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ON THE CONVOLUTION BANACH ALGEBRA l1�0; 1�:

YNGVE DOMAR

0. In part 1 of this paper it is shown that the convolution Banach algebra
l1�Q1� � l1��0; 1� \Q� contains an element g such that the linear span of the
convolution powers of g is dense in l1�Q1�. This is then used to ¢nd a Hilbert
space operator with a particularly interesting invariant subspace structure.
The function go; de¢ned as g on Q1, and as 0 on �0; 1� nQ1, generates a dense
ideal in the convolution Banach algebra l1�0; 1�. In part 2, a family of ele-
ments of l1�0; 1� with this property is obtained by a di¡erent and more gen-
eral method.

1. For any set E and any p; 1 � p <1; lp�E� denotes the Banach space of
complex-valued functions f on E with

kf kp �
X
x2E
jf �x�jp <1:

In [1, Problem 2'], K. R. Davidson raised the question, whether there is a
bounded linear operator on l2�Q� , for which the family of non-trivial in-
variant subspaces consists of all subspaces which are either of the form

ff 2 l2�Q�; supp f � �ÿ1; t�g; t 2 R;

or of the form

ff 2 l2�Q�; supp f � �ÿ1; t�g t 2 Q:

Due to the existence of an order-reversing bijection F of Q onto
Q1 � Q \ �0; 1�; for instance

x 7! ÿx
2�1� jxj� �

1
2
; x 2 Q;
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his question is answered in the a¤rmative by the following theorem.

Theorem 1. There is an element g 2 l1�Q1� such that convolution with g is
an operator on l2�Q1�; for which the family of non-trivial invariant subspaces
consists of all subspaces which are either of the form

ff 2 l2�Q1�; supp f � �t; 1�g; t 2 �0; 1�;�1�
or of the form

ff 2 l2�Q1�; supp f � �t; 1�g; t 2 Q1:�2�
Here convolution is de¢ned by

f ? g �x� �
X

0<y<x; y2Q1

f �xÿ y� g�y�; x 2 Q1:

To prove the theorem we need the following lemma.

Lemma 1. The convolution Banach algebra l1�Q1� contains an element g,
such that the linear span of the convolution powers g?m;m � 1; is dense in
l1�Q1�:
Proof of Lemma 1. Let ep denote the element with value 1 at the point

�p!�ÿ1; and value 0 elsewhere. Our g will be of the formX
p�2

ap ep;

where the positive coe¤cients ap are determined by the following iterative
procedure, starting with a2 � 1

2 : Suppose that

gn �
Xn
2

ap ep

has been de¢ned for a certain n � 2: Since an 6� 0; the powers
g?mn ; 1 � m � n!ÿ 1; form a base in the subspace l1n�Q1�; formed by the ele-
ments in l1�Q1�; vanishing outside ��n!�ÿ1Z� \Q1: Since this space is ¢nite-
dimensional and due to the submultiplicativity of the norm in l1�Q1�; we can
¢x a constant dn; such that every element in l1n�Q1� of norm � 1 has distance
� nÿ1 from the linear span of fh�mg; 1 � m � n!ÿ 1; if h 2 l1�Q1� satis¢es

khÿ gnk � dn:�3�
Then we choose an�1 2 �0; 2ÿnÿ1� using all previously chosen dm; so that

an�1 < dm 2mÿnÿ1; 1 � m � n:�4�
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Let us now prove that the linear span of the convolution powers of g is
dense in l1�Q1�: By (4), we have for every n � 2

kgÿ gnk �
X
p>n

ap <
X
p>n

dn 2nÿp � dn:

Hence (3) is satis¢ed for h � g; and since kgk � 1; we ¢nd that all points in
the closed unit ball in l1n�Q1�; have distance � nÿ1 from the linear span of the
powers of g. Since n can be chosen arbitrarily, the lemma is proved.

Proof of Theorem 1. Take g as in Lemma 1. Obviously the subspaces (1)
and (2) of l2�Q1� are invariant under convolution with g: Conversely let
L � l2�Q1� be a (closed) subspace, invariant under convolution with g. Since
the operator norm for convolution is � the corresponding l1 norm, L is in-
variant under convolution with any element in the (closed) subspace of
l1�Q1�; generated by g, hence invariant under convolution with any element
h 2 l1�Q1�: In particular, choosing h so that it vanishes except at one point,
we ¢nd that L is invariant under all right translations �y; y 2 Q1; where
�yf �x� � 0; 0 < x � y; �yf �x� � f �xÿ y�; x � y: But the (non-trivial) right
translation invariant subspaces of l2�Q1� are exactly the subspaces of the
theorem. This follows directly from the corresponding result for l2�0; 1�;
which is known. It was announced in Helson [4] and can be derived from his
theory of cocycles as given in Helson [5]. It is also a direct consequence of
Theorem 1 in Domar [3].

2. The function g, constructed in the lemma, is of interest, too, for the
discussion of the ideal structure of the convolution Banach algebra l1�0; 1�;
with the obvious analogous de¢nition of convolution. Let go denote the
function on �0; 1�; coinciding with g on Q1 and taking the value 0 elsewhere.
It follows from the lemma that the ideal generated by go is dense in l1�0; 1�:
Equivalently, the linear span of the right translates of go is dense in l1�0; 1�:
We will now construct a more general class of functions with this property.

Lemma 2. Let f 2 l1�0; 1�;with inf supp f � 0: Suppose that there is a po-
sitive sequence ftng, tending to 1 as n!1, and a sequence fang of points in
�0; 1�, with an ! 0; as n!1; such that, for fn; de¢ned by

fn�x� � f �x� exp�ÿtn x�; x 2 �0; 1�;
we have

2jfn�an�j > kfnk;�5�
for every n. Then the linear span of the right translates of f is dense in l1�0; 1�:
Proof of Lemma 2. If the right translates of f do not span a dense sub-
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space of l1�0; 1�; then there is an element h, not � 0, in the dual space
l1�0; 1�; such that Z 1

y
h�x� f �xÿ y� dx � 0; y 2 �0; 1�:�6�

Let us de¢ne hn by

hn�x� � h�x� exp�tn x�; x 2 �0; 1�:

There is a sequence fbng in (0,1), satisfying lim inf bn > 0, as n!1, and

jhn�bn�j khnkÿ1 ! 1; n!1:
Then (5) gives, if n is su¤ciently large,

2jhn�bn�j jfn�an�j > sup jhnj kfnk:�7�
and by (6), Z 1

y
hn�x� fn�xÿ y� dx � 0; y 2 �0; 1�:

Choosing n so large that bn ÿ an > 0; we obtain, for y � bn ÿ an in the
equality above,

2jhn�bn�j jfn�an�j � supjhnj kfnk;
which contradicts (7), and we have proved that the linear span of the right
translates of f is dense in l1�0; 1�:
Theorem 2. Let fang; n � 1; be a sequence in �0; 1�; converging to 0: Then

there is a function f 2 l1�0; 1�; with f �an� > 0; n � 1; f �x� � 0 elsewhere, and
such that. for every g, with inf supp g � 0; supp g � supp f ; g�an� �
o�f �an��; n!1; the linear span of the right translates of g is dense in l1�0; 1�:
Proof of Theorem 2. By a straightforward inductive procedure we can

de¢ne a function f and a sequence ftng, satisfying the assumptions of Lem-
ma 2 with respect to our given sequence. For every integer n > 0; we can
then ¢nd a positive number un; such that

m 7! jg�am�jjf �am�jÿ1 expfÿunamg
takes its maximum cn for m � p�n� � p > n: De¢ning

gn�x� � g�x� expfÿ�tp � un�xg; x 2 �0; 1�;
we obtain from (5)
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2jgn�ap�j � 2cnjfp�ap�j > cnkfpk � kgnk:
Hence g ful¢ls the conditions of Lemma 2 with respect to the sequences

ftp�n� � ung and fap�n�g; n � 1; and Theorem 2 is proved.

In particular, if an � 2ÿn; n � 1; easy estimates show that it is possible to
take f �an� � a4n; n � 1; in Theorem 2.

It does not seem to be known, whether there exists an element h 2 l1�0; 1�;
with inf supp h � 0; such that the span of its right translates is not dense in
l1�0; 1). It should be observed that the function f in Lemma 2 in fact satis¢es
a much stronger property: if hy�x�, with x; y 2 �0; 1�; are complex numbers
of modulus 1, then the linear span of fhy �yf ; y 2 �0; 1�g is dense in l1�0; 1�:
Hence we can make a corresponding extension of Theorem 2. Our discussion
is related to the proof of Theorem 5 of [2], and that theorem can be extended
in a similar way.
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