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OUTER CONJUGACY CLASSES OF TRACE SCALING
AUTOMORPHISMS OF STABLE UHF ALGEBRAS

GEORGE A. ELLIOTT, DAVID E. EVANS and AKITAKA KISHIMOTO

Introduction.

Connes [C] classified automorphisms of the II,, approximately finite-dimen-
sional (AFD) factor Ry up to outer conjugacy. An automorphism 6 of Ry
determines a modulus or scaling factor A on a trace 7,70 = Ar. It follows
from this classification and [CT] that automorphisms which do not leave a
trace invariant are classified up to conjugacy by their modulus; for each
A € (0,1) there is up to conjugacy a unique automorphism 6, of Ry; which
scales the trace by A. Consequently, for such )\, there is a unique factor of
type III,, the Powers factor R), whose associated type Il factor is Ry ;; ne-
cessarily, Ry = Ry x4, Z.

A key idea for model building in Connes’s work on the classification of
automorphisms of AFD factors [C] and in subsequent work of Jones [J],
Ocneanu [O], and Kawahigashi, Sutherland and Takesaki [KST] on amen-
able group actions is a non-commutative Rohlin lemma for an aperiodic
automorphism of a finite von Neumann algebra. Recall that an automorph-
ism 6 of a von Neumann algebra M is said to be properly outer if the re-
striction to M, is outer for each non-zero invariant projection e, and aper-
iodic if every non-zero power is properly outer. Connes showed that an au-
tomorphism 6 of M is properly outer if and only if for each non-zero
projection e in M, and € > 0, there exists a non-zero projection f in M such
that ||f0(f)|| < e and f < e. With an abundance of such projections, whose
translates are almost orthogonal, Connes could deduce a non-commutative
Rohlin lemma. If 6 is an aperiodic automorphism of a finite (not necessarily
separable) von Neumann algebra leaving invariant a normalised faithful
normal trace 7, then for each positive integer n and each € > 0, there exist
projections Fy,---,F, in M such that 3" | F; =1 and ||0(F)) — Fi1|[,<e,
Jj=1,...,n, where F,.| = F) and ||x]|, = 7(x*x)2.
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The Rohlin lemma can be applied to study an automorphism 6 of a von
Neumann algebra M which is not necessarily finite through the algebra of
central sequences which may be of type II;. If w is an ultrafilter on N, let M,
denote the asymptotic centraliser (see [C]), the von Neumann algebra of
centralising sequences (bounded sequences (x,) such that lim,_.,, ||[x,, ]| = 0
for all ¢» € M,), modulo w-null sequences (bounded sequences convergings-
strongly to zero).Then M =~ M ® Ry if and only if M, is of type II; (in this
case M is said to be strongly stable), where Ry is the hyperfinite II; factor,
and the Rohlin lemma may be applied to the induced automorphism 6, of
M,,. From the Rohlin lemma, one can deduce a stability or 1-cohomology
property. In the algebra of sequences, this takes the form that if 6 is an au-
tomorphism of a strongly stable factor and ¢” # 1 for all n # 0, then 6, is
stable in the sense that any unitary of M, is of the form vé,(v*) for some
unitary v in M,,.

These ideas concerning the Rohlin lemma and stability were taken over to
a C*-algebraic setting in [HJ1], [HJ2], and [HO] to classify product cyclic
actions on UHF C*-algebras A up to outer conjugacy and conjugacy. In this
case the appropriate sequence algebra A is /°°(N, 4) modulo sequences
which converge to zero in norm, and the algebra of central sequences is
Ay = A N A'. These ideas concerning the Rohlin property and stability
were taken further in [R1], [R2], in the programme to classify separable
amenable C*-algebras by K-theoretic invariants.

The Rohlin property on which these and later articles were based was that
established in [BKRS] for the shift on the Pauli algebraMyr~ = @), M,. This
was obtained via quasi-free techniques, applied to the quasi-free shift on the
(even) Fermion algebra. The Rohlin property for the shift on Mj~ im-
mediately implies the Rohlin property for the shift on the UHF algebra
My~ = My~ @ My~. A weak Rohlin property was established in [BEK1]
for the shift on an odd UHF algebra M,,~ (where m is odd) via the embed-
ding [CE] of the gauge-invariant Fermion algebra in the UHF algebra M,
which is compatible with the shift. In [K1], it was shown that this weaker
form of the Rohlin property actually guaranteed the Rohlin property itself
for the shift on M,,~ for an arbitrary m.

Furthermore, it was shown in [K2] that an automorphism of an arbitrary
UHF algebra has the Rohlin property if and only if every non-zero power is
uniformly outer (i.e., the weak extension is outer in the tracial representa-
tion), or, equivalently, the crossed product 4 < Z has a unique tracial state,
or the crossed product is of real rank zero. It was also shown that all such
automorphisms are outer conjugate (e.g. to an infinite tensor product auto-
morphism (®,-, My, ®,-; Ad U,) with the eigenvalues of @, , U, being
uniformly distributed for any /). Hence the crossed products are all iso-
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morphic and AT — inductive limits of direct sums of matrix algebras over the
continuous functions on the circle.

Here we shall show that trace scaling automorphisms of a stable UHF
algebra, with the same non-trivial scaling factor, are outer conjugate. An
automorphism of a stable UHF algebra B ® K, with B a unital UHF alge-
bra, which scales the trace by p/q # 1 with p and ¢ relatively prime, induces
a partial endomorphism , an isomorphism of BN C; onto BN C} where C;
and C, are subalgebras of B isomorphic to M, and M,. This partial en-
domorphism v extends to a partial endomorphism of R, the hyperfinite fac-
tor generated by B in its tracial representation, taking RN Cj to RN Cj. This
determines an automorphism ~,, of R,. Lemma 1 shows that  is outer in the
sense that for each full matrix algebra N of R containing Cj, every non-zero
projection f in RN N’, and any unitary U in R the following holds:

inf{lleUn(e)[;0 #e<f,e=e =€ € RNN'} =0.

It then follows (Lemma 2) that any non-zero power of the automorphism -,
is properly outer, that the partial endomorphism ~ of the von Neumann al-
gebra R has the Rohlin property (Lemma 3), and, hence, that the partial
endomorphism « on the C*-algebra B has the Rohlin property (Lemma 4).
From this, stability of the partial endomorphism v on B can be deduced
(Lemma 5), from which ~ is seen to be outer conjugate with v ® o for any
automorphism o of the UHF algebra M,,~ = By (note B = B® B). Argu-
ments parallel to those in the von Neumann algebra setting then yield that
all trace scaling automorphisms of the stable UHF algebra A, with the same
non-trivial scaling factor p/q # 1, are outer conjugate. The classification of
simple purely infinite amenable C*-algebras which satisfy the UCT ([R2],
[Kir], [Phi]) shows that if 4 = M,,~ ® K the crossed product AxZ is iso-
morphic to the stable Cuntz algebra Op,_, 1 ® K, if p and ¢ are relatively
prime.

The arguments here in fact establish the stronger assertion (Corollary 8)
that unital endomorphisms of a UHF algebra with image the commutant of
a non-trivial matrix algebra are classified up to outer conjugacy by the order
of that algebra, and similarly for unital endomorphisms of the hyperfinite
factor of type II;.

This work was initiated at the Fields Institute for Research in Mathema-
tical Sciences, in July and August of 1995. AK is grateful to M. Takesaki for
explaining the solution of the present problem in the factor case. DEE was
supported by the NSERC - Royal Society Anglo-Canadian Exchange
Scheme and AK by the NSERC — JSPS Canadian-Japanese Exchange
Scheme. The work was completed in September and October of 1995 when
AK was visiting the University of Wales, Swansea, supported by JSPS and
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the Royal Society under the Bilateral Programme between the Isaac Newton
Research Institute for Mathematical Sciences, Cambridge, and the Research
Institute for Mathematical Sciences, Kyoto University.

The Main Results.

Let 4 be a stable UHF algebra; that is, let A be a C*-algebra isomorphic to
B® K where B is a unital UHF algebra and K is the algebra of compact
operators on an infinite-dimensional separable Hilbert space. There is a
densely defined lower semi-continuous trace 7 on A; 7 is unique up to con-
stant multiple. Let o be an automorphism of 4. We define s(a) € R by
Ta = s(a)7. It follows that s(«) is a positive rational number and the map a.,
on Kj(A) is multiplication by s(«), identifying Ky(A4) with a dense subgroup
of R containing Z. We shall say that automorphisms « and § of 4 are outer
conjugate if there is an automorphism o of 4 and a unitary U in the multi-
plier algebra M(A) of A such that a = (Ad U)oBo~!. If a and j3 are outer
conjugate then s(a) = s(3).

Let « be an automorphism of 4 such that s(«) # 1. Let s(a) = p/q where
p and g are relatively prime positive integers. Since Ko(A4) = (p/q)Ko(A4), it
follows that

Ko(4) = Ko(4) @ Z[1/pq].

That is, 4 is isomorphic to 4 ® M ,,~ where M, is the (unital) UHF alge-
bra of type n™.

Let e be a projection in 4 whose equivalence class is 1 in Ky(4), and set
B =ede. Then A= B® K and B = M,,~ ® D, where D is a UHF algebra
(or a matrix algebra) such that Ky(D) is not divisible by p or ¢. Let us iden-
tify B with M,,)~ ® D and choose a subalgebra C; of M(,,~ @ 1 isomorphic
to M), and a subalgebra C; of M,,~ ® 1 isomorphic to M,. Set B; = BN C;.
Then B; and B, are isomorphic to B. Let us identify B with B} ® C; and
withB, ® C,.

Since the minimal projections in C; ® K (C B® K) correspond to 1/p in
Ky(A4), the minimal projections in a(C; ® K) (C B® K) correspond to 1/q.
Hence there is a unitary U in M (B ® K) such that

(AdU)a(CieK)=C, K.
Let us denote by @ the extension of « to an automorphism of M(A). Then it
follows that (Ad U) @ maps B; (=2 B;®1 C M(B®K)) onto B,. Set
0= (AdU)a|CI ® K,
v=(AdU)a|B .
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Then 6 is an isomorphism of C; ® K onto C; ® K — note that such an iso-
morphism is unique up to inner automorphisms (arising from unitaries in
M(Cy, ® K)) — and + is an isomorphism of B; onto B,. Note that (Ad U)a« is
obtained as follows :

BoK=Bo(C ok 2 Be(Cek)=Bsk.

LeEmMmA 1. Let R denote the AFD factor of type 11} and let C, and C, be
unital finite-dimensional subalgebras of R such that C, 2 M, and C, = M,
with p # q. Let v be an isomorphism of RN Cj onto RN C). Then for any full
matrix subalgebra N of R with N D C\, for any non-zero projection f in RN N’
and for any unitary U in R it follows that

inf{|leUr(e)|;e <f,0£e=¢"=¢" € RNN'} =0.

ProOOF. Let # be an isomorphism of C; ® I, onto C; ® I, where I, is a
factor of type 1. Then one can define an automorphism « of the von Neu-
mann algebra tensor product R ® I, by

0
RI,=RNC,0C 01y 5 RNC,®Cy® 1 =R L .

Since T = (p/q)T where 7 is a trace on R® I, « is (properly) outer.

Let N,f and U be given. Replacing v by (Ad U)y and C, by (Ad U)C;, we
may suppose that U = 1. Let p; (resp. p) be a minimal projection in C; (resp
I.). We may assume that 6(p; ® p) = p» ® p. Let ¢; be a minimal projection
in N N Cj and set F equal to fp;q1 ® p, which is a projection in R ® I. Let a
projection £ € R® I, with E < F be given. Necessarily, E is of the form
epi1q1 ® p where e is a projection in RN N'. If N = M,,,, then there is a family
(Vigsk =1,...,rp) of unitaries in N such that

Z Vi1 Vi, = 1.
%

There is also a family (Va;k = 1,...,rq) of unitaries in v(N N C}) V C; such
that

> VuprpVy =1,
k

where ¢ = v(q1). It follows that
> VEV Vao(E)Vs = ey(e) @ p.
il
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Hence,
lev(e)|| < pgr? max{||EV} Vya(E)|;k=1,....rp,1=1,...,rq}.

By [C, 1.2.2], the infimum of the right hand side over non-zero projections
E e R® I, with E < F is zero — as « is outer. The infimum of the left hand
side over non-zero projections e € RN N with e < f is therefore also zero, as
desired.

REMARK. In the situation of Lemma 1 there is a unitary U; € R such that
Ad U, (Cy) C C}. Then v(Ad U,)y is defined as an isomorphism of RN Cf,
onto RNC, where C;;=CV((Ad Uy H(C)) = M,®M, and
Gy =G VAyAdU ) (C) 2 M, ® M, Thus, y(AdU;)y also satisfies the
conclusion of Lemma 1. Similarly one can find unitaries U; such that
Y(Ad U,-1)y(Ad U,—3) - -- (Ad Uy )y is well defined as an isomorphism of
RN ¢y, onto RN €, where Cy, =2 M, and Cy, = M. As in [C] and in the
introduction, define, for a free ultrafilter w on N, the asymptotic centraliser
R, which is a finite von Neumann algebra. Then the partial endomorphism
~ of R defines an automorphism =, of R, and it follows that

(YAd Up—r)y - (Ad Un)v),= s
independently of the choice of Uy, Us, ..., U, ;.

LEMMA 2. Let vy be as in Lemma I and let v, R, be as above. Then v is
properly outer for any n # 0.

ProoFf. Let N be a full matrix subalgebra of R such that N O C;. As in
the proof of [C, 1.2.5], for a fixed § > 0 denote by Q the set of couples (e, V)
such that

(a) e is a projection in RN N,

(b) V is a unitary in R with ||V — 1], < é7(e),

(¢) V~(e)V* is a projection in RN N’ and Vy(e)V*e = 0.
We define an order on Q as follows : (e, V) < (¢/, V') if

(He<é,

@ V! = V]|, < bé7(¢ —e).

One can show that (Q, <) is inductive, and, by using Lemmal, that a max-
imal element (e, V) satisfies e + Vy(e) V* = 1. Since
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2
(e =(€))) = 7(e +(e) —ex(e) —(e)e)

=1-—27(ey(e)e)
— 1 2r(e(1 - Vr(e)e),

and
Im(e(1 = V)v(e)e)] < 7((1 = V)(1 = V)*Pr(er(e)e)t
<V2r(|1 = V|)ir(e)
= (|1 - V])*
5\
S (5) )
we obtain

le =@l > (1-va3)".

Hence if § = 1/8, |le —v(e)||, > 1/V/2. For an increasing sequence (N,) of
full matrix subalgebras of R such that C; C Ny and |J,~, N, is dense in R, we
choose ¢, € RN N, as above, and set e = (e,) € R,. Then it follows that
le —v.(e)ll, > 1/+/2. Thus we have that ~, is properly outer as in the proof
of [C, 2.1.2]. By the Remark above, this argument also applies to any non-
zero power of .

LeEmMA 3. In the situation of the previous lemma, ~y has the Rohlin property,
i.e., for any n € N, e > 0, and finite subset S of RN C| there exists a partition
(Fo, ..., Fu_1) of unity by projections in RN C| such that

IV(F7) = Finll,<e,
I, Filll,< &

1

for i=0,...,n—1 with F,=F, and for x €S, where ||y||, =71(*y)* for
y€ER

ProoF. This follows from [C, 1.2.5] in view of [C, 1.1.3].

LEMMA 4. Let B be a UHF algebra and let Cy and C, be unital finite-di-
mensional subalgebras of B such that C\ 2 M, and C, = M, withp # q. Let y
be an isomorphism of BN C; onto BN C). Then ~y has the Rohlin property, i.e.,
for any n, >0, and finite subset S of BNC| there is a partition
(F;;i=0,1,....(pq)" — 1) of unity of projections in BN C} such that
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[7(Fi) = Fina|l <,
Ilx, Filll <e
fori=0,1,...,(pq)" — 1 with F,,» = Fy and for x € S.

Proor. Let N be a full matrix subalgebra of B with N O C;. For any n
and € > 0 we have to construct a partition (F;;i =0,1,...,(pg)" — 1) of uni-
ty in BN N’ such that

IV(Fi) = Fisa|l < e

fori=0,1,...,(pg)" — 1. By having Lemma 3 at hand this can be done ex-
actly as in [K2].

LEMMA 5. In the situation of the previous lemma, let (U,) be a central se-
quence of unitaries in B. Then there exists a central sequence (V) of unitaries
in BN Cy such that

vV Vi — U — 0.

ProOOF. Set 4% =[°(N, 4)/co(N, A) and imbed 4 into 4> as the constant
sequences. Set 4,, = A*° N A’. Then « defines an automorphism ~,, of A
and by Lemma 4, v, has the Rohlin property. Hence by [HO] we have a
unitary v € A, for u = (U,) € A such that

Yoo (VIV = 1.

We may represent v as a sequence (V},) of unitaries in BN C}. This completes
the proof.

LEMMA 6. In the situation of Lemma 4, consider in addition the UHF alge-
bra By = M ,,~ and let o be an automorphism of By. Then v and v ® o are
outer conjugate; that is, there is an isomorphism @ of B ® By onto B such that
o(Ci®1)=C and

(AdU)y=p(y®a)p™! on BN C;
for some unitary U € B.

Proor. First note that B~ B® By. Therefore, we may choose a central
sequence (ej;i,j =1,...,pq) of pg x pq matrix units in BN C}. Choose an
element A of T of infinite order. Since + takes BN C} onto BN C;, there ex-
ists a central sequence (v,) of unitaries in B such that

V() = )\i’jvnegvz .

By Lemma 5, there exists a central sequence (w,) of unitaries in BN C} such
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that ||v(w;)w, — va|| — 0. Set S =wpejw,. Then (fff:ij=1,...,pq) is a
central sequence of systems of pg x pg matrix units in BN C/, and

vy i;’)—)\i_-/i;’—>0.
We may choose a subsequence of (f) and modify it slightly so that the re-
sulting sequence (f/) consists of mutually commuting systems of matrix
units and there is a unitary U € B with

(Ad UYL = NS

This implies that B has a factorization B; ® By with respect to which
(Ad U)~ factorizes as | ® oy, where 7 is a partially defined endomorphism
of B; of the same type as v and o is the automorphism of Bj consisting of
the infinite tensor product of copies of

1 0
0 A 0
Ad N
0 e

Since o has the Rohlin property ((BEK?2], [K1]), for any automorphism o of
By there is (by [K2]) a unitary} in By ® By such that

o0 =2 AdV(og®o0),
where = denotes conjugacy. This implies that
(AdU)y 2 Ad1@ V) (M @@ o) 2 AdV(U® 1)y® o

where V' denotes the image of 1 ® V' under the second isomorphism. This
completes the proof.

THEOREM 7. Let A be a stable UHF algebra and let o, 3 be automorphisms
of A. If s(a) = s(B) # 1, then « and 3 are outer conjugate.

ProOOF. Let 4 = B® K with B a unital UHF algebra and write s(«) = p/q
with p and ¢ relatively prime positive integers. As shown above we may as-
sume that « has the decomposition

A=B®K=BNC®(C1oK)y®0—BNC,o(C,®K)=A4,

where v is an isomorphism of BN C| onto BN C}, C; 2 M, C; = M, and 0
is an isomorphism of C; ® K onto C; ® K. We may identify  with £ ® K.
Since 6 is outer conjugate to 6 ® idy, this implies that « is outer conjugate to
o ® idg.

By Lemma 6 applied to v, « is outer conjugate to a ® o for any auto-

morphism o of By = M, ~.
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Let v be an automorphism of By ® K such that s(v) =s(a). Then
s(a@v!) =1, and so a®v~! is outer conjugate to o ®idx on B® K for
some automorphism o of B. By Lemma 4 applied to +, it follows that ¢ has
the Rohlin property and so a ® v~! is outer conjugate to oy ® idz ® idc on
By ® B® K with oy an automorphism of By with the Rohlin property. Simi-
larly, » ® v~ is outer conjugate to oy ® idx. Thus we have that

a~a®ide~a®oy@ide ~a@rr ! @idc
~VQo)Qidp®ide ~ Vv ® og ®idg ~ v ®idg,

where outer conjugacy is denoted by ~. Since the right hand side does not
depend on «, we have the assertion.

REMARK. Let 4 be a stable UHF algebra and let « be an automorphism of
A with s(a) # 1. Then by Theorem 7 the isomorphism class of the crossed
product Ax,Z depends only on s(«). Since 4x,Z is purely infinite [R2], this
fact also follows from [R2], [Kir] and [Phi], by using the Pimsner-Voiculescu
exact sequence. When 4 = M,,~ ® K and s(a) = p/q, where p, q are rela-
tively prime, calculation yields that

KO(AN(YZ) = Z/(p - q)Z, K (ANaZ) =0.

Hence by [Kir] and [Phi], Ax,Z is isomorphic to the stable Cuntz algebra
Opp—g+1 ® K.

COROLLARY 8. Let « and (3 be unital endomorphisms of a UHF algebra B
such that Ina = BN B), and Im 3 = BN B}, where B, and By are unital sub-
algebras of B with B, =2 M, = Bs with p > 2. Then « and (3 are outer con-
Jugate.

Proor. Denote by o the unilateral shift on M,~and by B, the first copy of
M, in My~.Then Imo = M,~ N B and o is an endomorphism of M~ of the
type considered in the corollary.

We define an automorphism (o', o) of B® M~ by

a1 ®0,,00

B® My~ = a(B) ® B, @ My~ B® By @ 0(My~) = B® My~

where 6,, is an isomorphism of B, onto B,. Thus, (o' o) is defined
uniquely up to inner automorphisms. Similarly we define an automorphism
(a,07!) of B® M,~, which is the inverse of (a~!,0) up to inner auto-
morphisms, and also an automorphism (o', o) of My~ @ M.

Since, by Lemma 4, o has the Rohlin property, (07!, o) also has the Roh-
lin property and so by [K2] is outer conjugate to any other automorphism of
M~ with the Rohlin property. Hence by Lemma 6,

a~a® (0 o)~ (0,0 )Y ®o~o®idg,
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where the second outer conjugacy consists of exchanging B, in the last factor
and B, in the first factor of the factorisation B ® M,~ ® M,~, which is an
inner automorphism. Since the right hand side does not depend on «, this
completes the proof.

COROLLARY 9. If « and (3 are unital endomorphisms of the hyperfinite type
ITy factor R such that Tm oo = RN R, and Im 3 = R N R}; for some unital finite-
dimensional subfactors R, and Rg of R, then o and (3 are outer conjugate if and
only if R, = Rg.

Proor. This is proved in exactly the same way as the previous corollary.

REMARK. If M is a type I, factor and « is a unital normal endomorphism
of M, then M, = M Na(M)' is of type I, for some n and a(M) = M N M.,
The outer conjugacy class of « is uniquely determined by n.

REMARK. Let M be a properly infinite factor and let « be a unital normal
endomorphism of M such that o(M) = M N M, for some type I subfactor
M, of M. Suppose that M, is of type I, (with n, countable). Then there
exist n, isometries (s;) in M such that (s;s7) is a system of matrix units for
M,, and « is given by

a(x) =) sry(x)s)

for some automorphism « of M. For a different choice of (s;), v differs only
by an inner automorphism determined by a unitary in M,. Denote the class
containing v in Aut M/IntM by &. Then we can assert: Two such en-
domorphisms «, 3 of M are outer conjugate if and only if n, = ng and & is
conjugate to (3. (If M is of type II or type 1L, it is known [C] that there is
an abundance of outer conjugacy classes in Aut M; so the situation is dif-
ferent from the one in Corollary 9.) For example if o and « are as above and
o is another automorphism of M, then

Zsiaﬁya_l(x)sf = (Ad V)oao ! (x)
where V is the unitary defined by
V= ZS,’O’(S,’)* .

The other computations are as easy as this.

REMARK. With o the unilateral shift endomorphism of the UHF algebra
M>, define an endomorphism « of My~ by

a(x) = ejo(x) + er0°(x),
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where e, e, 1s a partition of unity by projections in the first copy of M; in
M>~. Note that the relative commutant of Im« is isomorphic to C @ M,,
and that o does not have the Rohlin property. For if it did, then there would
be a unitary u € My~ such that u commutes with M, and a(u) ~ —u, which
implies that o(u) ~ —u and 0°(u) ~ —u, a contradiction. When 7 is an auto-
morphism of Mj>~ such that oy = vyo and the action of N x Z defined by
(m,n) — o™~" satisfies the Rohlin property (cf. Remark 4 of [KK]), define
an endomorphism (3 of My~ by

B(x) = ejo(x) + 62’70'2()6).

Then it follows that M>~ N (Im 3)" = My~ N (Ima)’ and that 8 has the Roh-
lin property. Compare with Lemma 4 and Corollary 8.
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