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WHEN MATRICES COMMUTE

TERRY A. LORING

Abstract.

Necessary and sufficient conditions are given for certain almost commuting triples of matrices to
be close to a commuting triple. Generalizations are given for triples in C*-algebras that have
sufficiently many invertible elements.

Lin gave the first proof of the following theorem.

THEOREM 1 ([Linl]). For any ¢ > 0, there is a 6 > 0 so that, for any d and
any hy and hy in My satisfying

aihy — hohy|| <6 and 0 <h; <1,
there exist hermitian elements ki and k, in My such that
kiky =koky and ||h — kil| < e
Subsequently, Friis and Rgrdam [FR] gave a short proof of a stronger re-
sult that applies to almost normal elements in a broad class of C*-algebras.
Reduction to Lifting.

In Lin’s proof, as well as in the proof of Friis and Rgrdam, the first step is a
reduction to the problem of showing a very restricted form of semi-
projectivity for C(D). That is, one reduces to showing that one may ap-
proximately solve lifting problems of the form

HZO=N By,

|

O(D) > I12%, Be /@, By
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Friis and Rgrdam then show that enough maps have a specialized form of
corona extendibility to reduce to the case where ¢ factors through C(X) and
X is a finite graph. The semiprojectivity (unrestricted, see [Lo2]) of C(X)
then produces the needed lifts.

This note examines what happens when C(D) is replaced by C(S?). The
most dramatic change is that a K-theoretic obstruction appears.

Let 4 denote a class of unital C*-algebras, to be specified more precisely
later.

The definition of boundedness of a set of relations # is that they de-
termine a universal C*-algebra C*(G | #). A é-representation of a set of re-
lations of the form ||p;(xi,...,x;)|| <m; is a tuple (z1,...,z) such that
llpi(z1,...,21)|| <+ 6. For present purposes, p; should be thought of as a
polynomial in the xi, x}, and perhaps f(|x|) for some bounded continuous
function.

DEerINITION 2. A set of finite, bounded relations % is weakly stable with
respect to A if for every € > 0 there is a 6 > 0 such that, for every 6-re-
presentation xi,...,x; of Z in any B € % there is a representation yy,...,);
of # in B such that ||y; — x| <eforj=1,...,L

DEFINITION 3. A unital C*-algebra 4 is weakly semiprojective with respect
to # if, for any sequence B, € %4, any unital *x-homomorphism

SOZA_)HBn/@Bm

any € > 0, and any finite set G in A, there exists m and a unital *-homo-
morphism

p:A— H B,
so that
om0 @(g) — (g <€ (Vg€ G)
where p,, is defined by

pm((bm;bnﬁ-lv .. )) = (0, e a()abmvbm—H; .. ) + @Bn

The following is known in special cases. See [Linl] for the proof in the
case Z = {||x|| <1 & x*x = xx*}. The same proof works in general.

THEOREM 4. For A = C*(G|R), with # a finite, bounded set of relations, the
following are equivalent.
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(1) R is weakly stable w.r.t. 4.
(2) A is weakly semiprojective w.r.t. #
(3) for any sequence B, € A, any unital x-homomorphism

04— []8./D B

any € > 0 there exists m and a unital x-homomorphism

@:AHﬁBn

n=m
s0 that py, o @ = .

Recall from [BI] that semiprojectivity for a unital C*-algebra 4 means that
for any unital ¢ : 4 — C/J, if J is the closed union of an increasing chain
Jir € Jky1 of ideals in C then there exists n and a unital lift of ¢ to
®:A— C/J,. Therefore, semiprojectivity for A4 implies weak semi-
projectivity w.r.t. 4.

Puncturing a sphere.

DEFINITION 5. A unital x-homomorphism 7 : 4] — A4, is weakly corona ex-
tendible with respect to 4 if, given a unital x-homomorphism

a1 — ] B, /EDB (Bic)

there exists a unital *-homomorphism

vidy =[] B, /DB

with yon = .

If # equals {M, |d € N} this property is called “matricial corona ex-
tendibility.”

It should be clear that the maps that are weakly corona extendible w.r.t. #
are closed under composition.
We now specify the classes # of C*-algebras that are relevant. A familiar
class is the collection of C*-algebras of stable rank one. We remind the
reader this means that GL(A) is dense in A4, so in particular M, has stable
rank one. A larger class where our results hold is the class of C*-algebras
that have the property (IR) introduced by Friis and Rgrdam.

For any unital C*-algebra A4, let R(A4) denote the set of elements x such
that, for every ideal I of 4, x one-sided invertible in 4/I implies X invertible
in A/1. We say A has property (IR) if every element of R(A) is the norm
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limit of invertible elements of A. If 4 is not unital, it is said to have property
(IR) if 4 does.

Gracious thanks are due to Sgren Eilers for pointing out the errors in the
early versions of this paper. Part (4) of the following suggested itself in the
course of tracking down those errors. Additional thanks go to Mikael
Rgrdam for helpful communications regarding property (IR).

LEMMA 6. Suppose B is a unital C*-algebra. Suppose A\, Ay, ... are unital
(IR) C*-algebras and let

Q:HAH/@An.

(1) (Proposition 4.2 (i) of [FR]) For all a in B, dist(a, R(B)) < |||a| — |a*|]|

(2) If x in Q is normal then there exists a unitary u in Q such that x = u|x|.

(3) For any contractions a and b in B, and for 6 € [0,1/4), if
lefa+bb—1]| <6 and |aa®" +bb" —1|| <48

then dist(a, R(B)) < v/26.
(4) If a in Q is a contraction and there is another contraction b in Q such
that
a'a+b*b=1=aa" + bb*
then there exists a unitary u in Q such that a = ulal.
Proor. Friis and Rgrdam prove (1) and use it to derive a result that is

very similar to (2). Given (1), we may prove (2) as follows. Any normal ele-
ment x in Q is the image of a sequence (x,) with x, in 4, and

[[26a] = 1| = 0.

By (1) and the assumption that each 4, is (IR), there is a sequence y, of in-
vertible elements, each y, in A4,, with ||x, — y,|| — 0. Since every invertible
element in 4, has a unitary polar decomposition in 4,, so must the image of
(y») in Q, which is x.

An almost identical argument shows that (3) implies (4).

Assume @ and b are contractions in B and

(5) leta+bb—1|| <& and |laa" +bb* — 1| < 6.
For some partial isometry in B**, we have a = v|a|. Let
a =vf(|a])

where 1" : [0,00) — [0,00) is continuous, sends [0, v/26] to {0} and |[f()\) — )|
is everywhere less than v/26. Certainly |la — || = 26 and &’ € B. We’ll show
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a € R(B). For starters, we’ll prove that 0 € o(|¢'|) if and only if 0 € o(|a™|).
We’ll break this into three cases: a is invertible; 0 € o(|a|); and 0 € o(|a*|).
The symmetry in the roles of @ and a* allows us to consider only the first two
cases.

If a is invertible, then the spectrum of a*a equals the spectrum of aa*. The
spectra of |@'| and |a”*| must also be equal because we have

(6) |d'| =/ (lal) and [d"| =f(|a"]).

Suppose 0 is in o(|a|). Then 0 is in o(a*a) and so the intersection of
[1 — 6,1] with o(b*b) is nonempty. Away from 0 the spectra of b*b and bb*
agree, so o(bb*) N[l —6,1] # (. Therefore, the spectrum of a*a contains
some )\ with 0 < \g < 26. By the way f was defined, f(v/Ag) = 0. The spec-
tral theorem and (6) tell us that 0 is in the spectra of both |¢| and |a"*|.

The inequalities in (5) and the equalities in (6) pass to quotients. Therefore
the previous paragraph shows that that a is in R(Q).

Let X} denote the space
X; = {r¥™ |1 <r<2}
and let ¢:X; — D be the map that sends re>™ to (r —1)e’™. Define
n: C(D) — C(X1) by
n(f) =fe¢

Part (2) of the Lemma 6 is equivalent to the statement that 7 is weakly cor-
ona extendible w.r.t. the unital (IR) C*-algebras. (Notice that whenever a
normal x has a unitary polar decomposition x = u|x|, it follows that u com-
mutes with |x|.)

ProPoOSITION 7. If U is a open set in X that is disjoint from the circle r = 1
then the x-homomorphism

C(D\ (V) = C(X\ U).

induced by ( is weakly corona extendible w.r.t. any collection of C*-algebras
whose elements have property (IR).

Proor. There is a commutative diagram,

Coll)) ——= C(Xy)

T T <§0
o~ n
\\

Co(¢(U)) — C(D) == Q
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where ¢ is the composition of the surjection of C(D) onto C(D\ ((U))
with ¢, and @ is the extension guaranteed by Lemma 6. Since @y must send
Co(U) to vo(Co(¢(U))) = 0, this drops to the quotient Cy(X; \ U).

We now introduce some more notation. Let X,, denote the closed disk with
n disjoint open discs removed from the interior. Collapsing the circle
bounding each of these open discs to a point gives surjections

X, — D
and, if we make the implied choices correctly, this will factor as

X, D

NS

Repeated applications of Proposition 7 prove the following.

PROPOSITION 8. If every B in % has the property (IR) then C(X;) — C(X,)
and C(D) — C(X,) are weakly corona extendible w.r.t. 3.
Avoiding an Obstruction to Lifting.

A unital x-homomorphism

o C(s)—0=1]5/@5

corresponds to a triple (%, iy, h3) of self-adjoint elements in Q that commute
and for which

(%) W4hs+h=1.

There is a possible K-theoretic obstruction to lifting (.
It is more convenient to use the relations

) 0<h<l, x'x=xx", hx=xh and I +x'x=h

which generate the same universal, unital C*-algebra as (), namely C(S?).
Here we have a non-unital universal C*-algebra as well, Co(Rz). In this set-
ting, the index of a pair (%, x) in A, where A is a unital C*-algebra, 0 < 1 < 1,

[x*x —xx|| <6, |hx—xh| <6 and |[h®+x"x—h|<é,

is based on the self-adjoint matrix



WHEN MATRICES COMMUTE 311

h X
P= [x* l—h}

Since || P> — P|| < 26, so long as § < 1/8, the projection x(12,.)(P) will be an
element of 4. The K-theoretic index of the pair (%, x) is defined as the Kj
class of x(1/2,,0)(P) minus the class of the identity.

A more refined index is what we’ll refer to as the Murray von Neumann
index. This is the class of x(j/2,.)(P) among the projections of M(A4) under
Murray von Neumann equivalence. We’ll say that this index is trivial if it is
the same as the class of

1 0
oo

Directly in terms of P, the Murray von Neumann index is trivial if and only
if there exists w € Mz (A4) such that

L 10
WW_OO

[[w*w — P|| < 46.

and

The following is similar to a result (the remark following Lemma 2.3) in
[Lin2], and the proof was certainly inspired by Lin’s proof. Lin shows that,
when an obstruction vanishes, a copy of C(S?) in a C*-algebra must be
contained in a larger commutative C*-algebra. The novelty of Theorem 9 is
in choosing this larger commutative algebra to have spectrum the annulus
X,. It also applies to a larger class of C*-algebras.

Recall we are considering S° to be subset of R x C,

S =A{(r2) | + |z = r}

and call the coordinate functions # and x when regarded as elements in
C(S?).

THEOREM 9. Consider
£ X — 5%
defined by &((r + 1)e2™) = (r,/r — 2¢*™ ) and the inclusion
n: C(S?) — C(X1)

induced by &. Suppose Q is a C*-algebra in which every element of R(Q) has a
unitary polar decomposition. Given a unital x-homomorphism
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p:C(S%) = 0,
if there exists w in Ma(Q) such that
ww* = 0
0 0

and

then there is a unital x-homomorphism @ so that

C(x1)
C(8?) i, Q

commutes.

Proor. First let us examine 7 at the level of generators and relations.
There is an isomorphism of C(X;) with

C'lle,u|0<k<lu'=u' ku=uk)
where k and u are concretely given as the functions
k((r+ 1)) =r
and
u((r + 1)) = &>t

With the specified generators and relations for C(S?) given above, one
clearly has n(h) = k and n(x) = Vk — K2u.

Now suppose ¢ and w are given as in the hypotheses of the Theorem. The
condition on ww* forces the second row of w to be zero. Therefore, we can
translate the theorem as follows: we are given A, x, a, and b in Q that satisfy

0<h<l, x*x=xx*, hx=xh

WP 4+x'x=h

5 oJf5 o] =10 o)
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ol ol=[v )

We must find a unitary « in Q such that ¥ commutes with /4 and
x=uVh—h2.

Since h* + x*x = h this is the same as finding a unitary polar decomposition

and

X = ulx]|

such that ¥ commutes with /.
If we write out the components of the matrix equations we find that

aa* +bb* =1,
a‘a=h,
b'b=1-h,
a'bh = x.
Notice these imply
aa+b'b=1.

Lemma 6(3) implies that ¢* and b are in R(Q) so there are unitaries z and v
in Q such that

a=(aa*)"?z,
b=v(1—h)"%

It follows that

l=da+b"h=z"(aa")z+ (1 = h)
and

1l =aa* + bb* = aa* + v(1 — h)v*.
Therefore

viv' = aa*, z'(aa*)z=nh
and so u = z*v commutes with 4. Moreover vh'/2v* = (aa*)"/* and so
x=a'b=z"(aa")"*v(1 = W)"? = ZvwWh = h? = ulx].

THEOREM 10. Let ¢ : X,, — S? denote the surjection that comes from col-
lapsing each circle component of the boundary of the n hole disk to a point. Let
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n: C(S?) — C(X,) denote the induced x-homomorphism. Let

o=[15/@s

where each B is a unital C*-algebra with property (IR). Given ¢ : C(S%) — Q,
if

]

is Murray von Neumann equivalent to

o o)

then there exists ¢ so that

C(X,)
n @
C(5?) £ Q

commutes.

Proor. By Lemma 6 (2), Theorem 9 applies, proving the result in the case
n = 1. The case n = 0 follows from this directly, while for n > 1 one may first
extend to C(X;) and then apply Proposition 8.

We will use the n = 1 case of Theorem 10 to derive our main result, The-
orem 12, from the Friis-Rgrdam result. The more general form of Theorem
10 is used in the next section, to prove a rather unappealing corollary. The
power of Corollary 11 comes from the techniques developed with Eilers and
Pedersen to identify certain amalgamated products. In [ELP] very concrete
examples will be given that depend on the following abstraction.

A Diversion.

Consider an open patch in S? that avoids the n points that are the images of
circles under the surjection X, — S?. This gives us inclusions
t: Co(R?) — C(S?) and 4, : Cp(R?) — C(X,).

Suppose « : Cy(R?) — I is a *-homomorphism, with no restriction on the
C*-algebra I. We can form two products

Py =T xq gy C(S%)

and
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P2 = I*CO(RZ) C(Xn)

The identity on I and the inclusion induced by the surjection of X, onto S>
lead to a map

0:Py— P,

Let ¢, denote the canonical inclusion of CO(RZ) into P; (as the algebra over
which happens the amalgamation).

LEMMA 11. Suppose % is a class of unital C*-algebras such that each B in
has property (IR), Ky(B) is torsion-free and Ky equivalence of projections in
M, (B) implies Murray-von Neumann equivalence. With « and P; as described
above:

(1) If Ko(I) is torsion then 0 is corona extendible w.r.t. 2.

(2) In general, given ¢ : Py — Q, if the K-theory of @ o 1, is zero then there
exists ¢ so that

P,

Co(R?) 22> P, ——>Q

commutes, where Q = [[ B,/ B, for some B, in %.

Proor. Given

I

d

Co(R?) ——— = C(S5?)

we must find a map from C(X,) to Q so that
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e

Co(R?)
) —
Co(R?) C(S?)

commutes. If Ky(7) is a torsion group then this is no trouble because the map
from Cy(R) to Q via C(S?) is the same as the map via I, and this has zero K-
theory since Ky(Q) is torsion free. (See [Lol; p. 199].) The needed map comes
then from Theorem 10. For (b), we can again use the theorem above because
of the commutativity of the following part of the diagram, hidden before
now:

Q

Co(R?) ————C(5?)

The Primary Target.

THEOREM 12. For every € > 0 there is a 6 > 0 so that, for every pair (x,h) of
elements in a C*-algebra B with property (IR) such that

A, x| <6, [l[x, x| <6, 0<h<1
and
|h? + x*x — h|| <6,

if the Murray von Neumann index of (h, x) is trivial then there is a pair (h,X) in
B with

hx =hx, Xx=xx", 0<h<lI
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WP+ X% =h
and
1A —hll, % = x| <e

Proor. If false, then there is a sequence B, of (IR) C*-algebras, a *-
homomorphism

T2 C(Sz) - Q0= HBH/@Bn

which does not lift to [] B,, and a partial isometry w € M,(Q) with

ww**lo
10 0

= [;”(Eﬁ?) 1 f%]'

We are now using 4 and x to again denote the coordinate functions in C(S5?).
Recall we have inclusions C(S?) C C(D) C C(X;). By Theorem 9 we can
extend ¢ to C(X;), and so by restriction there is an extension of ¢ to
@ : C(D) — Q. This lifts to the product

C(D) > [[ Bn

|

C(S?) e Q

and

by the Friis-Rgrdam extension of Theorem 1, which provides a lift of ¢, a
contradiction.

A Corollary in Linear Algebra.

In the special case of projections in M»(M,) = My, Murray von Neumann
equivalence is the same as equality of Kj classes. Moreover, the classes cor-
respond to the natural numbers between zero and 2d as is determined by
counting the multiplicity of the eigenvalue one of a projection. In this re-
stricted, yet very important case, we can spell out Theorem 12 in very ele-
mentary terms. For this result, we use the equation (x) in place of (}).

COROLLARY 13. For every €, there is a 6 so that, for any d and any self-ad-
joint d by d matrices hy, hy and hy such that
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ity = hhil| < 6, |l + R+ 05 =1 <6
if the number of positive eigenvalues of

h] hy + ih;
hy — iy —h |

counted with multiplicity, is d then there are self-adjoint, commuting matrices
ki, ka ks with k3 + k3 + k3 = 1 and ||hj — kj|| < e.

That a positive eigenvalue count is an obstruction, realized in simple ex-
amples, is well established. See [Ch], [Da] and [Lol].

Final Remarks.

The subject of stable relations (a.k.a. semiprojectivity) has been expanding
rapidly of late. The monograph [Lo3] attempts to pull together the founda-
tion of the subject. It addresses only peripherally the question of forms of
semiprojectivity conditional on the vanishing of K-theoretic obstructions.

Huaxin Lin has investigated semiprojectivity with respect to almost com-
muting elements in purely infinite, simple C*-algebras. In the purely infinite
case, one can sometimes achieve stability even when the K-theory indices do
not vanish. As noted in [Lin3], Lin’s techniques (which are rather different to
those used in this paper) can be modified to give stability, conditional on the
index, in the some finite, simple cases. Indeed, Corollary 13 also follows as a
special case of recent results by Gong and Lin [GL].
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