously to the proof of Theorem 7.1, the functions u,, u,, p satisfy
(7.23). If u, = 0, then by the second part of Lemma 7.3, we get u, € #( and
p = 0. Consequently, eigenvectors of the form (0,u,,p) exist if and only if
o # {0}. Suppose that u, # 0. Then by (7.6) the function u, is a nontrivial
solution of the problem (7.36), while (u,,p) is a solution of the problem
(7.23). This proves the assertions of the theorem concerning the eigenvectors
to the eigenvalue \ = 1.

Now we show that generalized eigenvectors do not exist. For this end, we

assume that (u§°>, u&o), ) is an eigenvector to the eigenvalue A = 1 and that

(u,(.l), ul), pW) is a corresponding generalized eigenvector. Analogously to the

proof of Theorem 7.1 we find that u? =0 and, consequently, V,,, - £V = 0.

Hence by (5.4) we have u,ﬁo) = 0. As we have shown in the beginning of the
proof, this implies p(*) = 0. Furthermore, analogously to the proof of Theo-

rem 7.1 the equality (7.29) is satisfied. In particular, we have

/uff)) -V, dw=0 for all v, € 7
o)

and, therefore, u&o ) —0. Thus, the vector (uﬁo), u&o >, p<0>) is not an eigenvector.

This proves the theorem.

8. A variational principle for real eigenvalues.

In this section we get a variational principle for real eigenvalues of the op-
erator pencil 2(\) lying in the interval —1/2 < X < 1. The derivation of this
variational principle is analogous to [11]. For this reason, we give the for-
mulation of the following lemmas and theorems without proof.

We introduce the space

AN ={ue A, A+2)u+ Vo u, =0}

for any fixed A € [~1/2,1). For vector-functions u, v € #,") the sesquilinear
form (4.1) is independent of p and ¢ and takes the form
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(8.1)  t(u,v; A) : = [uy, v +/ (% (Votty) - Vi + (A4 2) (1 — cA) u, 9,

+IA+2)(1 =N u, -7,

A+2
+ (%4’1) ( Ve Vo4 (V)7 )> dw.
The form #(-,-; \) induces a self-adjoint operator Ty on #;* which is boun-
ded from below and has discrete spectrum. We denote by
mi(A) < my(N) < --- the eigenvalues of 7 counted according to their multi-

plicities. These elgenvalue are given by the equality
t(u, u; A)

(8.2) mj(\) = max min ,
/ |u|? dw

L uel\{0}

where the maximum is taken over all subspaces L C #,V) of codimension
>j— 1L

Since the form #(-,-; —1/2) is positive, we have m;(—1/2) > 0.

Let % be the space {u, € #* : V,, -u, € #,}. Eliminating the function u,
in the quadratic form ¢(u,u; \) by the equation (A +2)u, + V,, - u, =0, we
obtain the following form in the angular components u,,:

h(“w Uy; )‘) = [”w’ “w] + / (m |Vw(vw : Uw)|2
n

ch A+4 2 5
+</\+2+)\+2)|V uy)” 3 A+ 2)(1 =) |u] )dw.

From (8.2) it follows that

(83) mj(>\) — max min h(uwvuuﬂ )\) 7

Vv uJeV\{O}/(| w| +(A+2) |Vw uw')
2

where the maximum is taken over all subspaces V' C # of codimension
>j— L

LemMa 8.1. The equation m;j(X) = 0 has not more than one zero in the in-
terval [—1/2,1) for every j=1,2,.... If mj(Xo) =0 for X\ € (—1/2,1), then
m;(A) > 0 for X € [=1/2,X) and m;(X) < 0 for X € (X, 1).

Analogously to [11] we obtain the following methodology to find the ei-
genvalues of the pencil 2(\) located in the interval [—1/2,1).
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THEOREM 8.1. The number Xy € [—1/2,1) is an eigenvalue of the pencil
W(A) with multiplicity v if and only if there exists an integer k > 1 such that

(8.4) m(N) =0 forj=kk+1, . k+v—L

Due to Lemma 8.1 and Theorem 4, the assertions on the eigenvalue A = 1
can be used to obtain informations on the eigenvalues in the interval

(—1/2,1).

Consider first the case when J#; is a subspace of the first kind (i.e., I, = ).)

THEOREM 8.2. Let #; be a subspace of the first kind. If k is the maximal
dimension of subspaces &' C {v € A" : [,vdw =0} for which

/ (Vb2 = 6yP) dw <0 for all v € 2\ {0},
N

then the interval [—1/2,1) contains exactly k eigenvalues of A(N).

Analogously the following assertion holds in the case when #; is a sub-
space of the second kind (i.e. I, # 0.)

THEOREM 8.3. Let H#; be a subspace of the second kind. If k is the maximal
dimension of the subspace X’ C #;" for which

/ (Vb2 = 6yP) dw <0 for all v € 2\ {0},
N

then the interval [—1/2,1) contains exactly k eigenvalues of A(N).
As a consequence of Theorem 8.3, the following assertion holds.

COROLLARY 8.1. In the case Ay i (2) (this takes place, for example, if
only the boundary conditions (1), (iii) appear in the definition of the space J),
the number of the eigenvalues in [—1/2,1) monotonically depends on the do-
main 2 C S°.

9. Examples.

1. Let I, # 0, I, = (). Then " :1511(9), and hence #; is a subspace of the
second kind. Let also &, be a dihedral angle of aperture «.

Tueorem 9.1. If %" C 2, with a < 7/2, and 2,\# # (), then the strip
—1/2 < Re X <1 does not contain eigenvalues of the pencil ().

ProoF. Let 2, = Z,N S? and let § be the Laplace-Beltrami operator on
S?. Then the smallest positive eigenvalue of the operator pencil
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S AN D) HY(24) — H N (2)

is m/a (see, e.g., [9]). Hence

9.1) /|va|2dw26/ Wldw, veH\(2,),

2, 2,

provided o < 7/2. Since 2 C £2, and 2,\02 # 0, it follows that the inequal-
ity (9.1) is valid for v € H'(£2) and the equality in (9.1) may be valid only for
v = 0. Using Theorems 8.3 and 7.2, we obtain the assertion of the theorem.

2. We consider a convex polyhedral cone #° whose boundary 9#°\{0}
consists of a finite number of flat open faces I'j,..., 'y and rays. The con-
vexity of " implies that the angles between two adjacent faces are less than
w. We suppose that the angles between I'; and adjoining faces are less than
/2.

Furthermore, we assume that the boundary condition (ii) is prescribed on
I'y, while the Dirichlet condition is given on the remaining faces.

THEOREM 9.2. Under the above assumptions, the operator pencil A(N\) has
only one eigenvalue \; =1 in the strip —1/2 < Re X < 1. This eigenvalue has
only the eigenvectors (0,0,0,c), where c is a constant, and there are no gen-
eralized eigenvectors.

Proor. We can suppose that the face I'| is located in the plane x3 = 0 and
the cone % is placed in the half-space x3 < 0. Let #", and # ., be the fol-
lowing cones:

Ay ={x=(x1,x%2,x3) : (x1,X2,—X3) € A}, Hox=HUA UL .

Clearly, the cone ., is also convex. By 2L.(\) we denote the operator
pencil associated with the Dirichlet problem for the operator in (0.1) # .

We consider the auxiliary spectral problem generated by the ratio of
quadratic forms:

V| dw
(9.2) 9—2 ) v € 2\{0},
v dw
Q\ |

where 2 = # N S? and

EZ’:{WEHI(Q) cw=0onynNyN---N~y and /wdwzo}
2
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(here v; = I'; N S?). Setting

oy v(w), if w3 <O,
(93) V(w) o {V(wl,WQ, 7(4)3), if w3 > O,

we obtain an extension of v € 2 onto 2, = # . N S2. It is evident that

b e {w el (2.0) : / wdw = 0.

Qex

Using this extension operator, one can show that the least eigenvalue of the
operator induced by (9.2) is not greater than the infimum of the functional
(9.2), where (2, v are replaced by (2., ¥, respectively, and v is defined by
(9.3).

Since 2., is placed in a half-sphere, it follows from Proposition 5.1 [11]
that the first eigenvalue of the spectral problem in (2., is greater than 6.
Hence the same is valid for the spectral problem in {2. Now the assertion of
the theorem follows from Theorems 8.2 and 7.1.
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