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ENDOMORPHISMS OF THE ALGEBRA OF
ABSOLUTELY CONTINUOUS FUNCTIONS AND OF
ALGEBRAS OF ANALYTIC FUNCTIONS

THOMAS VILS PEDERSEN

Abstract.

Let /% be the algebra of absolutely continuous functions on the unit circle T. The main result
of this paper is that a function 7 € /% with 7(T) C T induces an endomorphism of .«/% by
f—for (f € /%) if and only if

&;1611[_) #(0(7'_1(1))) < oo

(where 0X denotes the topological boundary of X and #X the number of elements in X). We
also discuss endomorphisms of the algebra .«/%" = /% N ./(A) (where /(4) is the disc alge-
bra) and of Lipschitz algebras on the closed unit disc A.

1. Introduction.

Let % be a unital, semisimple, commutative Banach algebra considered as an
algebra of functions on its character space X. Suppose that X is a connected
subset of C and that the function « : z — z belongs to % (so that % contains
the polynomials). Let ¥ be a non-zero (necessarily continuous) endomorph-
ism of #. For x € X, the map

S=P(x), fes

is a character on 4. (The map is non-zero, since ¥(1) = 1.) It follows that
there exists 7(x) € X such that ¥(f)(x) = f(7(x)) for f € %. Hence

U(f)=for for f € 4,

so the endomorphism is given by a change of variable. Also, 7 = ¥(a) € 4.
Conversely, if 7(X) C X and for e % for every f €% (in particular,
T € %), then W.(f) =f o7 (f € #) defines an endomorphism of #. In this
case we say that 7 defines an endomorphism of 2. 1t is interesting to note that
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the algebraic problem of determining the endomorphisms of 4 has thus been
turned into the analytic problem of characterizing those functions 7 € %
with 7(X) C X for which all the composite functions f o 7 (f € #) belong to
#. 1t also follows that the automorphisms of % correspond to those
homeomorphisms 7 of X for which 7 and 7~! both define endomorphisms of
AB.

For the algebra C(X) of all continuous functions on X, we see that every
7 € C(X) with 7(X) C X defines an endomorphism of C(X). For other al-
gebras this need not be the case. A notable example of this is the Wiener al-
gebra .o/ of absolutely convergent Fourier series on the unit circle T. Beur-
ling and Helson ([1] or [4, p.86]) proved that every endomorphism of .o/
corresponds to a linear change of variable, that is, if ¥ is an endomorphism
of o7, then

r(0) =kO+06, 0T

for some k € Z and 6y € T (identifying T with [0, 27]). Conversely, every such
function 7 defines an endomorphism of .Z. Note, in particular, that the au-
tomorphisms of .o7 correspond to k = +1. These results were generalized to
the Beurling algebras by Leblanc ([6]).

The endomorphisms of Lipschitz algebras on T were characterized by
Sherbert. Let 0 <y <1 and let A, be the Lipschitz algebra of functions f on
T satisfying

l’ —
p(f) = SUP{W ttseT, l#s} < o0.
(We use the symbol | - | to denote the Euclidean distance on C as well as the
usual metric on T.) Equipped with the norm

s, =Wl +22(1)s S Ay,

A, becomes a Banach algebra with character space T. Sherbert ([9,
Theorem 5.1]) proved that a function 7: T — T defines an endomorphism of
A, if and only if 7 € A;. Furthermore, for 0 < v < 1, we let A, be the closed
subalgebra of A, of functions f/ on T satisfying |f(z) —f(s)| = o(]t — s|")
uniformly as | — s| — 0. Sherbert’s proof can easily be modified to show that
the condition 7 € A; also is necessary and sufficient for 7 to define an en-
domorphism of A,.

In this paper we shall describe the endomorphisms of two other Banach
algebras of functions on T. The algebras that we shall consider are the alge-
bra of continuous functions of bounded variation and its closed subalgebra
of absolutely continuous functions. For each of these algebras and for the
Lipschitz algebras, we also consider the closed subalgebra of functions that
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extend continuously to analytic functions on the open unit disc, and discuss
the endomorphisms of these subalgebras.

2. Endomorphisms of the algebra of absolutely continuous functions.

Let 47" be the Banach algebra of continuous functions of bounded variation
on T equipped with the norm

flls- = Nl + Var(f),

where Var(f) is the total variation of f € #7 . It is well known that the al-
gebra .o/% of absolutely continuous functions on T is a closed subalgebra of
%" with Var(f) = [ |f'(1)| dt for f € «/%. Also, a result of Banach (see [3,
Theorem 18.25]) states that a real-valued continuous function on T is abso-
lutely continuous if and only if it is of bounded variation and maps sets of
measure zero to sets of measure zero. The character space of 47 and /% is
easily seen to be T. (For more information about #7" and /%, see, for ex-
ample, [3].)

In general, it does not seem to be known exactly when the composite of
two absolutely continuous functions is absolutely continuous. For a function
f:T— C,itis not hard to see ([3, Exercise 18.38]) that f o 7 € .&/% for every
T € /% with 7(T) C T if and only if f € A;. To describe the endomorphisms
of /%, we need to solve the somehow converse problem of finding those
functions 7 : T — T for which f o 7 € /% for every f € o&/%. In the following
characterization of such functions 7, we need the so-called Banach indicatrix
(see [3, Exercise 17.34]). Let g: T — R be a continuous function and define
the Banach indicatrix B, by

B,(y) =#(¢'(»), »yeR,

where #X denotes the number of elements in X (with the convention that
#X = oo when X is infinite). Then B, is measurable and

WWhA%@W
so g is of bounded variation if and only if B, is integrable. Similarly when g
maps into T.
THEOREM 2.1. Let 7 € /% with 7(T) C T. Then T defines an endomorphism
of A€ if and only if

sup #(B(T_l(t))) < 00

teT

(where 0X is the topological boundary of X).
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PrROOF. Let N(7) = sup,cr #(9(771(¢))). First, suppose that N(7) < oo.
Since the interior of 77!(¢) is non-empty for at most countably many values
t € T, we deduce that B,(¢f) < N(7) for all but countably many values 7 € T.
Let f € o/%. By separating into real and imaginary parts, we may assume
that f is real-valued. For y € R, we have

Fon)' = UJ '@

tef~1(»)
Hence

Bror(y) < N(7) Br(y)

for all but countably many values y, so we deduce that f o7 € #7 . Since
f o1 maps sets of measure zero to sets of measure zero, it follows that
foT e o/%. Hence T defines an endomorphism of .«/%.

Conversely, suppose that 7 defines an endomorphism of /% and let
to € T. Suppose that there are 2n — 1 distinct points in (77! (#)). Then there
exists 0y,...,0, € 77 1(tg) with 0<6; <6, <...<80,<2m such that, for
k=1,...,n, there exists px € (0k, Ox+1) such that 7(px) # to (with 6,11 = 0y).
For v > 0, let (1) = |t — ty|” for |t —ty| < m. Then f, € /% and ||f,| ¢ is
bounded as v — 0. Also,

Var(fy o) 2 375 (fy 0 1) (Oks1) = (fy 0 T) (o) | + [ (f 0 7) (k) — (f © 7)(0%) |
=2 |r(pr) — to|" — 2n as vy — 0.

k=1

On the other hand, since 7 defines an endomorphism of .&/%, it follows that
Var(f, o 7) is bounded as v — 0, and this proves the result.

In many ways it is more natural to consider the algebra .«#%([0, 1]) of ab-
solutely continuous functions on the unit interval [0, 1] rather than «/%. We
have chosen to focus our presentation on the latter, since it provides the link
to the algebra ../ = /% N .o/(A) (see Section 3). However, the previous
result (as well as the rest of the section) of course also holds for .«Z%(]0, 1]).
Furthermore, it is easily seen that the proof of the above result also applies

to the algebra 47, so we obtain the following result.

THEOREM 2.2. Let 7 € #Y" with T7(T) C T. Then T defines an endomorphism
of B if and only if

sup #(0(77'(1))) < occ.

teT

For the automorphisms, we immediately obtain the following two cor-
ollaries.
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COROLLARY 2.3. Let T € A€ be a homeomorphism of T. Then the following
conditions are equivalent.

(a) T defines an automorphism of /€.

(b) 7 € 4E.

(c) 7 maps sets of positive measure to sets of positive measure.

COROLLARY 2.4. Every homeomorphism of T defines an automorphism of
BY.

We shall now show that there exists an absolutely continuous home-
omorphism 7 of T for which 7! is not absolutely continuous, so that the
condition 77! € .&/% in Corollary 2.3 is not superfluous.

Recall the definition of a perfect symmetric set on T from [5, Chapitre I].
Let £ = (&) be a sequence with 0 < §, < % for n € N. First, we remove an
open interval V7 of length 27(1 — 2&;) from the middle of T (identifying T
with [0, 27]). In the nth step, from the middle of each of the remaining 2"~!
closed intervals, we remove an open interval V (k=1,...,2""!) of length
27&y - - &1 (1 = 2€,), so that 2" closed intervals each of length 27¢&; - - - €, re-
main. Let

2:1—1
V,,:LJVn;< forne N
k=1

and

Ec=T\|JVa

Then E¢ is a perfect closed set with empty interior and

Ee = {ZZwsnflufn_](l —&):e,=00rlforne N}.
n=1

Also,
m(E¢) = lim 27 -2"&; -+ - &,.

= n—o00
Note that the Cantor set on T corresponds to &, = % for n € N.

The idea in the following proof is simply to choose sequences £ and A such
that m(E¢) =0 and m(E,) >0, and construct an absolutely continuous
homeomorphism 7 of T such that 7(E)) = E¢. Geometrically, it is quite ob-
vious that such a homeomorphism 7 can be constructed by letting 7 be linear
on each component of the complement of E). The proof is a formalization of
this idea.
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EXAMPLE 2.5. There exists an absolutely continuous homeomorphism T of T
or which 7= is not absolutely continuous.
y

ProOF. Choose sequences £ and A such that m(E¢) =0 and m(E)) > 0.
Denote the open sets corresponding to E resp. E, by Vy resp.
Wu (n€ N, k=1,...,2""1). For N € N, let 7y be the increasing bijection of
T which is linear on each W, w1th7'N( W) =Vu for n=1,... N and
k=1,...,2""! and is linear on each of the contiguous intervals. Then
TN41 = Ty On Ufl\;l W,, and it is easily seen that (7y) is a Cauchy sequence in
C(T). With

7= lim T
Neoo N>

we then have 7(W,;) = Vi for n € N and k = 1,...,2"!. In particular, 7 is
a homeomorphism of T and

which shows that 7~ is not absolutely continuous. Now let F C T be of

measure  Zero. For neN and k=1,...,27!',  we have
m(T(F) N V) = m(m(F N Wy)) =0, because 7 is linear on W,;. Hence

m( \Eg) Zm YN V) =0.

Also, 7(F) N E¢ is of measure zero, since E¢ is, so we deduce that 7(F) is of
measure zero. Consequently 7 is absolutely continuous, and that finishes the
proof.

3. Endomorphisms of Banach algebras of analytic functions.

Let 4 be a unital, semisimple, commutative Banach algebra with character
space T and let

T ={feB:f(n) =0 forn <0},

where f(n) = (1/2n) [;f(e’) e ™ df (n € Z) are the Fourier coefficients of /.
Then £ is a closed subalgebra of 4. Also, every function f € 4" extends to
a function (also denoted by f) which is analytic on the open unit disc A and
continuous on A. Consequently,

Bt =B AA),

where .o/ (A) is the disc algebra. Under very general conditions, the character
space, ®4+, of #* is A. By the spectral radius formula applied to # and 4™,
we have
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sup{|e(f)| : p € Pyt } =sup{|f(z)|: z € T} for f € #+.

Given ¢ € @4+, we thus have |o(f)| <|/f|, for f € #". Hence, if Z" is
uniformly dense in .«Z(A) (for example, if #* contains the polynomials),

then ¢ extends by continuity to a character on .7(A). Therefore

o(f)=/(z) forfeR"

for some z € A, so it follows that the character space of #* is A.

Under these circumstances, the endomorphisms of #* correspond to those
functions 7 € #* with 7(A) C A for which f o7 € #* for every f € #". It
thus follows from the Riesz functional calculus that every function 7 € £
with 7(A) C A (that is, with ||7||, < 1) defines an endomorphism of ™.

Furthermore, if 7 € ./(A) is a homeomorphism of A, then 7 = A7, for
some A € T and ¢ € A, where

z—a

Ta(z)zl—az forze A ac A

([8, Theorem 12.6]). It follows that the automorphisms of #™ correspond to
those functions A7, for which A7, and A~'7_, both define endomorphisms of
B

The above applies, in particular, to the algebras .o/*, A7 (0 <y < 1) and
/6. It is easily seen that 7 € .o/ defines an endomorphism of .«&/" if and
only if {||7"||.,+ : n € N} is bounded. It does not seem to be known whether
this condition can be characterized in terms of intrinsic properties of the
function 7, although Newman ([7]) obtained partial results. However, it fol-
lows from the Beurling-Helson result mentioned in the introduction that the
automorphisms of /1 correspond to A1y = Ao with X € T, that is, to rota-
tions of the disc ([4, p.143]). This result easily generalizes to the Beurling
algebras.

We first turn our attention to endomorphisms of the algebras
Aj (0 < v <1). A theorem of Hardy and Littlewood (see [2, Theorem 5.1])
implies that an analytic function f on A belongs to Af/r if and only if

q,(f) = suplf’(2)|(1 — |2))'7 < o0,
zeA
and that

Fllas =l + 2,0, f €47,

defines an equivalent norm on Aj. Using this, it follows easily that A7, de-
fines an automorphism of Aj for every €T and a€ A and that
1@z, |l ~ (1 —1a])™" as |a| — 1.
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For general endomorphisms of /17+ (0 <y <1), the situation is more
complex. First, we shall give a characterization of the functions defining en-
domorphisms of Aj which reflects the Hardy and Littlewood characteriza-
tion of A

THEOREM 3.1. Let 0 <y <1landlet T € Aj with 7(A) C A. Then T defines
an endomorphism of Aj if and only if

el (fr )1"’<
sup|7 (Z e — 0.
ven = [r(z)]

PrOOF. Suppose  C = sup{|7(z)| (1 — |z])/(1 = |7(z)]))" " : 2 € A} < 0
and let f € A7. Then

o) (@)1= 12D = | (7(z — D"z i o
(@I = D' = el - D el ()
< Cq,(f) for z € A.

Hence f o7 € A7, so 7 defines an endomorphism of A7.

Conversely, suppose that 7 defines an endomorphism of Ai with norm c.
Let z € A and write 7(z) = re” with r > 0 and 6 € R. Let f = (1 — e ?a)”.
Then fe Al with |f|l;s <3. Furthermore, (fo7)(z) = —ye
(1 —r)""'7(z), so we deduce that

— 1zl \'7 c

and the result follows.

For 0 <~ < 1, it is well known that the algebra /\j is generated by the
polynomials. Hence, if 7€ AT defines an endomorphism of A:,, then
poT €A for every polynomial p and thus f o7 € A for every f € AT, so 7
defines an endomorphism of AT. Conversely, if 7 defines an endomorphism
of /\j/“, then by considering the functions (1 — e‘“’a)‘g for B > v and letting
8 — =, we deduce as in the above proof that 7 satisfies the condition in the
theorem. Consequently, this condition also characterizes the endomorphisms
of AT

In the light of Sherbert’s result mentioned in the introduction, we would
be more interested in a characterization of the endomorphisms of Aj, in
terms of Lipschitz conditions. As remarked earlier, if 7 € Aj and 7(4) C A,
then 7 defines an endomorphism of /1;’. Also, by Sherbert’s result, if 7 € A
with 7(A) C A, then 7 defines an endomorphism of Aj,. These facts suggest
that 7 € Aj defines an endomorphism of Aj, if and only if 7, in some sense,
satisfies a Lipschitz condition of order 1 close to the set where |7(z)| = I.
This idea is pursued in the following result.
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PROPOSITION 3.2. Let 0 <~y <1. Let 7€ AT with 7(A)C A and let
E={zeT:|r(z)|=1}.
(1) Suppose that there exists an open neighbourhood U C T of E such that

sw{r@%—ﬂﬂ)

0—p
Then T defines an endomorphism of A?.
(i1) Suppose that T defines an endomorphism of /Lf. Then

SW{TW%—ﬂﬂ)

0—p
Proor. (i) The set U is a union of open intervals (or open arcs to be more
precise) and finitely many of these cover E. Also, if necessary, by considering
smaller intervals, we may assume that |7(e”)—7(e?)| < C|0— p| for
¢, ¢ € U for some constant C, where U = [J\_, U, is a finite union of open
intervals in T with £ C U. Let f € A7. For ¢, ¢ € U, we have

[(fom)(e”) = (for)(e”)] < Ifll4,C710 — pl™.
Let R=sup{|r(z)|:z€ T\ U} <1 and let ¢ ¢ € T\ U. Then the line
segment from T(éie) to 7(e) lies in {w : |w| < R}, so

|(fom)(e”) = (f o m)(e”)] < sup{lf'(w)| : [w] < RY||7][ |0 — pl"-

Finally, let ¢’ € U and ¢ € T\ U. We may assume that 0 < p < 6 <27
with @ — p < m. Choose ¢ € QU with p <t < 6. Then

e e e U, e £ e”’} < 0.

e’ e E P eT, eie#ei”} < 0.

|(f o7)(€") = (f o) (@) < CU0— 1" + |t = p|") < 2C10 — p|"

for some constant C. We thus conclude that fore /11', so 7 defines an en-
domorphism of A7

(i) Let ¢ € E. As mentioned in the proof of the previous theorem, the
function f = (1 — 7(e) ' @) belongs to A7 with [[f]| .+ < 3. Hence there ex-
ists a constant ¢ such that J

’T( ér | = |(fOT —(for)(e "’)| <clf—p|” for ¢” €T,
and the result follows.

We now give an example showing that the Lipschitz condition in (ii) in the
previous proposition is not sufficient to ensure that a function 7 defines an
endomorphism of A?. We do not know whether 7 necessarily satisfies the
condition in (i), when 7 defines an endomorphism of Aj,.

ExAMPLE 3.3. Let 0 <y < 1. There exists T € /Lf with 7(1) =1, |7(2)| < 1
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forz € A\ {1} and |1 — 7(z)| = O(|1 — z|) as z — 1 in A which does not define
an endomorphism of A .

Proor. Let S be the singular, inner function defined by

1+z

S(z) —exp<—1_z>, ze A\ {1}

(For ¢ > 0, we could use 7 instead.) Since S’ = —2(1 — a)fzS, it follows that
h=1+i1-a)"'se Al

Also, h(z) # 0 for z € A and |h(e®)] < 1 +27"(sin (|0]/2))""" for |0] < 7. Let
k(6) = (sin (6]/2))"™" for |6] < 7, and let

0
G(z) = % /T ¢ 2 10)do

et — z
and F(z) = exp(G(z)) for z € A. Since Re G is the Poisson integral of k, we
deduce that |F(e?)| = exp(k(f)) for |6] < m. If necessary, by multiplying F
with a constant of modulus 1, we may assume that F(1) = 1. Since k' € A, it
follows from [10, Theorem I11.13.27] that G’ € Ai. In particular, G € A and
thus F € A]. Now let

h
T=—.

F
Then 7 € AT with 7(1) = 1 and |7(z)| < 1 for z € A\ {1}. Furthermore,
11— r(2)| < |1 = h()| + [FOIIF(Z) = 1] = Ol —2)  asz— 1in A,
Finally, we have

_ S D -a)'S hF
F(1—a)'™ F F2’

and the last two terms are bounded, so 1/7/(z) = O(|1 —z|' ") as z — 1 in A.
Since ((1—-7)") =—y(1—7)""' and since 7(1)=1, it follows that
1/(1=7)Y =o0(1—2z"") as z— 1 in A. Hence (1—7)"=(1—-a)’ o
T ¢ A, so 7 does not define an endomorphism of 4.

Finally, we shall discuss endomorphisms of the algebra .«/%*. Privalov
(see [2, Theorem 3.11]) gave a useful characterization of ./ " by showing
that an analytic function f on A belongs to /%™ if and only if /' € #!,
where ! is the Hardy space of analytic functions f on A satisfying
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1 .
1L = sup- [ 1f(re")| b < o
r<1 2T J1

Also, it follows from [10, Theorem VII.8.2] that ¥ " = /%"

We first mention that the proof of Theorem 2.1 shows that every A7, with
A €T and a € A defines an isometric automorphism of ../ . Also, we have
already mentioned that if 7 € /4" with 7(A) C A, then 7 defines an en-
domorphism of .&/%". We shall now prove an analogue of Proposition 3.2

for A €.

PROPOSITION 3.4. Let 7€ /6" with 7(A)C A and let E={z€cT:
|7(z)| = 1}. Suppose that there exists an open neighbourhood U C A of E such
that 7' is bounded on U\ T (for example, if T € A]). Then T defines an en-
domorphism of A€ .

PrOOF. Let f € /%" and let R = sup{|7(z)| : z€ A\ U} < 1. Then
|(f o) (2)| < sup{lf'(w)| : [w| < R}|7'(z)]  forze A\ U.
Also,
(f o) (2)] <sup{|7(2)] : z€ U\T}|'(r(2))]  forze U\T,

and /" o1 € #"' by [2, Corollary, p.29]. We thus deduce that (f o7)" € #".
Hence f o 7 € .o&/%™", which proves the result.

This result should be contrasted with the fact that there exists
T € A (C /%) with 7(T) C T such that 7 does not define an endomorphism
of .o/% (this follows from Theorem 2.1). We shall now see that the sufficient
condition 7 € A} in the previous proposition cannot be relaxed to 7 € Ai for
some v < 1.

EXAMPLE 3.5. Let 0 <~ < 1. There exists 7€ A7 N.oAC" with 7(1) =
1, |7(z)| < 1 for z€ A\ {1} and |1 —7(2)| = O(|1 —z|) as z — 1 in A which
does not define an endomorphism of A €™.

PrOOF. Let 7 be as in Example 3.3. Then 7 € /%", so we only have to
prove that 7 does not define an endomorphism of .&/%". Let
f=(0-a)""7 e.%*. Then

(" on)E@) = (=1 = ()7 > el 27

for z € A\ {1} for some constant ¢; > 0. Since 1/7'(z) = O(|]1 — z|177) as
z — 1in A, it follows that

((for) ()] = eall 2!
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in
.

(1

T

a neighbourhood of z = 1 for some constant ¢, > 0. Hence f o 7 ¢ /%, so
does not define an endomorphism of /€.

By applying the method used in the proof of Theorem 2.1 to the functions
—Xa)” (AeT,y>0), it can be seen that, if a non-constant function
€ /%" with 7(A) C A defines an endomorphism of /%", then

sup.ct #(77!(2)) < oo. Unfortunately, we do not know whether there exists

a

function 7 which does not satisfy this condition, but it follows from

Proposition 3.4 that the condition holds when 7 € A} .
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