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THE POLYNOMIAL APPROXIMATION PROPERTY IN
FOCK-TYPE SPACES

A. A. BORICHEV*

1. Introduction.

Let ��r� be a positive function on �0;1�, log r � o���r��, r!1. Then the
Fock space F�, associated with �, consists of all entire functions f such that

kf k2F� �
Z
C
jf �z�j2eÿ��jzj� dm2�z� <1;

where dm2 is Lebesgue area measure. We deal with the following question,
posed and discussed in [9] (and earlier in [8]).
Do the polynomial multiples of an entire function � span (in F�, ��r� � r2)

all functions which vanish wherever � vanishes? We take into account the
multiplicities of zeros, and require that all the polynomial (or even
exponential polynomial) multiples of � belong to F�. In other words, the
question is whether the polynomials are dense in the Hilbert space F�;� of
analytic (entire) functions square summable with respect to the measure
j��z�j2eÿ��jzj�dm2�z�. Let us remark here that the general problem of weighted
polynomial approximation for weights vanishing at some inner points of the
domain of analyticity is not yet sufficiently investigated.
For some classes of � we construct � for which the answer to our question

is negative.
The method used is close to that in [2,3]. The idea is to produce an ele-

ment � of F� having extremal growth along a sufficiently massive subset of
the plane. Then a Phragmën^Lindelo« f type argument shows that if poly-
nomial multiples pn� converge to an element in F�, then the polynomials pn
cannot be large enough to approximate all the elements in F�;�. To use this
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argument we need first to consider (in Section 5) a problem on the harmonic
measure in the unit disc. In Section 2 we formulate the main results. An
element of extremal growth is constructed in Section 4. Our construction
uses an auxiliary lemma describing general weight functions � as restrictions
on the positive axis of entire functions with positive coefficients, which is
proved in Section 3. Finally, the Phragmën^Lindelo« f type argument is given
in Section 6.
The author is thankful to H. S. Shapiro for calling his attention to this

problem.

2. Main results.

We are going to deal with the following two conditions on a strictly in-
creasing C2-smooth function �.
(i) �0�2t� � c�0�t� for some c and sufficiently big t.
(iik) lim inft!1 exp�ÿkt����exp t��00 > 0.
Note that condition (ii1) always holds for convex �, and condition (iik)

holds for ��x� � xs, s � k.
For 0 < p <1 consider the family of Fock-type spaces

Fp
� � the set of all entire functions f such that

Z
C
jf �z�jpeÿ��jzj� dm2�z� <1:

They are Banach spaces for 1 � p <1, and complete metric spaces for
0 < p < 1.

Theorem. Let � satisfy conditions (i) and (iik) for some integer number k,
k � 1, 0 < p <1, and let s be a positive number such that s < k=2. There exist
an entire function f and a positive number a such that eÿaz

k
f 2 Fp

� ,Z
C
jf �z�jpejzjs eÿ��jzj� dm2�z� <1;

but

eÿaz
k
f =2 clos

Fp
�

l
ÿ�
znf ; n � 0

	�
:

Here l�E� is the linear hull of E.
Corollary 1. Let � satisfy conditions (i) and (ii1), 0 < p <1.There exist

an entire function f and a positive number a such that eÿazf 2 Fp
� , and for every

n � 0, znf 2 Fp
� , but

eÿazf =2 clos
Fp
�

l
ÿ�
znf ; n � 0

	�
:
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Corollary 2. Let � satisfy conditions (i) and (ii3), 0 < p <1. There exist
an entire function f and a positive number a such that eÿaz

3
f 2 Fp

� , and for every
b 2 C, ebzf 2 Fp

� , but

eÿaz
3
f =2 clos

Fp
�

l
ÿ�
znf ; n � 0

	�
:

Remark. Actually, the proof of Theorem shows that for k � 3 there exist
such f that the function eÿaz

k
f cannot be approximated in Fp

� even by ex-
ponential polynomial multiples of f or, in general, by products hvf where hv

are entire functions of order less than or equal to v, v < k=2.

Remark. The (unbounded) operator Tf of multiplication by f and more
general Toeplitz operators on the Fock space, p � 2, ��t� � t2, were studied
by J. Janas in a series of recent papers. J. Janas and J. Stochel use in [6] the
notion of a core for an unbounded operator T . This is just a linear subspace
L of the domain D�T� of T such that the graph of T is the closure of the
graph of T

��L.
H. S. Shapiro pointed out that entire functions f constructed in Theorem

(for p � 2, 0 < s < 1, ��t� � t2) satisfy the following property:
Polynomials belong to D�Tf �, but the set of polynomials is not a core for Tf .

3. Auxiliary lemma.

To prove Theorem we use an auxiliary statement. It is similar to results on
Legendre-type transforms in [10], [4], [1, Appendix]. In fact, to prove Theo-
rem itself it would be enough to use only the result from [4]. However, our
lemma which gives a criterion for a weight function to be representable up to
a multiplicative constant by an entire function with positive coefficients
seems to be of independent interest. The proof is close to that in [4].

Lemma 1. If � is C2-smooth function on R� such that �0�0� � 1,

�00�x� � � > 0; x � 0;�1�
then there exists an entire function g,

g�z� �
X
n�0

xnzn; xn � 0;

such that

0 < c1 � g�x�eÿ��log x� � c2; x � 1;

where c1 and c2 depend only on �.

Proof. Let points an 2 R� be defined by the equalities
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�0�an� � n;

and put

bn � ��an�:
For every m; n 2 N, m < n, denote

Im;n � �am; an�;

�m;n � max
t2Im;n

min
�
��t� ÿ bm ÿm�tÿ am�; ��t� ÿ bn ÿ n�tÿ an�

	
;

m;n � min
�
bn ÿ bm ÿm�an ÿ am�; bm ÿ bn ÿ n�am ÿ an�

	
:

It is clear that m;n � �m;n. Condition (1) implies that

0 < an�1 ÿ an < c

for some c depending only on �. Choose a sequence fnkgk�1 in the following
way. Put n1 � 1. If nk is already chosen, take as nk�1 the minimal integer
number s, s � nk � 1, such that �nk;s � 1. Then

nk;nk�1 � �nk;nk�1 � 1:�2�
It is clear that ank�1 ÿ ank < c for some c depending only on �.
Let us verify that for some positive constants c1 and c2 depending only on

�,

c1 � exp�ÿ��t��
X
k�1

exp
�
bnk � nk�tÿ ank�

� � c2; t � 0:

Indeed, the left estimate follows from the inequality

�nk;nk�1 < c;

where c depends only on �, which is an immediate consequence of convexity
of � and the inequalities

�nk;nk�1ÿ1 < 1;
ank�1 ÿ ank < c:

The right estimate is a consequence of the inequality

nk;nm � jkÿmj;
which follows from (2) by induction.
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Thus, we can put

g�z� �
X
k�1

e�bnkÿnkank �znk ;

and the lemma is proved.

4. The proof of Theorem. Construction of an extremal function.

For the sake of simplicity we consider only the case p � 1. For other p the
argument is identical. In this Section we construct f and verify its growth
properties. In the next two sections we prove that eaz

k
f cannot be approxi-

mated by polynomial multiples of f .
Pick �; b such that s < b < � < k=2. Condition (iik) on � implies that for

some a > 0, we can redefine the function �,

��t� � ��et=k� ÿ aet ÿ ebt=k;

on a finite interval of R� in such a way that it satisfies condition (1). Lemma
1 gives us an entire function g with positive Taylor coefficients such that

0 < c1 � g�x� exp
ÿÿ��x1=k� � ax� xb=k

� � c2 <1; x � 0:�3�
Put f �z� � g�zk�eazk . ThenZ

C
jf �z�jejzjs eÿ��jzj� dm2�z� � C

Z 1
0

exp
ÿ
��r� ÿ ark ÿ rb � ark � rs ÿ ��r�� rdr <1:

Analogously, g � eÿaz
k
f 2 F 1

� .

5. Harmonic measure in the unit disc.

To complete the proof we need first to consider the following problem. Let
0 < � < 1=2, k � 1,


k � D n
[kÿ1
n�0
��; 1�e2�in=k;

�k � max
jzj��

!�
k;T; z�;

where !��; �; �� is the harmonic measure. What is the asymptotics of ak for
k!1?

Lemma 2. For an absolute constant �,

ak < ��k=2:
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Proof. We just apply two conformal mappings: z! zk and
z! ��k ÿ z�1=2 where the branch of the square root function is taken with
cut along �ÿ1; 0�. If 
0k is the set of the points z in the right half-plane such
that �k ÿ z2 2 D, and ÿk is the subset of 
0k consisting of the points z such
that �k ÿ z2 2 �kT, then

max
jzj��

!�
k;T; z� � max
z2ÿk

!�
0k; 
0k \ iR; z�:

The last maximum is easily estimated as const � �k=2.
Now fix k. Let " be a small positive number, D � 2, and let En,

0 � n � kÿ 1, be open subsets of anglesn
z � rei� :

����ÿ 2�n
k

��� < "
o

such that their radial projections E 0n satisfy the condition

m
ÿ�1=D; 1� n E 0n� < ";

where m is Lebesgue measure on R.
Hall's lemma (see [5, p. 367]) and the theorem on two constants (see [7,

p. 257]) permit us to draw the following corollary of Lemma 2.

Lemma 3. For every �, 0 < � < k=2, there exist such small positive number
", " � "��; k�, and big integer number D, D � D��; k�, that for every function h
subharmonic in D and such that

h�z� � c1; z 2 D;
h�z� � c2; z 2 En; n � 0; . . . ; kÿ 1;

where En are as above, we have

h�z� � c1Dÿ� � c2�1ÿDÿ��; jzj � 1=D:

6. The end of the proof. A Phragmën^Lindelo« f type argument.

Now, suppose that

pkf ÿ!
F 1
� g

for a sequence of polynomials fpkgk�1. Then for some c independent of k we
have Z

C

���pk�z�
c

���jf �z�jeÿ��jzj� dm2�z� � 1:�4�
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We are going to verify that (4) implies an estimate (uniform in k) on the
polynomials pk which is incompatible with pointwise convergence of pk to
eÿaz

k
.

Take a polynomial p such thatZ
C
jp�z�jjf �z�jeÿ��jzj� dm2�z� � 1:

Fix " � "��; k�, D � D��; k� from Lemma 3 (� is chosen in Section 4). Put
�t� � ��k log t� � atk � ��t� ÿ tb. Furthermore, take m � 1, and let N be the
minimal integer number bigger than �0�Dm�.
Consider the rectangle Am,

Am �
�
z 2 C : Dm � Re z � Dm�1; Nj Im zj � 1

	
;

and its subset Em,

Em �
�
z 2 Am : jp�z�j < N exp�Db�m�2��	:

Am is the union of �Dm�1 ÿDm�N=2 squares
Am;s �

�
z 2 C : Dm � 2�sÿ 1�=N � Re z � Dm � 2s=N; Nj Im zj � 1

	
;

1 � s � �Dm�1 ÿDm�N=2:
By conditions (i) on � and (1) on �,

max
�
0�x� : Dmÿ1 � x � Dm�1	 � C1N;���log jzj� ÿ �log�Dm � �2sÿ 1�=N���� � C2; z 2 Am;s;

1 � s � �Dm�1 ÿDm�N=2;
where C1;C2 do not depend on m and s. Furthermore, by (3),

log jf �z�j � �jzj� � C3; z 2 C;
log jf �x�j � �x� � C4; x � 0:

Since the function log jf j is subharmonic, we obtain that

log jf �z�j � �jzj� � C5

on a subset Bm;s of Am;s whose Lebesgue measure m2�Bm;s� is at least
�1ÿ "=2�m2�Am;s�, for some constants C3;C4;C5 independent of m and s.
Denote Bm � [sBm;s. We have
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1 �
Z
BmnEm

jp�z�jjf �z�jeÿ��jzj� dm2�z� �

� C
Z
BmnEm

N exp
ÿ
Db�m�2��e�jzj�eÿ��jzj� dm2�z� �

� CN exp
ÿ
Db�m�2�� Z

BmnEm

eÿjzj
b

dm2�z�:

Therefore, for sufficiently big m, m2�Bm n Em� < "m2�Bm�=2, and as a result,
the length of the radial projection of Em on R is bigger than
�1ÿ "��Dm�1 ÿDm�.
The same argument works for the rectangles An

m,

An
m � e2�in=kAm; 0 � n � kÿ 1;

and their subsets En
m,

En
m �

�
z 2 An

m : jp�z�j < N exp�Db�m�2��	:
Now we use the following Phragmën^Lindelo« f type reasoning. Since p is a

polynomial, there exists Cp such that

log jp�z�j � Cp log�1� jzj�:
Fix sufficiently big m0, and take some m, m � m0. Then the function
h�z� � log jp�z�j satisfies the following estimates:

h�z� � cCpm; jzj � Dm�1;

h�z� � cDbm � log��0�Dm��; z 2 En
m; 0 � n � kÿ 1;

for some c which does not depend on p. Thus, Lemma 3 applies to the
function h�Dm�1z� subharmonic in D and shows that

h�z� � cCpmDÿ� �
�
cDbm � log��0�Dm���; jzj � Dm:

Repeating this procedure �mÿm0� more times we obtain that

h�z� � cCpmDÿ��mÿm0�1� �
Xmÿm0

j�0
Dÿ�j

�
cDb�m0�j� � log��0�Dm0�j���; jzj � Dm0 :

When m tends to 1, we get

h�z� �
X1
j�0

Dÿ�j
�
cDb�m0�j� � log��0�Dm0�j���; jzj � Dm0 :

Condition (i) on � and the inequality b < � give us now that
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h�z� � c1Dbm0 ; jzj � Dm0 ;

and by the maximum principle,

jp�z�j � ec2�jzj
b�1�; z 2 C;

where c1 and c2 do not depend on p.
Therefore, if polynomials pk satisfy estimate (4), they cannot approximate

the function exp�ÿazk�. Theorem is proved.
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