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REAL INTERPOLATION OF COMPACT OPERATORS
BETWEEN QUASI-BANACH SPACES

FERNANDO COBOS" and LARS-ERIK PERSSON

Abstract.

Let (4, A1) and (By, B1) be couples of quasi-Banach spaces and let 7 be a linear operator. We
prove that if 7:4yp— By is compact and T :A4; — By is bounded, then
T : (Ao, A1)g, — (Bo, B1)g, is also compact.

Some results on the structure of minimal and maximal interpolation methods are also estab-
lished.

0. Introduction.

Assume that T is a linear operator such that 7 : L,) — L,, compactly and
T:L, — L, boundedly. Here 1 < p,,p1,91 < 00,1 <gp <oo.Let0< <1
and put 1/p=(1—-0)/po+6/p1, 1/q=(1—10)/q0+ 6/q:. In 1960, Krasno-
selskii [13] proved that under these assumptions 7" : L, — L, is also com-
pact.

Krasnoselskii’s theorem was motivated by certain compactness results for
integral operators established by Kantorovich (see [14], p. 118) and it led to
the study of interpolation properties of compact operators between abstract
Banach spaces. These investigations has been done during two very different
periods. A first one during the 60’s, simultaneous to the foundation of ab-
stract interpolation theory, and a second period developed during the last
decade, where modern interpolation techniques have been successfully used
to derive new compactness results.

Contributions on this subject are due to many authors. We refer to [8] and
[7] for a quite complete list of references and for historical remarks on the
development during the two periods. Some more recent results can be found
in the papers by Cobos [4], Cwikel and Kalton [9] and Mastylo [16].

Returning to Krasnoselskii’s theorem, Zabreiko and Pustylnik [20] (see
also [14], Thm. 3.11) proved in 1965 that the result is still true for the full
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rank of parameters, that is for 0 < ¢o,¢q; < co. Note that the last couple is
formed by quasi-Banach spaces when 0 < ¢o,¢; < 1. It arises then the ques-
tion if a similar result holds true for abstract quasi-Banach couples, not only
for L,-couples. Accordingly, we establish in this paper such a result.

We follow the approach developed in [8] and [7] (see also [5], [6]) based on
the description of the real interpolation method as a maximal and a minimal
interpolation method in the sense of Aronszajn-Gagliardo [1]. The main ob-
stacle is then to find a useful extension of maximal methods for quasi- Ba-
nach couples. The natural definitions based on scalar sequence spaces, give
nothing but the sum space when applying to a couple as (Ly, L, ) with
0 < g0, 1 < 1, because the spaces L,, have trivial dual.

We overcome this difficulty by giving a maximal description of the real
interpolation space in terms of vector valued sequence spaces involving the
couple into consideration. We have then a description for each quasi-Banach
couple, rather than a description for the real interpolation method. How-
ever, this will be sufficient for our purposes. Such a description is given in
Section 2, where we also derive the corresponding minimal characterization.

Working in the category of Banach couples, any maximal or minimal
method defined by sequence spaces satisfying certain mild conditions, can be
equivalently defined by vector valued sequence spaces as we show in Section
1. This result, that we think has independent interest, is based on the Hahn-
Banach theorem and applies not only to the real method, but also to the “+”
method (see [18], [10]) and Ovchinnikov’s ¢,-method [17].

In the final Section 3 we prove the announced interpolation theorem for
compact operators in the quasi-Banach case.

1. Maximal and minimal methods in Banach spaces.

Let us start by recalling the construction of the Aronszajn-Gagliardo max-
imal functor H[(By, B:); B](,-); for Banach spaces (see [1]; see also [12], [3]).

If 4= (Ay,A;) and B=(By,B;) are Banach couples, we write
T € #(A,B) to mean that T is a linear operator from Ay + A; into By + B
such that the restriction of T to each A; defines a bounded operator from A4;
into B; (j =0,1). We write

I1T1,5 = max{lITll4, 5}

We say that a Banach space 4 is an intermediate space with respect to the
couple A4 = (Ao, 4;) if the following continuous embeddings hold

A(A) = AgN A1 — A— Ay + A = B(A).

If, in addition to the above property, whenever T € (A, A) if follows that
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T : A — A is bounded, then 4 is called an interpolation space with respect to
the couple 4.

Let B = (By, B;) be a fixed Banach couple and let B be a fixed intermediate
space with respect to B. Given any Banach couple 4 = (4o, A1), the space
H(Ay, A1) = H[(Bo, B1); B](A4o, A41) is defined as the collection of all those
elements @ € %(4) such that Ta € B for all T € £(A4,B). The norm in
H{(Bo, B1); B](Ao, A1) is given by

lallz = sup{| Tallp - I T4 5 < 1}-

In order to give some important examples of maximal methods denote by
¢, (1 < g < o0) and ¢ the usual spaces of doubly infinite scalar sequences
and, given any positive sequence (w,), define ¢,(w,,) by

Ly(wm) = {&n) * (Wmém) € L}
We give a similar meaning to co(wp,)-

ExaMpPLE 1.1. Let 1 <g<oo and 0 <6 < 1. If B= ({y,l(27™)) and
B= éq(Z*(’”’), then the interpolation method generated by this choice is

H[(boo, oo (277)): £4(27")] (Ao, A1) = (Ao, A1)y,
the real interpolation method realized as a K-space (see [12]). Namely

o0

1/q
(1) (A07A1)9’q =4q4ac E(;I) : Ha”&,q = < Z (29mK(2m7a))l/q> < 00

where
K(2",a) = inf{laoll , + 2" rll  + @ = a0+, € Ay},
ExamPLE 1.2. If B = (¢1,4,(27™)) and B = ¢,(27%"), then we obtain
H[(6, 6(27™); 61(27"")](Ao, A1) = Hi (Ao, A1)
Ovchinnikov’s ¢,-method (see [12] or [17]).

Note that the sequence spaces X = ¢,(w,,) which arise in Examples 1.1 and
1.2 satisfy the following three conditions:

a) Sequences having only a finite number of coordinates different from
zero are contained in X.

b) ”(gm)H)( = Sgg”(-~~aOaOaffmffnJrla'~~7§n71a€n70707"')”)('

c) If |nwl §|é,1| for each meZ and (§,) € X, then (7,) € X and
[m)lly < 11(&n)llx-
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All sequence spaces that we consider in the rest of this section are sup-
posed to satisfy conditions a), b) and c).

Next we shall show that the behaviour of a maximal method on a couple
of sequence spaces can be shifted to couples of vector valued sequence
spaces.

Let 5 = (s0,s51) be any Banach couple of scalar sequence spaces over Z and
let s be any intermediate sequence space with respect to 5. Given any se-
quence of Banach spaces (F,,) with F,, # {0} for each m € Z, we put

s(Fi) = {(am) : am € F,, and ||(am)||s(F,,,) = || (llam

and we define so(F,,) and s;(F,) similarly. Assumptions a), b) and c) on
scalar sequence spaces guaranteee that the vector valued sequence spaces are
Banach spaces. It is also clear that

E(Fm) = (SO(Fm)7sl (Fm))

Fm) |s < OO}

is a Banach couple.
We are now ready to establish the announced result.

THEOREM 1.3. Let H[(By,B1); B|(.,.) be any maximal method and let
(s0,51), s and (F,,) be as above. If H(sy,s1) = s then

H(SO(FM)aSl (Fm)) = s(Fp)-

Proor. Take any (an) € H(so(Fn),s1(Fn)) and let T € Z((s0,s1),
(Bo, B1)) with || T||; 5 < 1. Using the Hahn-Banach theorem, for each m € Z
we can find f,, € F,, such that

m

Winllp, =1 and fou(am) = llanll,
Next consider the operator R € Z((so(Fyn),s1(Fn)), (Bo, B1)) defined by
R(xm) = T (fin(xm))-
It is easy to see that
IRlsr05 <1
Hence, according to the definition of the maximal method, we have that

R(am) = T(|lanf,) € B and

1T (llamll )5 = 1R(@m)l 5 < 11(@m) [ sy (51,505

Since this holds for any T € Z((so,51), (Bo, B1)) with |[T|;3 <1, we con-
clude that (||au||f,) € H(so,51) = s with
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[llamll g )5 = am) e,y < 1@l sy (£,).50 (5
This proves that
H (s0(Fn), 51(Fin)) = $(Fn)-
Conversely, let (a,) € s(F). Given any R € L ((so(Fn),51(Fn)), (Bo, B1))

T =R o am |-
llam|l,

(If for some m € Z is a,, = 0, then we replace ”%am by 0). The operator T

am HFm

belongs to Z((so,51),(Bo, B1)) and || T||; 3 < 1. It follows from

(”am”Fm) € s = H(s0,51)

that
T(lanlf,) = Rlanm) € B
and
[R(am)ll 5 < [[(lamllg, )y = [1(am)ll gz,
Consequently

(am) € H(so(Fn),s1(Fn)) and H(al‘”)||H(SO(F,”)751(F,,,) < ”(am)Hs(Fm)'
The proof is complete.

By using Theorem 1.3 we establish now a stability property of maximal
methods.

THEOREM 1.4. Let 5 = (s0,51) be a Banach couple of sequence spaces and let
s be an interpolation space with respect to (so,s1). Then, given any sequence of
Banach spaces (F,,) with F, # {0} for each m € Z, the interpolation functor
H{(s0,51);5](.,.) coincides with the maximal functor defined by the vector va-
lued couple (so(F,,),s1(Fy)) and the intermediate space s(Fy,).

In other words, for any Banach couple (A4, 41), we have that

H{(s0,51);5](Ao, A1) = H{[(s0(Fn),51(Fn)); s(Fn)l (Ao, 41).

Proor. Clearly
H((s0,51);5](s0,51) = s

because s is an interpolation space with respect to (sp, s1). Applying Theorem
1.3 we obtain that
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H{(s0,51); 5](50(Em), 51(Fn)) = 5(Ep)-

Since, by construction, H[(so(Fn),s1(Fn));s(Fn)](.,.) is the biggest inter-
polation method & satisfying that

y(SO(Fm%Sl (Fm)) — S(Fm)a
we conclude that
H{(s0,51);5](Ao, A1) — H[(s0(F), 51(Fm)); s(Fm)] (Ao, A1)

for any Banach couple (A4, 4;).

Conversely, let a € H[(so(Fn),s1(Fn));s(Fn)](Ao,41) and take any
T € £(A,5) with | T||;5 < 1. Then T can be written as Ta = (T,,a) for some
Ty € Z((Ao, 41), (K,K)). Here K stands for the scalar field. Choose any
Uy € Fp,uy, # 0, and let R be the vector valued operator defined by

T,
Ra = md Up |.
””m”Fm
The estimate

letm | s,
1Rally,r,) = H(Tm ||| T = [|Tall;, < llall4,
Unl|F,,

yields that R belongs to £ (A4,5(F,,)) with ||RHA s(ky < 1. It follows then that

Ra S S( 7”) and ||Ra|| < Ha”H m (Fm)):,s(Fm)](AOaAl)-
But
IRally,) = 1(Tma)lly = | Tall,-

Whence, since T € £(A4,5) was chosen arbitrarily, we get that
a € H[(so,51);5](Ao, A1) with

1l 10505051 0,1) < Nl a1 (B is(E] 0,1

Next we discuss the case of minimal methods, a construction which is
“dual” to the maximal methods.

Let again B = (By, By) be a fixed Banach couple and let B a fixed inter-
mediate space with respect to B . The Aronszajn-Gagliardo minimal functor
[1] defined by these spaces associates to each Banach couple 4 = (4g, 4;) the

space G(Ao, A1) = G[(By, B1); B](Aoy, A1) formed by all sums Z T,b, € $(A)

n=1
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where b, € B, T, € ¥(B,A) and Z | Tull5.4llball g < 0. We provide
n=1

G|(Bo, B1); B](Ag, A1) with the norm

o0 )
lallg = inf{z ITllpallbnllsia =" Tnbn}.
n=1 n=1

ExampLE 1.5. In (1) we introduced the real interpolation space (A07A1)9’q
by means of the K-functional. It can be equivalently defined by means of the
J-functional

J(t,a) = max{]|all 4,, tl|al] 4, }-

That is to say,

(2) (Ao, A1), :{a €EX(A):a= Z u,, (convergence in ¥(A4)) with
00 1/q
() C A(A) and ( Z (2_9’”J(2"’,um))q> <

see [2], [19]). Moreover, the norm of (A, Al)(,’q is equivalent to

00 1/a 0
lallgy = inf (Z (29’”J(2’",um))"> A=)

m=—0o0 -

(although we denote the two norms by the same letter, this will not cause
any confusion).

Regarded as a J-space (Ao, 4;)
with

0 if 1 <g<ooand0< @ <1, coincides

Gl(€r, 01(277));: 4427 (Ao, A1) (see [12]).

ExampPLE 1.6. Take again 0 <6 <1 and given any Banach couple

A= (A(),Al) put
(3) (g, A1)y ={a€X(A):a= Z w,, (convergence in ¥(A4))
m=—0o0
with (w,,) C A(A) satisfying that for every finite set £ C Z and every scalar
sequence & = (§,) with ||€]|, < 1 it holds
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Z gmz(jfﬁ)mwm

mek

<C (j=0,1)

A;

with C independent of E and ¢}.
The norm of (4y, A1), is given by

||a|<9>:inf{C:a: Z wm}.

This interpolation method was introduced by Gustavsson and Peetre [11]
and it admits the following minimal description

(Ao, A1)y = G[(co(2™), co(271™)); 0] (Ao, A1)
(see [12]).

Again the sequence spaces in Examples 1.5 and 1.6 satisfy conditions a),
b) and c¢). Next we show that minimal methods defined by sequence spaces
fulfiling such conditions also enjoy the stability property with respect to
vector valued sequences. We start with a result in the line of Theorem 1.3.

THEOREM 1.7. Let GI(By, B1); B](.,.) be any minimal method and let
5 = (80,51),s and (F,,) be as in Theorem 1.3. If G(sy,s1) = s then

G(so(Fn);s1(Fm)) = s(Fn)

PrROOF. Let (ay,) € s(F,,). Since any T € £ (B,s) is given by Tbh = (T,,b)
for some T, € %((By,B1),(K,K)), we can define an operator
R € Z((By, B1), (0(Fm),s1(Fn))) by the formula

Rb = Tnb ay |-
”amHFm

Clearly ||RHB,§(F,, <1if ||T||Bf < 1.

Take now any representatlon of ([lamllg,) in s=G(so,s51), say
( Z Tjb; with Z 1 Tjll 5 |15]| 5 < oo. Then (ay,) Z R;b; and
J=1 J=1 J=1

o0

> IRillzse, 1Bl <> 155 1515

J=1 J=1

Hence

S(Fm) = G(s0(Fin), 51(Fm))-
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Conversely, any operator R € #(B,5(F,,)) can be written as Rb = (R,,b)
for some R,, € L ((Bo, B1), (Fim, Fn)). Then, for any functionals f,, € F; with
[fmllg= = 1, the formula

Tx = (fi(Rmnx))

defines an operator from B into 5, and

I35 < IRz,

Take now any (am) € G(so(Fn),s1(Fp )) and any representation

(@m) Z R;b; with Z I Rill35F,) Ibjllp < oo. Find f,, € F,, such that
J=1 J=1
Jn(am) = llaml|f, and [[fullp. =1, and let T; € Z(B,5) be the operators ob-
tained from the R;’s composing with functionals (fm). Then

o0

(lamllz,) =D Tib;

J=1

and

Z 17135 [15ll5 < Z IRl 35¢5,) 1571l 5-

This shows that
G(s0(Fm),51(Fm)) = s(Fn)
and ends the proof.
We are now ready for the stability result in the minimal case.

THEOREM 1.8. Let 5 = (s¢,51) be a Banach couple of sequence spaces and let
s be an interpolation space with respect to s. Then, given any sequence of Ba-
nach spaces (F,,) with F,, # {0} for each m € Z and given any Banach couple
(Ao, A1), we have

G[(s0,51); 5](Ao, A1) = G[(s0(Fm),51(Fm)); S(Fm)] (Ao, A1)-

Proor. Using that s is an interpolation space with respect to 3, it is easy to
see that

G[(s0,51);](S0,81) = s
It follows then from Theorem 1.7 that
G[(s0,51)55](s0(Fm)s 51(Fm)) = $(Fm).
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On the other hand, the definition of G[(so(Fn),s1(Fn)); s(Fn)](.,.) yields that
it is the smallest interpolation method % such that

S(Fm) — f@o(Fm)aSl(Fm))'
Whence
Gl(50(Fn);51(Fn)); s(Fn) (Ao, A1) = Gl(s0,51); 5)(Ao, 41)

for any Banach couple 4 = (A4, 41).

To check the reverse embedding, assume that 7 € #(5,4) and
&= (&) € s, and put a = T¢. For each m € Z, choose a,, € F,, with a,, # 0.
Using the Hahn-Banach theorem, we can find f,, € F;;, with ||f,,|| =1 and
Sm(@am) = ||am||f, - Consider then the operator R defined by

D)

It is not hard to see that R € £ (5(F,), ) with

IRlsz,),2 < N7 ls a-

|E”1 |

lem]l

m

Moreover, for b = ( am> € s(F,,), we have Rb =T¢ = a.

Take now any a € GJ(so,51);5](A4o, A1). Given any representation

o0

a=>"Tg& of awith > [Tl &1, < oo,

J=1 J=1

let R; € Z(5(F,), A) be the operators associated to the 7}’s and let b; € s(F,,)
be the vectors corresponding to the &’s. We know that

Ribj = Tj§;.
Hence
a = Z ijj
=1
and since

> IRl 15l < D2 14 11
=1 =

we conclude that a € G[(so(F), s1(Fm)); $(Fn)](Ao, A1) with
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11l 6150 () 51 (Fo)yistEn ) Ao,tr) < Nl Giisg 50):51 0,1

The proof is complete.

2. Some remarks on the quasi-Banach case.

It is well-known that definitions (1) and (2) of the real interpolation space
(Ao, A1)y, make sense also if (4o, A1) is only a couple of quasi-Banach
spaces (see [2], [19]). The rank of the parameter ¢ can then be enlarged, al-
lowing any 0 < ¢ < co. The K- and the J-definitions are still equivalent, but
the functional |-, (defined by the K- or by the J-construction) is no
longer a norm, it is only a quasi-norm.

Next we study the possibility of a maximal description in the quasi-Ba-
nach case.

As a first idea, one might try to replace in Example 1.1 the spaces
[(o, £o(27™)); £,(27%™)] by some other quasi-Banach sequence spaces, say
[(wo, w1); w]. But as soon as functionals

Jizwp— K
(&m) = &
are continuous on w; (j = 0,1,k € Z), then
4) L ((Lpys Ly, ), (wo, wi)) = {0}
where 0<po,p1 <1 and L, = L,/([0,1]). Indeed, any

T € Z((Lpy: Lp,), (wo, w1)) can be written as Tf = (T,,/) with T, € L, N L, .
Since every continuous functional on L, vanishes identically, equality (4)
follows. Therefore

H{[(wo, w1); wl(Lpy, Lp,) = Ly, + Ly,

with
Wflly=0 forevery feL,+L,,

while
1 1—-6 @6
Ly, Ly),, =L, if -= +—.
(Lyp, pl)e,p p ” 7 ”

We can remedy in part this situation by passing to vector valued sequence
spaces. According to Theorem 1.4, in the category of Banach spaces it holds

(5 ~)9,q = H{[(loo(Fin); Loo(27" Fn)); fq(z_amFm)](-v y

where (F,,) is any sequence of Banach spaces. Our plan for the quasi-Banach
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case is to choose F,, depending on the quasi-Banach couple (Ay, 41) under
consideration. The resulting maximal desciption is then going to be different
for each couple. However this will be sufficient to establish the compactness
theorem.

DEFINITION 2.1. Given any quasi-Banach couple 4 = (4, 4;) we put
F, = (AO +A1,K(2m,.)), meZ,

and for 0 < § < 1,0 < g < oo we define Hy,(A4p,4;) as the collection of all
a€ Ao+ Ay such that Ta€{,(2°"F,) for every T € L((Ay, A1),
(loo(Fm), € (27™Fy)). We endow Hy4(Ao, A1) with the quasi-norm

allz,, = sup{l Tall,o-mp,) = 1Tz, (5, <13

Note that if ¢; is the constant in the triangle inequality of A4;, then
¢ = max{co, 1} is a constant for the triangle inequality of F,. Since ¢ does
not depend on m, it is not hard to check that vector valued sequence spaces
involved in Definition 2.1 are quasi-Banach spaces.

THEOREM 2.2. Let A = (Ao, A1) be a quasi-Banach couple, let 0 < 6 < 1 and
0 < g < oo Then

(Ao, A1)y, = Hyg(Ao, A1)
PROOF. Let T € L(A, 1 ( m)) with | T[|37 ) < 1. Then Tx = (T,,x) for
some T,, € L ((Ao, A1), (Fm, Fn)) such that
1T HAOF,,, Uoand ([Tl 2np, < 1.

Hence, given any a € (4o, 41),, and any decomposition a = ag +a; with
a; € A;, we obtain

1 Tmalls, < c([Tmaollg, + 1T,

m

£ < clllaollg, +2"ailg,)-

m

It follows that

| Tmallp, < cK(2",a) = cllalg,
and therefore Ta € £,(27"F,,) with
,mey = U Tmallg, g, om < cll(K(27,a))

In other words,

| Ta

270y = cllally,-

(A07A1)0,q — Hé,q(AO,A1)~

Conversely, the operator
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Ja=(..,a,a,a,..)
belongs to L ((Ao, A1), (bos(Fin), loc(27"Fn))) and | Il (5, < 1. Whence,
given any a € Hy ,(Ao, A1), we derive that a € (A07A1)97q with
lallgq = 1(KR™ a))llg,@-my = [Jallg,@-mp, < lallug,

The key of Theorem 2.2 is the characterization of (4o, 4;),, by means of
the K-functional. Using the equivalent definition with the J-functional, we
shall establish next a minimal description for (4o, 41),, in terms of vector
valued sequence spaces related to (4g, 4;).

Recall that a quasi-norm || - || is said to be a p-norm (0 < p < 1) if

lla+ 51" < llall” + (151,

Given any quasi-normed space (4, || - ||), the functional
n 1/]7 n
llall] = inf | D llgl” | a=) @ n=>1
=1 =1
defines a p-norm equivalent to || - ||. Here p is given by the equation (2¢)’ =2
where c is the constant in the triangle inequality of || - || (see, for example, [2],
Lemma 3.10.1).
Note also that if ||| is a p-norm then it is also an r-norm for any
0<r<p.

Consequently, without loss of generality we may and do work with p-Ba-
nach spaces.
Given any couple (A4, A1) of p-Banach spaces, we put,

G,,Z:(AoﬂAl,J(Z”,.)), meZ.

Clearly G,, is also a p-Banach space. It is not difficult to check that the vec-
tor valued sequence space £,(27%"G,,) is then a min(p, ¢)-Banach space. Since
the space (Ao, A1)y, realized as a J-space, is a quotient of 0,(279G,,) it
turns out that (4o, 41),, is a min(p, g)-Banach space as well. This property
will be useful for our latter computations.

DEFINITION 2.3. Let 0 < # < 1 and 0 < ¢ < co. Assume that 4 = (4o, 4;)
is a couple of p-Banach spaces (0 < p <1) and let G,, be as above. Put
r=min(p,q) and define Gy,q;r(A4o,A;) as the collection of all those
ac€X¥(A) which can be represented as a convergent series
a= Zjoil Tjvj in 2(;4) with vj € gq(276’11Gn1)> Tj € f((ﬁp(Gm), ép(zime))»
(A(),A])) and
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= 1/r
(Z I T3117, 6,4 ||Vj|2,,(29'”6,,,)> <00
=

This space becomes an r-Banach space endowed with the functional

o0 l/r o0
lallg,,, = inf (Z 117, G4 ”VJHZ,,(z“’“G,,,)) ra=y_ Ty
j=1 j=1

THEOREM 2.4. Let A = (Ao, A1) be a couple of p-Banach spaces, let
0<8<1,0<q<ooandwriter =min(p,q). Then

(Ao, A1)g, = Gog(Ao, A1).

00

ProOF. Let IT be the operator defined by II(u,,) = Z u,,. Since A is a

p-Banach space, we have m=-00
. 1/p o 1/p
(a4, < ( > Ilumlio> < ( > J<2"’,um>”> = |Gl 6,
m=—oo m=—o0
Similarly
L ()4, < Nl )l g2,
Thus
1T € Z((6,(Gm), £,(27"Gw)), (Ao, A1) and |17 G,y 12 < 1.

Given any a € (Ao, A1)y, and any J-representation a = Z u,, of a, it fol-
lows from m=-00

I (uy) = Z uy = a and HH||Z,,(G,,1),21 ||(”m)||zq(2*”me)

m=—oQ

00 1/q
< < Z (201n‘](2n1’um))q>

m=—00
that
a € Gogr(Ao, Ar) with [|al[g, < llally,-

Reciprocally, let a=7v  with v=(v,) €£(2°%G,) and
T € #(¢,(Gy),A). Write v,, for the vector valued sequence having all co-
ordinates equal to zero except for the mth one that is v,,. It is clear that

v, € AyN A; and
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J(27, Tvm) = max{ [ TVml| g 2" [TVl 4, | < 1 T1l7,(6,)allVmllg,,-

o0
Hence a = Z Tv,, is a J-representation of a with

m=—0Q

. 1/q
lallg, < ( > (2‘9’”J(2m7TVm))">

m=—o0

o 1/q
< ||T|/(G,,,),A< > vm G,,,)q>

m=—0o0

=Tl G.a IVlle,2-m6,).

o0
If a is now any element of Gy, (Ao, A1) and a = Z T;v; is an arbitrary
representation of a with Jj=1

0 1/r

r r
Z ||Tj||17,,(G,,,),;1 ||Vj||1zq(zfﬂmcm) < o0,
J=1

then using that (4o, 41),,, is r-normed and our previous estimate we derive
that

= 1/r
lallgy < (Z ||TjVj||§,q>
=1

o 1/r
< <Z 15117, (6.4 ||"./|Z(,(29"1Gm)> :
Jj=1

Consequently, a € (4o, 41),, and [lall,, < ||a\|G0W.
This completes the proof.

REMARK 2.5. In the Banach case definition of minimal interpolation
method sets the fixed spaces [(By, B;); B] as domains of operators. Then the
obstruction that we found at the beginning of this section does not arise now
when extending definition of minimal methods to quasi-Banach couples. In
fact, it is possible to give a minimal description for the real method in the
category of quasi-Banach spaces. Namely, if we take all G, equal to the
scalar field K in Definition 2.3, then Theorem 2.4 remains true (see [15],
Thm. 3.2).

REMARK 2.6. Gustavsson-Peetre method defined in (3) also makes sense
for quasi-Banach couples (see [10]). If (4o, 4;) is a couple of p-Banach
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spaces, it is easy to see that (A4g, 4;), is also a p-Banach space. In that case
(Ao, A1), admits the following minimal description

(Ao, A1)y = {“ =Y Ty Ty € ZL((«o(2™), 0(2°7™)), (4o, 41)),
7=

~ 1/p
v € U5 and (Z I, 4 |Vj|[/],m> <0
=

We skip details because the main idea of the proof is the same as in the Ba-
nach case (see [12], Thm. 5).

3. The compactness theorem.

In this section we establish the compactness theorem in the quasi-Banach
case.

Recall that a linear operator between quasi-Banach spaces is called com-
pact if it transforms each bounded set into a set whose closure is compact or,
equivalently, if it transforms each bounded sequence into a sequence having
a convergent subsequence.

Our arguments are based on properties of operators J and IT introduced
in Theorems 2.2 and 2.4.

THEOREM 3.1. Let A = (Ao, A1) and B = (By, By) be quasi-Banach couples
and let T : A — B such that

T:Ay— By compactly.
Then for any 0 < 0 < 1 and 0 < g < o0,
T : (Ao, A1)y, — (Bo. B)y,
is compact.

ProoF. Since any quasi-Banach space is p-Banach for some 0 < p < 1, we
may assume without loss of generality that the four spaces Ay, 41, By, By are
p-Banach for some 0 < p < 1. As we have seen in Theorem 2.4, the map
I(uy) = Z u, is then bounded acting from ¢,(2"G,) into 4; for
j=0,1. Here égain

Gy = (4doN A4y, J(27,)).

Moreover, when we endow (A(),Al)e’q with the quasi-norm defined by the J-
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functional, the map IT is surjective from £,(279"G,,) into (Ao, A1)y, and it
induces the quasi-norm of (4, 41)y . Thus
T : (Ao, A1)g, — (Bo, B1),,, is compact
if and only if
TIT: £,(27""G,,) — (Bo, B1)y,, is compact.

On the other hand, J(a) = (...,a,a,a,...) is bounded acting from B; into
lo(27/™F,,) for j = 0,1. We put as in Theorem 2.2

F, = (Bo + BI,K(2’", ))

If we consider now on (B, Bl)a.q the quasi-norm given by the K-functional,
then

J i (Bo, Bi)y, — £y(27""F)
is a metric injection. Hence a necessary and sufficient condition for
TII : £,(2""Gy) — (Bo, B1)y,
to be compact is that
T=JTI:¢,27"G,,) — £,(27"F,)

is compact.
So, we have the following diagram of bounded operators

I T J
ep(Gm) — Ay — By — Zoc(Fm)

0,(27G,) 5 A — By - 0,0 (27 F,,)

7 T J
éq(zieme) - (AOaAl)H,q - (BovBl)ﬁ,q - Eq(zingm)

and our task is to show that 7 = JTII is compact.

The advantage of working with 7" instead of T is that we can use certain
families of projections on the couples of vector valued sequences. Indeed,
write £,(G) = (¢,(Gn),£,(27™G,,)) and for each positive integer n € N con-
sider mappings Py, O, Q; € £ (0,(Gn),£,(G,,)) defined by

Py(up) = (-, 0,0, 0y, tt_pyiy ooy ty—1, Uy, 0,0, ..)

Q,T(um) = (, 0, 0, Up+1, Upt2, )

O, (up) = (- t—p_2,u_p_1,0,0,...).

These mappings satisfy the following four conditions:

(I) They are uniformly bounded in ¢,(G,,),
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SEE{HPnHzp(cm),e],(Gm)v 193 117, (6.2, (G (||Q;||zp(cm),z,,(cm>} =1;

(II) If I stands for the identity operator in X(¢,(G,,)), then
I=P,+Qf +0Q, foreach neN;
(IIT) For each n € N,

—(n+1 _
195 16, (Gt 271Gy = 2 ) =0, 6,27 Go) by (Go)

and

1Pllz, (G, 40 G < €2
(IV) If (uy) € £,(Gp) then
HQn_(um)”l,,(Gm) — 0 as n — oo,

while if (u,,) € £,(27"G,,) then
10, ()

Properties (I), (IT) and (III) are direct consequence of definitions of pro-
jections P,, O, O, . Property (IV) follows from (II), (I) and the fact that se-
quences having only a finite number of coordinates different from 0 are
dense in £,(G,,) (resp. in £,(277"'Gy,)).

The same families of mappings can be defined on the couple
loo(Fp) = (bso(Fn), oo (27™F,,)). Call them R,, St,S, . They satisfy the cor-
responding versions of (I), (II) and (III). Furthermore, the argument pointed
out for proving (IV) yields that

(IV’) If (v,,) belongs to the closure of A({y(F,)) in £o(Fy,) then

0,(27G,,) — 0 as n — oo.

HS;(Vm)”/gx(Fm) —0asn— oo.
On the other hand,
||S;1L(vm)||gx(2—mpm) —0asn— o

provided that (v,,) belongs to the closure of A({s(Fy)) in oo (27" Fy).
We shall also need the following interpolation results

(5) (ep(Gm)a Zp(27m GM))e,q =4 (zieme)

(6) (Coa(F), 62" )y = L2 E).

We only prove the embedding
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(7) 627" G) = (£y(Gim), (27" Gim))g,

because the rest of the proof of (5) and (6) can be carried out by doing minor
modifications in the arguments of [5], Lemma 2.1.

Take any u = (uy) € £,(27""G,,) and let w,, be the sequence having all
coordinates equal to zero except for the mth one which is u,,. Since

J(2m7 Wm) = maX{HWm”Kﬂ(G,,,)’ 2m||wm||(p(2—me)} = ||umHGma

we see that

u= Z wn  (convergence in X(£,(Gp)))

m=—oQ

with w,, € A(£,(G,,)) and

00 1/q
—0,
ulle,(G,).8 277G,y = ( > @ ’”J(Z’”vwm))">

m=—00

00 1/q
< ( Z (29m|”m||c;,,,)q> = ||u||éq(2*9”’G,,,).

m=—00

This establishes (7).

We are now in a position to use the approach developed in [7], Thm. 1.3,
to show the compactness of 7.

Using (II) we have

T=T(P+Q +0,)=TP,+TQ + (R, + S +5,)TQ,
=TP,+ R, TQ, +S,;TQ;, +SITQ, +TQ;.
Our plan is to check that 7P, and R, TQ; are compact and then that the

remaining three operators have norms converging to 0 as n — oo.
For TP, we have the following diagram

~

T
b Al(Gy) —— L,(Fy)

n
£, (276mG )
P, -
- T -
6,(277G,) —— £, (27"F,)

where TP, : &1(2*9’”Gm) — U (Fp) is compact. Therefore we can apply
Lions- Peetre compactness theorem (see [2], Thm. 3.8.1) to derive that
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TPy : £y(27""Gp) = (boo(Fn) Lo (27" Fn))gy = Lg(27"" Fy)

is compact. Here we have used (6) to identify the interpolation space.

Note that the Lions-Peetre theorem as stated in [2] refers to Banach cou-
ples, but it is not difficult to adapt the proof for the present quasi- Banach
case.

For the operator R,TQ; the relevant diagram is

with R,TQ; : £,(G,) — £,(27""F,,) compactly. Whence, another application
of the Lions-Peetre theorem and formula (5) yield that

R, TQ, : £,(27G,) — £,27"F,)

is also compact.
We pass now to show that the norm of

S TQ, : 0,(27"™G,,) — £,27"F,)

tends to 0 as n — oo.
It follows from formulae (5) and (6), and estimate for the norm of an in-
terpolated operator by the real method that
15, 70, 1l 2 "'11(;",)4(,(2 ”E,)
<C|s, 10,
<C|s, 10,

£( Gm o ( ||S TQ ||z 27MGy) oo (27 F)

q Gm ) (Fm> || ||Zq<27’" Gm)-,()c (27’”Fn1)

where we have used (I) to get the last inequality. So, it suffices to check that

(8)

Take any € >0 and let U be the closed unit ball of ¢,(G,). Since
T:E,,(Gm) — U (Fyn) 1s compact, we can find vectors wy,...,w, in £,(G,)
having only a finite number of coordinates different from zero and such that
forany u € U

(Gu) o (Fy) — 0 @S 11— 00,

1
min (|| 7w — Twjll, )} < (&/2)"".

1<i<r

Vectors 7wy, ..., Tw, belong to A(ly(F,,)). According to (IV’), there exists
N € N such that for any n > N

1S, Twill,.(r,) < (e/2)7 forj=1,...r
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Take next v € U and n > N. Using that ¢, (F,,) is p-Banach, we get that

||S;TQ;V||Z(F,”) < IS, TQ;V S, TWJHP )T IS, TW/”P

< ||Tu—TwJ||” —|—6”/2
Here u = Q; v which belongs also to U by (I). The choice of j so that
||TufTw]||p <2
now implies that
1S, T, ., < €foranyn>N

and establishes (8).
It remains to check that the norms of S;"7Q, and TQ; converge to 0 as
n — oo. For this we can use the same argument as in [7], Thm. 1.3.
Factorization
S'TQ”
_ n n -m
2, (27"G,) L (27"F)

Q ] S
T
£,(Gy)—— L_(F,)

=]

gives that

1S, TQ ||4/ (2MGp) e (2™ Fy) <27 ”T”é (Gm) s ( 2 — 0 asn— oo.

m

Therefore
: A _
Yim (S, 7O, e, 2-m6,).,(2-0mE,) = O-
For the remaining operator 7' O we have that
: 5 )+ _
9) T 170, 0. ) = O

Let us establish this fact proceeding by contradiction. If (9) does not hold
then there is A > 0, a subsequence (n;) and vectors u,, in the closed unit ball
of ¢,(G,,) such that

m

Jim (70wl ) =
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According to (I), the sequence (O uy,) is bounded in ¢,(G,). Hence, com-

pactness of T : €,(G,,) — {x(Fy,) implies, passing to another subsequence if

necessary, that (TQ;Zunz) converges to some w in {y(Fy,). So

IWlle.(,) =A>0. On the other hand, (7Q, us,) is a null sequence in

oo (27" F,,) because, due to (IIT), the sequence (Q; u,,) converges to zero in

£,(27G,,). By compatibility we conclude that w = 0 contradicting w # 0.
The fact that

170,

follows now from (9).
The proof is complete.

£,(27G,,),6,(2-0F,,) —0asn— o

Since Lorentz function spaces L,, arise by real interpolation between L,
spaces, namely (see [2], [3] or [19])
1 1-6

0
L,,L =L,, for —= + — and ,
( ‘PO P|)9,q P-4 p Do P Do 7&]71

as a direct consequence of Theorem 3.1 we have the following complement
of the result by Zabreiko and Pustylnik [20].

COROLLARY 3.2. Let (U, u) and (V,v) be o-finite measure spaces, with u, v
being positive measures. Assume that 1 < py # p1 < 00, 0 < gy # q1 < 0o and
let T be a linear operator such that

T:L,(U,du) — Ly (V,dv) compactly
and
T:L,(U,du) — Ly (V,dv) boundedly.

If 0<0<1, O0<r<oo, l/p=(1-6)/po+0/p1 and 1/q=(1-10)/
qo+6/q1, then

T:L,(U,dy)— Ly (V,dv)
is also compact.
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