MATH. SCAND. 82 (1998), 5-47

CECH HOMOLOGY AND THE NOVIKOV
CONJECTURES FOR K- AND L-THEORY

GUNNAR CARLSSON AND ERIK KJZAR PEDERSEN
1. Introduction.

In [5], we studied the assembly map in algebraic K- and L-theory, and
showed that the assembly map splits for a class of groups I" with finite BI’
for which ET" admits a metrizable, contractible, equivariant compactification
such that the I'-action is ““small at infinity”’. This means that every compact
subset of EI' when translated out near a point in the boundary becomes
small i.e. for every y € JET and for every neighborhood U of y in ET, there
is a neighborhood V" of y so that YK NV # () implies vK C U. The method
used in [5] was to use continuously controlled K- and L-theory.

Given a spectrum S one may define homology with coefficients in the
spectrum S by the formula

ho(X,x0;S) =1 (X AS)

for any finite pointed CW-complex X. If X does not come exhibited with a
basepoint we add a disjoint basepoint and get what is usually called un-
reduced homology by the formula h.(X;S) = h(X;,+;S) = m (X AS).
When X is not a CW-complex this does not give a good definition of the
homology of X. The main theme of this paper is a Cech construction which
gives a homotopy theoretically defined extension of such a functor to all
compact Hausdorff spaces. Boris Goldfarb [10] has pointed out to us, that
this construction is close to the constructions used by Edwards and Hastings
[8, §8.2], and can be seen as one possible solution to a problem posed by
Edwards and Hastings [8, p. 251]. We refer the reader to [10] for further
discussion of the history of this subject. We also construct natural transfor-
mations from various continuously controlled theories such as K-theory and
L-theory to Cech theory. The theory satisfies the Steenrod axioms [13].
Hence using [14] the natural tranformation will be an isomorphism on the
smaller category of compact metrizable spaces.
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As an application of this we show how this may be used to split assembly
maps for various groups. We still need compactifications of EI" but we relax
both the condition that the given compactification must necessarily be me-
trizable and the condition that the action be small at infinity.

The Cech homotopy type of a space Z is the homotopy limit of the nerve
of the finite coverings of Z. We say Z is Cech contractible if the Cech
homotopy type is contractible (in particular if Z is contractible). If we are
given a family & of open subsets of Z, the Cech homotopy type with respect
to #, is the homotopy limit of the nerve of finite coverings of Z, where we
only use open sets from % in the finite coverings.

We prove the following theorems

THEOREM A. Assume I' is a group with a finite BI' and that EI' has an
equivariant compact Hausdorff compactification which is Cech contractible
and such that the action is small at infinity then

a) If R is any ring then the assembly map
BI'y NK *(R) - K *°(RI)

is equivalent to an inclusion of a direct summand of spectra.
b) If R is a ring with involution such that K_;(R) = 0 for i sufficiently large
then the assembly map
Bl AL"°(R) — L™(RI)

is equivalent to an inclusion of a direct summand of spectra.

We also have results about splitting assembly maps when the action is not
small at infinity

THEOREM B. Assume I' is a group with a finite BI' and that EI' has an
equivariant compact Hausdorff compactification which is Cech contractible
and such that there exists a family of coverings F of OEI' by sets which are
boundedly saturated (see Definition 8.16 ), which is invariant under the group
action and such that the Cech homotopy type defined by the family F is
homotopy equivalent to the Cech homotopy type of 0X. Then

a) If R is any ring then the assembly map
BI'y NK™°(R) — K~>°(RI)

is equivalent to an inclusion of a direct summand of spectra.
b)If R is a ring with involution such that K_;(R) = 0 for i sufficiently large
then the assembly map

BI'L AL°(R) — L™(RI)

is equivalent to an inclusion of a direct summand of spectra.
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Boris Goldfarb in his Cornell thesis [10] has verified these conditions
for various groups. Specifically he treats groups I" such that I" is the (tor-
sion-free) fundamental group of a complete non-compact finite-volume
Riemannian manifold with pinched negative sectional curvatures:
—b* < K(M) < —a® < 0. The L-theory assembly map was known to be split
for this class of groups, but not the algebraic K-theory assembly map.

Throughout this paper we shall use the language of algebraic K-theory,
the modifications needed to deal with L-theory are immediate using [5]. The
results of this paper do work to split assembly maps in A-theory and topo-
logical K-theory as well, by using the excision results in [7] , [12] and [6]. For
the readers convenience we state

THEOREM C. Assume I is a group as in Theorem A or B. Then
a) If X is a space with K_;(m (X)) = 0 for i sufficiently large, then the assem-
bly map
Bl AA_oo(X) = A_oo(BT x X)

is equivalent to an inclusion of a direct summand of spectra.

b) If C is a C*-algebra then the assembly map
Bl A K"P(C) — K"P(CrT)

is equivalent to an inclusion of a direct summand of spectra.
We would like to thank the referee for numerous useful suggestions.

2. Preliminaries.

Throughout this paper, s will denote the category of based simplicial sets
and # will denote the full subcategory of Kan complexes. We will assume
familiarity with the standard properties of homotopy inverse limits, also
called homotopy limits, as presented in [3]. We shall conventionally only
consider homotopy limits of Kan complexes, so if we ever encounter a
homotopy limit in the category of simplicial sets, it is to be understood that
we “‘Kan-ify” before taking the homotopy limit. Homotopy limits and coli-
mits are extended to the category of spectra, by doing the constructions in
each degree. If C and D are categories, : D — % is a functor, and f: C — D
is a functor, the induced map limp @ — lim¢ @ o f will be referred to as pull-
back or restriction. Recall also that if N: & — ¥ is a natural transformation
of A -valued functors on D, then N induces a map limp® — limp ¥. As
mentioned above, we will only consider homotopy inverse limits of functors
with values in #". This means that the cosimplicial spaces used in defining
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the homotopy inverse limits are always fibrant, and all homotopy inverse
limits will themselves be Kan complexes. A map of simplicial sets will be
called a weak equivalence if its geometric realization is a homotopy equiva-
lence. A map between Kan complexes is a weak equivalence if and only if it
is a homotopy equivalence, i.e. there is a two-sided homotopy inverse map.
We will refer to a weak equivalence between Kan complexes as an equiva-
lence.

Similarly, if @: C — s is any functor, we may construct the homotopy
colimit of @ over C, hocolim ¢®. In this case we have pushforward maps
corresponding to functors f: C — D, and natural transformations again in-
duce maps of homotopy colimits. If ¢ ¥:C — s& are functors, and
N:® — V¥ is a natural transformation, we say N is a weak equivalence if
N(c) is a weak equivalence for each object ¢ of C. Weak equivalences of s-
valued functors induce weak equivalences on homotopy colimits, and weak
equivalences of # -valued functors induce weak equivalences of homotopy
limits. We also recall from [4] that a homotopy natural transformation from a
functor @ to V¥ is a sequence of functors &; and ¥;, for i=0,1,... k, to-
gether with a family of natural transformations &; — ¥; and a family of
natural equivalences &, — ¥, ; for i >0, where ¢, =& and ¥; = V. A
homotopy natural transformation induces a homotopy class of maps on
homotopy colimits and homotopy limits.

If we have a diagram

vyLx%z7

in s&, its homotopy pushout will be the double mapping cylinder
YIIX xI]]Z/ ~, where (x,0) ~ f(x) and (x,1) ~ g(x). Note that this is
the homotopy colimit of the diagram. We say a commutative diagram of
simplicial sets

l

N — e
S

—

is homotopy co-Cartesian if the natural map Y Uy Z — W is a weak
equivalence. Similarly, given a diagram

Y-S WLZ

in " we define the homotopy pullback of the diagram as the subspace of
Y x W! x Z of points (y,¢,z) so that ¢(0) =y and ¢(1) = Z. W here de-
notes the function complex of maps from the simplicial unit interval to W.
This pullback is denoted by Y xy Z. We say a commutative diagram
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X =Y
l !

Z = W

is homotopy Cartesian if the natural map X — Y X Z is an equivalence.

Traditionally a homology theory was defined [1] to be a functor /.(X)
from CW-complexes to graded abelian groups satisfying the Eilenberg
Steenrod axioms except for the dimension axiom. Using Brown’s represent-
ability theorem [1] a homology theory has a representing spectrum S. This
means that a homology theory can be written as 7.(X, A S) for a suitable
spectrum S or (X A S) for the corresponding reduced theory 4.(X, xo; S)
on pointed spaces. The functor X — X A S from finite CW-spaces to spectra
is homotopy invariant and sends cofibrations of spaces to cofibrations of
spectra and the one-point space to a contractible spectrum. The functor
X — 022X (X A S) from spaces to spaces sending X to the 0-th space of the
infinite loop spectrum corresponding to X A S is homotopy invariant and
sends cofibrations to fibrations. On the other hand if f is a homotopy in-
variant functor sending cofibrations to fibrations and a point to a con-
tractible space, it follows that 7. (f (X)) is a homology theory in the classical
sense. It is easy to see that £2f(X'X)) is homotopy equivalent to f(X), so f(X)
is the 0-th space of an infinite loop spectrum. This spectrum is the re-
presenting spectrum of the homology theory m.(f (X)) as is shown in [19].
We may thus think of a homology theory in various equivalent ways. Since
we shall need the results of [3] on homotopy limits and colimits it is practical
to work simplicially rather than with spaces. We shall use the following de-
finition:

DErINITION 2.1. A functor T:s% — A is said to be a homology theory if
a) The induced map T(X x 0) — T(X x [0, 1]) is an equivalence for all sim-
plicial sets X.
b) T'(x) is contractible.
¢) For any homotopy co-Cartesian diagram

X =Y

1 |
zZ —- W
the induced diagram
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77X — TY
1 !
2 — TW
is homotopy Cartesian.
It follows that if we have an inclusion i: X<— Y, we obtain a sequence

TX — TY — T(Y Uy CX)

which is a fibration “up to homotopy” in the sense that the natural map
from TX to the homotopy fiber of the map 7Y — T(Y Uy CX) is an
equivalence.

REMARK 2.2. Given a (simplicial) spectrum % we get a homology theory
in this sense, by defining 7(X) to be the zero’th space of 2°5*°(X A ¥ fol-
lowed by a functor turning a simplicial set into a weakly equivalent Kan
simplicial set.

We will also need standard information concerning the construction of
spectra from category theoretic data. The following theorem covers what we
will need. For more detail on the terminology in the statements, see [18].

THEOREM 2.3. There is a functor from the category of symmetric monoidal
categories and lax symmetric monoidal functors to the category of spectra sa-
tisfying the following conditions.

1.If f: C — D is a lax symmetric monoidal functor and N.(f), the induced
map on the nerve, is a weak equivalence of simplicial sets, then Spt(f) is a
weak equivalence of spectra.

2. For any symmetric monoidal category C, let Spty(C) denote the zeroth space
of the spectrum Spt(C). There is a natural map N.C — Spty(C), which in-
duces an isomorphism

(moN.C)'H.(N. C)~H.(Spt,(C))

3. Let f: C — D be a unital symmetric monoidal functor between unital sym-
metric monoidal categories C and D, and suppose m(C) contains a cofinal
submonoid M so that my(f)(M) is also a cofinal submonoid of my(D). Sup-
pose further that for every object x € D lying in an equivalence class belong-
ing to mo(f)(M), x| f ( or f | x) has a weakly contractible nerve. Then
mi((f)) is an isomorphism for i > 0.

4. If p: A x B — C is a symmetric monoidal pairing, then there is an induced
pairing of spectra

Spt(u): Spt(4) A Spt(B) — Spt(C)

so that the composite
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N.A x N.B — Spty(4) A Spty(B) — (Spt(4) A Spt(B)), — Spty(C)

is equal to the composite

N.AxN.B% N.C— Spty(C)

Proor. The first 2 points are [18, Lemma 2.3] and [18, Condition 2.2], and
3. and 4. are proved in [4, Theorem 1.6].

We also recall the notation /(X xg, % for the homology of the based space
(X, x0) “with coefficients in the spectrum .#”’, or the smash product of the
space X with the spectrum &.

We will be using homotopy inverse limits over certain categories of cov-
erings of topological spaces in our definition of Cech homology. These cate-
gories have certain properties which make them convenient to work with,
and we discuss these now. Recall from [9] that a category C is said to be left
filtering if (i.) for every pair of objects ¢, ¢’ in C, there exists an object ¢’ to-
gether with maps c«—¢”’ — ¢/, and (ii.) for every pair of maps f,g:¢ — ¢,
there exists a morphism /:¢” — ¢’ so that foh and goh are equal. If the
category C happens to be a partially ordered set, i.e. there is at most one
morphism between any pair of objects, then this reduces to the requirement
that for any pair of objects ¢, ¢’ of C, there is a ¢’ so that there are morph-
isms ¢’ — ¢ and " — ¢. We will adopt the convention that a partially or-
dered set in the usual sense is made into a category by declaring that there is
a morphism from x to y if and only if x > y. If this category is left filtering
we shall say the partially ordered set is left directed. Note that it follows as
in [16] that the nerve of any left filtering category is weakly contractible, and
hence the nerve of any left directed partially ordered set is weakly con-
tractible.

PROPOSITION 2.4. Let C and D be two left directed partially ordered sets,
and suppose we have an order preserving map f: C — D. Further, suppose that
¢ is a functor from D to the category of Kan simplicial sets, and that for every
element z € D there is an element x € C so that f(x) > z. Then the pullback
map

holim ¢ — holim¢ o f
D c

is a weak equivalence.

Proor. From [3], it will suffice to show that the category f | z has con-
tractible nerve for each z € D. But it is clear that each category f | z is itself
a left directed partially ordered set, and the hypothesis of the proposition
shows that it is non-empty. Therefore, its nerve is contractible.

We also have the following standard fact(see [3]).
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ProposITION 2.5. Let C be a category, and suppose that we have functors
F,G,H and K from C to the category of based Kan complexes, and that we
have a commutative diagram of natural transformations as follows.

F —- G
! !
H — K

Suppose further that for each ¢ € C, the diagram is homotopy Cartesian, i.e.
that the natural map from F(c) to the homotopy pullback of the diagram
H(c) — K(c)«—G(c) is an equivalence. Then the diagram

holim F — holim G

c c
) l

holim H — holim K
c c

is also homotopy Cartesian.

We will also need some conditions which assure that a natural transfor-
mation between functors from a left directed partially ordered set to the ca-
tegory of Kan complexes induces a weak equivalence on homotopy inverse
limits.

PrOPOSITION 2.6. Let C denote a left partially ordered set, and suppose that
we are given a natural transformation n:F — G of functors from C to A .
Suppose further that for every ¢ € C, there is a ¢ > ¢ so that n(c) is an
equivalence. Then the map holim ¢F — holim ¢G induced by n is an equiva-
lence.

Proor. This is a straightforward consequence of [3].

We must also understand the behavior of restriction maps on inverse lim-
its. Preparing for this we state

LemMMA 2.7. Let f : E — C be an order preserving map of partially ordered
sets, and T : E —

LemMMA " a functor. For every y € C let E, be the full subcategory of E
consisting of ) so that y > f()') then

holim 7'~ holim holim T'|E,

E C E
y

ProOF. Let Z denote the partially ordered set consisting of pairs (c,e)
with ¢ > f(e). Then the iterated homotopy limit may be identified with the
homotopy limit over Z of the functor 77 : Z — 4 sending (c,e) to T'(e).
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Moreover there is a forgetful functor i: Z — E sending (c,e) to e, and
T' = T oi.Itis readily checked that i satisfied the hypothesis of [3, Theorem
X1.9.2]. Hence i induces an equivalence on homotopy inverse limits.

LemMMmA 2.8. Let C C D be an inclusion of left directed partially ordered
sets. Let F be a functor from D to the category of Kan complexes. Suppose
that for every x € D, there exists X € D and a y' € C, with X' > x and X' > )/
and with F(X') — F(y') a weak equivalence. Then the restriction map
holimpF — holim¢F is a weak equivalence.

PrOOF. Let E be the partially ordered set whose objects are pairs (x, ),
with x € D, y € C, and x > y. We have functors r: E — D and i: C — E, with
r(x,y) = x and i(y) = (y,»). Note that roi is equal to the inclusion C—D.
Let £ C E be the full subcategory on all (x,y) so that F(x > y) is a weak
equivalence. Of course, i(C) C E. The hypothesis shows that the restriction
of r to E satisfies the hypotheses of 4, so the natural map

holim ¥ — holim For
D E

is an equivalence. It now suffices to show that the restriction map

holim For— holim Foroi
E c
is an equivalence. Let T’ denote the functor from E to Kan complexes given
by T'(x,y)=F(y). There is an evident natural equivalence of functors on £
from For to T, given by F(x>y) so when restricted to i(C) it gives the
identity equivalence. Hence

holim For~holim T
E E

Note that ToC=Foroi. Consequently, it suffices to show that the restriction
map holim; 7 —holim¢Toi is a weak equivalence. To prove this, given any
yeC, we let E, denote the full subcategory on those (x,)’) for which y>y’.
We use Lemma 2.7 to express holim; 7" as an iterated homotopy limit

holim 7'~ holim holim T|E,
E yeC Ey

it is easy to see that the diagram
holim7 — holim holim T'|E,
E yecC E},

! !
holim 7oi = holim T(y)
c yec
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is commutative. The right hand vertical map is given by restriction along the
inclusion {(y,»)} € E,. In view of 2.6, it thus suffices to check that
holim, T|E, — T(y) is an equivalence. Now, by 2.4, it is clear that if
E; C E, is the subset on objects of the form (x,y), then the restriction func-
tor hollmE T — hollmE T is an equivalence. Consequently, it suffices to
check that the map hohmE* T — T(yp) is an equivalence. But T is constant on
E} with value T'(y), so the homotopy limit over E; can be identified with the
function complex F(N. E7, T(y)), and the restriction map is simply restric-
tion along the inclusion of nerves of the one object category (y,y) into N. E}.
But N. E; is weakly contractible since it has a final object (y, »).

3. Lemmas on Coverings.

By a covering of a topological space X, we mean a parameterized family
U = {U,},c4 of open subsets of X, where 4 is a set, so that X = J,., Ua- A
map of coverings from {U,},.4 to {Vs}sep is a set map f: 4 — B so that
Uy C Vy(q) for all a € 4. ‘

By a simplicial complex X we mean, as usual, a vertex set Vy; and a family
of finite subsets Zy, so that if U € Z5 and U’ C U then U’ € Z5. Simplicial
maps are defined in the usual way. Two simplicial maps f,g: X — X, are
said to be s-homotopic if for every U € Xy, f(U) Ug(U) € X,. The join of
two simplicial complexes X and 7, Y'* 7, has Vg [[ VT as its vertex set,
and a subset of Vi, s isin Py, s if and only if it is the union of an element of
V', with an element of V.

For any set X, let #(X) denote the partially ordered set of nonempty fi-
nite subsets of X and inclusions. As usual we may view a % (X) as a category
, which by our conventions is the opposite category of the category of non-
empty subsets and inclusions. The functor X — N.Z (X) gives a covariant
functor from Sets to 5. Given a simplicial complex X, let the realization of
XY, R. Y, be the nerve of the full subcategory of # (V) with objects the
subsets belonging to 2. This is the simplicial version of the barycentric
subdivision of the usual realization. The functor R. preserves pushouts and
carries s-homotopic maps to simplicially homotopic maps.

For any covering % = {U,},., of a topological space, let X be the sim-
plicial complex whose vertex set is 4, and where {a, ..., ax} is a simplex of
Yy if and only if U,, N...N U,, # 0. By the nerve of the covering, N. %, we
will mean R. Xy

LEMMA 3.1. If % and V" are any coverings of X, and f,g:U — V" are any
maps of coverings, then N.f and N.g are simplicially homotopic.

ProOOF. This result follows directly from the above discussion of s-homo-
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topies, since if f and g are both maps of coverings from # to ¥°, and
{ai,...,ax} € Xy, then

{f(al)a v 7f(ak)ag(al)7"'7g(ak)} € E/

since
u,n...nU, C Uf(m) Nn...N U}'(ak) N Ug(m) Nn...N Ug(ak)
Thus, f and g are s-homotopic.

COROLLARY 3.2. Let f:U — V" be any map of coverings. Suppose further
that there is a map of coverings from V" to U. Then N.f is a weak equivalence.

We will also define certain other simplicial sets associated to %. Suppose
BC A.

DEFINITION 3.3. By N.B% we mean the realization of the simplicial com-
plex XZ  whose simplices are the subsets {f,...,05} C B so that
Us N...NUs # 0. We define &.2% to be the realization of the simplicial
complex 7 f;, whose vertex set is B, and so that any finite subset
{B1,...,B} C Bis a simplex.

Of course, &.8 % is weakly contractible. All these simplicial sets are viewed
as subsimplicial sets of &. % = &4 U.

LemMmA 3.4. Let U ={U.},cy be a covering of a space X, and let
B C B C A be subsets of A. Suppose further that for each 3 € B, there is a
@ € B° so that Uy C Uy. Then the evident inclusion N U — NB is an
equivalence.

PrOOF. Let f: B — B be any function so that Us C Uys), and f|B® = idp.
f induces a map of nerves N.f, and it is clear that the composite

NBu —~NPu -~ NP u
is equal to the identity. On the other hand, the composite
NEu NP u NP
is simplicially homotopic to the identity in view of the fact that
UspN...NUz #0= U N...0 U N Uy N ... N Uy # 0
This gives the result.

Consider also the following situation. Let % = {U,},., be a covering of a
space X, and let B C A4 be a subset. Let Wy (B) C X be the set UﬂeB Up. Let
AB(U) = {W,},.. be the covering of X given by W, = U, if a¢ B, and
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W, = Wy (B) if a € B. Let P(B) = P4 (B) C A be the set of all « € 4 so that
U, N W(B) # (. We may view X454 as a subcomplex of .7 4, and as such it
is contained in the subcomplex X U 51 T Z(B). This is true since it is clear
from the definitions that a simplex {al, .ooyox} of Xy either contains a
vertex in B, in which case «; € P(B) for all i, or it does not, in which case it
is in Xy. Also it is clear that

B
Xu Ugg T C ZAl?(f/Z”

LEmMMA 3.5. Let %U,A, and B be as above. Suppose that for any
{Oq, N .,Otk} g Pa)/(B),

Uy N...NUy 0= Uy Ne..N Uy N Wy(B) £ 0

Then the inclusion
- P(B)
EAB(%)‘HZ% UEE(R) T P
induces an equivalence on nerves.

PROOF. We f1rst note that Xs() is the union of X with AB@)

overlap is E,,, . Consequently, we have a map of pushout diagrams

the

Zy—2, P — 2
l ! !

Sye—zP® _, gE®

J//)

of simplicial complexes. Since the realization and nerve constructions pre-
serve pushouts, it will suffice to show that Ef,(;g/)/) — T fzj(B) induces a weak

equivalence on nerves. Since N.. ,7,(3) is contractible, it will suffice to show

that N. Efj{( /”)) is contractible. Write Py (B) = B][ Q(B). A typical simplex in

Ef,ﬁ’((}//) is of the form {3i,...,0854q1,--.,q:}, with ﬂ, € B and g¢; € Q(B).

Clearly {0i,...,05,41,-.-,4:} is a simplex of ouk (<B>> if and only if

{q1,...,4:} is a simplex in E,/(/‘)(B) Consequently ZAX((,]/)) is the join of A‘EZ%
with £5 A5 ) Since X7 A = =78 «» Whose nerve is contractible, the result fol-

lows.

We wish to consider subspaces also. A relative covering of a subspace
Y C X is a parameterized family % = {U,},.4 of open subsets U, of X so
that ¥ C J,c  Ua. 2 and N.% are defined precisely as before, i.e. the
simplices of Xy are finite subsets {aj,...,ax} so that U, N...N U, # 0.
For any relative covering % of Y C X, we have the covering p% of Y, where
pU ={U,NY},. . There is an evident map X,, — X; given by
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{at,...,ax} = {ai,...,a}, and hence a map of simplicial sets
N.p% — N.%.

LEMMA 3.6. Suppose X is a compact Hausdorff space and Y is a closed
subspace. Let U = {U.},c, be a finite open covering of Y. Suppose further
that for each o, we are given a closed set W, C U, and that {W,} . is also a
covering of Y. Then there is a relative covering of Y in X, {V,},c . S0 that
W, C YNV,NU,, and so that for every subset {ay,...,ar} C A,

Vo, NNV =0 Wonoo.NW,, =0

Proor. This is a straightforward generalization of the fact that in a com-
pact Hausdorff space, any two disjoint closed subspaces are contained in
disjoint open sets. We leave the proof to the reader.

4. Rigid Coverings and Cech Homology.

In our construction of Cech homology, it will be important that the category
of coverings used as parameter category for certain homotopy inverse limits
is a left directed partially ordered set. We will use an analogue to the “‘rigid
coverings” used by Friedlander [9] in his construction of the “etale topolo-
gical type ”’ associated to a scheme.

DErFINITION 4.1. Let X be a topological space. A rigid covering of X is a
function § from the underlying set of X to the collection of open subsets of
X satisfying the following three conditions.

a) x € [B(x)

b) For any open set U C X, ﬁ——lU cU

¢) Only finitely many distinct open sets occur among the sets §(x). That is,
the image of (3 is a finite collection of the collection of open subsets of X.

Let RC(X) denote the set of all rigid coverings of X. If 5, 5, € RC(X), we
say [ refines B, and write 5; > 3, if and only if 3;(x) C fB2(x) for all X,
RC(X) now becomes a partially ordered set, and hence can be viewed as a
category. We also define a relative version, where Y C X is a subspace. A
relative rigid covering of Y in X is a function 8 from the underlying set of ¥
into the open subsets of X, which satisfies properties a)- c) above. We simi-
larly obtain a category RC(X, Y).

Thus, a rigid covering is an open covering of X, with parameter set X, so
that only finitely many distinct subsets occur. It turns out that X — RC(X)
defines a contravariant functor from the category of pointed topological
spaces to the category of pointed small categories.
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ProposiTiON 4.2. For any map of topological spaces f:X — Y, and
B € RC(Y), we define a function f'3 from the underlying set of X into the
collection of open subsets of X by the formula f'3(x) = f~'8(f (x)). Then f'§3 is
a rigid covering of X, and the formulae X — RC(X) and f — f* make RC(-)
into a contravariant functor.

Proor. All conditions defining RC(X) are clear except b). To check b), let
U be an open subset occurring in the image of (3, i.e. U = ((y). Then
f !71(/‘ ~1U) is equal to the union of the inverse images under f of all the sets
B7'V, as V ranges over all the sets in the image of 3 for which
=1V = f~1U. Note that this is clearly a finite union, and the closure of each
set =1V is contained in f~' U. Since for a finite union,

TU..UV,=T7U...UV;
condition b) follows.
We will also need a kind of product of rigid coverings.

ProPOSITION 3. Let 31 and (3, denote rigid coverings of a space X. We de-
fine a new function By X x 32 from the set X into the collection of open subsets
of X by the formula By xx B2(x) = B1(x) N Ba(x). Then By Xx By is a rigid
covering of X. Furthermore, it refines both 3| and (3.

PrOOF. As in the preceding proposition, all is clear except the fact that
081 X x (B satisfies condition b) in the definition of rigid coverings. To check
this condition, we construct first the function 8; x 8, from X x X into the
collection of open subsets of X x X by the formula

(Br x B2)(x1,x2) = Bi(x1) x Ba(x2)

081 % (B, 1s evidently a rigid covering of X x X. Now, if welet A: X — X x X
denote the diagonal map, then

B Xx = AP x 3
and the result follows directly from 2.

It thus follows that RC(X) is a left directed partially ordered set. Given an
arbitrary covering % = {U,},4. the reader may wonder if there is a rigid
covering 3 of X, so that for all x € X, 3(x) = U,y for some a(x). Indeed,
this question is important for us for technical reasons. The following lemma
will be useful.

LemMA 4. Given any covering U = {U,} 4 of a compact Hausdorff space,
there is a rigid covering 3 of X so that for each x € X, there is an a(x) € A so
that ﬁ(x) = U,y(x).
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PrOOF. Since X is compact, we may assume that A4 is finite. Since X is
compact Hausdorff, there is a covering {V, },. 4, With V., C U, for all a. Let
¢: X — A be such that x € V() for all x. Then define 3 by B(x) = Ug(y).
This gives the required rigid covering.

LeEMMA 4.5. For every € RC(X) and closed subset Y, there is an open set
U, with Y C U, and a refinement * € RC(X), 5* > 3, so that for every
xe U, B*(x) C B(y) for somey € Y.

Proor. Consider 3|Y € RC(X, Y). We first construct an open set " and
B € RC(X) so that §|Y = 3]Y, and so that for all x € V, (x) C 3(y) for
some y. Let U ={J,cy B(y). This is an open set containing Y. Since X is
compact Hausdorff, there is an open set V, with Y C VV C V' C U. Consider
the open covering consisting of all the sets 3(y) together with X — V. Again
since X is compact Hausdorff, we may select an open covering
{Z)},ey U{W} so that Z, C 3(y) and W C X — V. For every x€ X — Y,
choose ((x) to be either (i.) B(»), where y is such that x € Z,,, or (ii.) X — V
if x € W. (Note that both possibilities can occur simultaneously, so the
construction of 3* involves choices.) If x € Y, set 3(x) = 3(x). With this
choice of ¥ and f, we clearly have that if x € ¥, G(x) C (y) for some
y € Y. Now set 5 = 3 xy 3. With the same choice of V, this clearly has the
required properties.

LEMMA 4.6. Let X be a compact Hausdorff space, and Y C X a closed
subspace. Let 3 € RC(X, Y). Then there is a rigid covering § € RC(X) so that

BlY = .

PrOOF. Let Z denote the open set (J,.y3(y) C X. Of course, Y C Z.
Since X is compact Hausdorff and Y is closed, we may choose an open set
V,so that ¥ 2 X — Z, and so that ¥ NY = 0. Let {U,},., be an indexing
of the sets which occur in the image of [, together with V, so 4 is finite.
Since X is compact Hausdorff and Y is closed, there is a family of open sets
{Weotpeq with W, C U, and W, 2 37'(U,) for all a € 4, and so that
{Wa}aeq 1s a covering of X. For each y € Y, set B(y) = B(»). For each
x€ X —Y, find an a € 4 so that x € U,, and set B(x) = U,. This construc-
tion gives the required rigid covering.

LEMMA 4.7. Let X be a compact Hausdorff space, and let Y C X be a
closed subspace. Let B be any rigid covering. Then there is a rigid covering
B* > [, so that

Bx)N...NB ) =0=p(x)N...N3(xx) =0
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Sfor all {x1,...,xx}. Further, 3* can be chosen so that

Bx)N.. N x)NY=0=px)N...08Fx)NY =0
Proor. Let {U,},c4 be a finite listing of all the subsets of the form 3(x)
for some x € X. Let V,, C U, be 8~1(U,) C U,. Since X is compact Haus-
dorff, we can choose open sets W, so that V,, C W, C W, C U,, and define
a new rigid covering V) by g(V)(x) = W, if and only if 5(x) = U,. Note that

Bx)N...nBx)NY=0=80(x)N...n0K)NY =0
Note also that #" = {W,},., is now a finite covering, and the identity map
on A produces an inclusion of finite simplicial complexes Yy Y. Repeat-
ing this process gives a descending chain of finite simplicial complexes on the
same vertex set A, which must eventually stabilize. This means that we have
open sets W/ and W,, with

Vo CW,CW,CW,CW,CU,
so that
Won..0W, =0=W,N...0W, =0

which implies that W] n...N W, = (. Define §* by f*(x) = W/ if and
only if 3(x) = U,.

DEerINITION 4.8. Let (X,x0) be a topological space, and let &y be the
functor from RC(X) to s given by 8 — N.(S. For any homology theory
T :s9% — A from based simplicial sets to based Kan complexes, we define
the Cech homology of X with “coefficients in 77 , (X, xo; T), to be

holim T o &y
RC(X)
This defines / on objects. If f: X — Y is a map of topological spaces, we
define i(f; T') to be the composite
holim 7o §x— holim To Pxo RC(f)— holim To $y
RC(X) RC(Y) RC(Y)
where the left arrow is pullback of homotopy inverse limits along the functor
RC(f) and where the right hand arrow is induced by the evident natural
transformation @x o RC(f) — Py.

Notice that the basepoint xy € X determines a basepoint in fz(X ,x0; T), so
h(—; T) can be viewed as a functor from the category of based spaces to .
We will occasionally suppress the basepoint when no confusion will result.
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5. Excision.

Throughout this section, let X denote a compact Hausdorff space and let
Y C X denote a closed subspace. Let T denote a functor from the category
of based simplicial sets to the category of based Kan complexes which is a
homology theory in the sense of Definition 2.1. Let X be any compact
Hausdorff space, and let Y C X be a closed subspace. In this section, we will
prove “‘strong excision ’ for the functor iz(—; T), i.e. that the sequence of
maps

h(Y,y0;T) — h(X,x0; T) — h(X /Y, [vo]; T)

is a fibration up to homotopy in the sense that the evident map from
iz(Y,yg; T) to the homotopy fiber of the map /(X xo; T)— hX/Y, [vo]; T) is
an equivalence of Kan complexes.

We first observe that for any based pair of spaces (X, Y), we have a com-
mutative diagram

hY,y;T) — h(x,%T)
! !
WX, x0;T) — h(X/Y,%T)

THEOREM 5.1. Let X be a compact Hausdorff space, and Y C X a closed
subspace. Then the above diagram is homotopy Cartesian.

Proor. The strategy will be to find a weakly equivalent diagram which is
induced by a diagram of functors over RC(X), and to apply 2.5 suitably. Let
i:Y—X and j:*—X/Y denote the inclusions and let p: X — X/Y and
q : Y — denote the projections onto the quotient space. The above diagram
may be written as follows.

hollm 7To®y—holim Tod,

RC(Y) RC(%)

! !
holim To®y—holim Tody,y
RC(X) RC(X/Y)

It follows from Lemma 4.6 that the conditions of Proposition 2.4 are sa-
tisfied, so this diagram is weakly equivalent to the new diagram
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(A) holim To®yoRC(i)— holim To®,0RC())
RC(X) RC(XY)
| |
holim 7To®y—holim To®y,y
RC(X) RC(X/Y)

where the vertical arrows are induced by natural transformations
Py o RC(i) — ®x and &, o RC(j) — Px/y. The horizontal arrows are pull-
back maps along RC(p) composed with maps induced by the natural trans-
formation from &y o RC(i)o RC(p) = Py o RC(q)o RC(j) — P. 0 RC(j)
and ®x o RC(p) — ®x,y. Exhibiting only the natural transformations we
get the diagram of functors and natural transformations

@y o RC(poi) — &,0RC())
! !
®x o RC(p) — Px)y

Denoting the functor RC(Z) — 5% sending § to R..7 3 by C for any space
Z, and the constant functor with value the one point simplicial set by &, this
diagram of natural transformations factors as described in the following
diagram.

@y oRC(poi) ———— Cyo RC(poi) ———— &, 0 RC(y)

1 ! l
@y o RC(p) — Px o RC(p) UgyoRCpoi) O © RC(poi) — &x)y

and consequently we have a map of diagrams from the diagram (B) below to
diagram (4).

(B) holim &y o RC(i) ———— holim Cy o RC(i)
RC(X) RC(X)
l !
holim &y! —— holim &y UsyeRC() Cy o RC(3)
RC(X) RC(X/Y)

The maps on the left hand part of the diagram are identity maps, and the
map in the upper right hand corner is an equivalence since both entries are
contractible. Further, the last diagram is homotopy Cartesian in view of
Proposition 2.5. Consequently, it suffices to show that the map

holim T o (Px Us,oRC(i) Oy © RC(i)) — holim T o &x/y
RC(X) RC(X/Y)

is an equivalence. The proof of this result is in two stages, since this map is
actually a composite of two maps, one
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holim  7T'(®x(8) Us,orc(is Cr o RC(i)(B)) —
BERC(X)

holim T'(®x o RC(p)(8) Usyorc(miys) Cy o RC(poi)(B))
BERC(X/Y)
and the other
holim 7(&x o RC(p)(B) Usyorc(poiys) Cy © RC(poi)(B)) — holim  &y/y.
BERC(X/Y) RC(X/Y)
The first is restriction along the inclusion RC(p), and the second is induced
by a natural transformation.

We analyze the restriction map first. For any 3 € RC(X), let 3° be the
rigid covering of Y given by 3°(y) = 3(y) N Y. Thus, &y o RC(4)(3) = B°.
We have a natural inclusion of simplicial complexes X— XY . We will show
first that for every 8 € RC(X), there is a 3 > 3 so that the natural inclusion
N.B’ — N.Gis an equivalence. To construct 3, let {U.} 4 be alisting, with
finite index set, of the distinct subsets occurring in the image of 4°|Y, and let
W, C U, be the closed sets (ﬁo)fl(Ua). According to 3.6, there exist open
sets V, in X so that W, C V,NY C U,, and so that

Vo, Moo NV 0= Wy, 0o W, #0

Let 3 € RC(X,Y) be defined by 3(y) = V., if and only if 5°(y) = Us. Then
by 4.6, it is possible to find a riAgid covering 3 of X, with BlY =p.3 will now
be taken to be 8 xx 8. 8 xy 8]Y = 3, and from the construction of f, it is

clear that the map EEH — E%/ is an isomorphism of simplicial complexes.

This is the required result. fzrom the definition of homotopy pushouts, it
follows that the natural map

holim  T'(R. ¥ Ug.s, R.73Y) — holim T(R. X3 Up vy R.7 5)
BERC(X) BERC(X)
is an equivalence. Further, it is clear that if 3 € RC(X/Y), Yp = 2}/ , and it
will therefore suffice to show that the restriction map
holim  7T'(R. ¥ Upsy) R. 7 §) — holim  T(R. X3 Up sy R.7 )
BERC(X) ‘ BERC(X/Y) ‘
is an equivalence. We will show this via a series of equivalences. We have a

commutative diagram

holim T(R. %3 Up yy R }) — holim T(R. 53U, R.7 ")
BERC(X) ! ’ BERC(X) l ’

holim  T(R. Y3 Up yy R.7 ) — holim T (R. 3 Uywiry R.7 ")
BERC(X/Y) " BERC(X/Y) ’

where the horizontal arrows are induced by natural inclusions of simplicial



24 GUNNAR CARLSSON AND ERIK KJZER PEDERSEN

complexes, and where the vertical arrows are restriction maps. We will show
that the horizontal arrows are equivalences. It will then follow that if the
right hand vertical arrow is an equivalence, then so is the left hand arrow,
and we will then proceed to show that the right hand vertical arrow is an
equivalence.

To show that the upper horizontal arrow is an equivalence, it will suffice,
in view of the fact that 7' is a homology theory and that R.7 5 and
R. T gV( ") are contractible, to show that

holim T(R.£)) — holim T(R. ;")

BERC(X) BERC(X)
is an equivalence. In view of 4.5, for any 8 € RC(X), there is a 8* > 3, so
that for any x € W(Y), there is a y € Y so that 5*(x) C f*(y). From 3.4,
it follows that the inclusion Eﬂ — X, ") induces a weak equivalence
on nerves, and the result now follows from 2.6. To see that the lower
horizontal arrow is an equivalence, it similarly suffices to show that
holimgere(x/v) T(R. E}/) — holimgerex/v) T(R. E[:V(Y)) is an equivalence.
This follows as above with the additional observation that we may take 5* to
lie in RC(X/Y).

In order to prove that the restriction map

holim T(R Eg UE/W(Y) y;;V(Y)) — holim T(R Eg UEW(Y) y?(y))
BERC(X) ’ BERC(X/Y) ’

is an equivalence, consider the following commutative diagram.

holim T(ZAW ))[}])
BERC(X)

V VzK

holim 7'(X; U, W g-;/V(Y)) — holim T(X3 U W) ,/ﬁ <Y))

BERC(X) ‘ BERC(X)
V1 holim T(EAW(V) i V1
BERC(X]Y)
% \
W)y I W(Y)
holim T(ZﬁU W)) VA 3 —> holim T(E,gU PW(Y) ‘/ﬂ )

BERC(X/Y) BERC(X/Y)

The triangles at either end of the “prism’ are induced by natural inclusions
of simplicial complexes, as described in section 5. The vertical arrows are all
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restriction maps. We wish to show that v; is an equivalence; for this it will
suffice to show that f“ f’, and v, are equivalences. We first deal with f*.
From the diagram, it will clearly suffice to show that 4 and g“ are equiv-
alences. To show that 4" is an equivalence, we observe that in view of the
fact that 7 is a homology theory and the contractibility of 7 W(Y) and
g gm ) it will suffice to show that the inclusion

holim T(R. Z‘ﬂW(Y ) — holim T'(R. ZPW(Y))

BERC(X) BERC(X)

is an equivalence. Since 7 is a homology theory, it will suffice to show that

holim T(R. £} /R £y

BERC(X)
is contractible. For this, it will suffice by 2.6 to show that for every
B € RC(X), there is a 8* € RC(X), with 8* > 3, so that the map

R "R 2 - gV R 5

is simplicially homotopic to a constant map. We first choose 3 > (3, so that
for every x € X with 8'(x) N Y # 0, there is a y € Y with #'(x) C 5(y). Now,
let U be an open set, with Y € U C U gy F(x). Also, choose V
open, with Y C VV C IV C U. These choices are possible since X is compact
Hausdorff. Consider the open covering {U, W — V, X — U}. Let v be a rigid
covering of X so that for each x € X, v(x) is one of these sets, the existence
of which is guaranteed by 4.4, and consider 3 =3 xy~. We have
B* > 3 > [, and furthermore it is clear from the definitions that if we let
W ={x|3*(x)N Y # 0} and W = {x|3*(x) N W* # (0}, then W C W. From
this it follows that we may define a function ¢ from P(W(Y,*)) to Y so
that 5*(x) C B(¢(y)). We may also insist that ¢(y) =y for all y € W(Y, %),
since (3* refines (3. Since maps of coverings induce maps of the associated
simplicial complexes, we obtain a map of simplicial complexes
Z‘;W( n_, Z‘;V ( Y), so that the composite

ZEVO )

-

induces a map on realizations which is simplicially homotopic, rel
R. EﬁV*V( Y5 o the map R. E;W( ") R Eg ") induced by the identity map
on X. This clearly gives the result, so the map 4* is an equivalence. That

K:holim T(R.£;"") — holimT (R.5;"")
BERC(X]Y) BERC(X]Y)

is an equivalence follows from the same argument, again by observing that
(* may be taken to lie in RC(X/Y).
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We must now deal with g¥. According to 2.6 and 3.5, it will suffice to
construct, for every 8 € RC(X), a 8/ > 3, so that for any {xj,...,x} C X,
with 3'(x;) N W(Y,[3) # 0 for all i,

Bl)n...nfx) #0=Fx)N...08x)NW(Y,3) #0

To construct 3, first construct ﬂ > (3 so that

Bx)N...nBxk) £ 0= B(x1)N...00xx) #0

For each {?fl, cey Xk} such that B(xi) N W(B,Y) # 0 for all i, and such that
Bx1)N...8xk) NW(B,Y) # 0, we have the closed set B3(x1) N...N B(xk).
Since

Blxn) N N Blxk) # 0= Blxi) ... Blx) =0

we see that 3(x;) N...N B(xg) is disjoint from W(AﬂA, Y). Let S be the family
of all subsets {x,...,x¢}, such that 3(x;) N W(5,Y) # 0 for all i, and so
that B(x;) N...N B(xx) = 0. Then

z= U B(x1) N ... Bxe)
{X1,....x, }ES

is a closed set disjoint from W (3, Y). Let ¥ = X — Z, so V is an open set
containing W (3, Y). Choose an open set Z; so that

W(@B,Y)VCZCZCV

and let U = X — Z,. Then {U, V} is an open covering of X, and we let y be
a rigid covering so that v(x) = U or V for all X. Let 8/ =3 xx~. 8 now
clearly has the required properties, so g is an equivalence. As usual, g’ fol-
lows by the identical argument, with the observation that 3 and v may be
taken to be in RC(X/Y). The conclusion is that f* and f! are equivalences.
Thus, for our purposes, it will suffice to show that v, is an equivalence. But
this follows directly from 2.8, since it is easily checked that A" (Y)3 is an
object of RC(X/Y) for all 8. The point is that for any x so that
(AR ()N Y # 0, Y C (AYN)B)(x), so if we let 3" be the rigid covering
of X/ given by F([x]) = p((4"V)B)(x)), then A" (V)3 = RC(p)(3").
Finally, then, we must show that the natural transformation

Px 0 RC(p) Usyorc(poiy Oy © RC(po i) — Px )y
is a weak equivalence of functors. To see this, we note that the inclusion
Px o RC(p) — Px o RC(p) UgyoRC(poi) Cyo RC(poi)

is a weak equivalence of functors, since ¢y o RC(po 4)(0) is evidently con-
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tractible for each 3 € RC(X/Y). We claim &x o RC(p) — Px/y is a weak
equivalence of functors. But this is clear from 3.2, since &5 o RC(p)(5) is the
covering obtained from &y,y () by repeating the set 3([yo]) once for every
y € Y, and the natural map is the map of coverings sending each of these

copies to B([yo])-

6. Homotopy Invariance of Cech Homology.

We wish to demonstrate that the inclusion i: X x 0—X x [0, 1] induces an
equivalence i(X;T) — h(X x [0,1]; T) for any homology theory 7. Lemma
4.6 shows that the conditions of Proposition 2.4 are satisfied for the functor
RC(i) : RC(X x I) — RC(X x 0), hence

holim T o ¢X><[1 — holim T o QSXXI) ] RC(Z)

RC(X%0) RC(XxI)
is a homotopy equivalence, so showing A(X;T) — A(X x [0,1];T) is a
homotopy equivalence is equivalent to the assertion that the natural trans-
formation @y, o RC(i) — ®xy,; induces a homotopy equivalence

holim T o QXXU ] RC(Z) — holim T o QSXX[(),Z]'
RC(XxI) RC(XxI)
Notice that since 7" is homotopy invariant T applied to a weak homotopy
equivalence will be a homotopy equivalence.
We will first establish some preliminaries.

PROPOSITION 6.1. Let U = {Us} e 4 and V" = {V;} scp be open coverings of
spaces X and Y, respectively, and let WU x V" be the open covering
{Ua X Vot (o peaxp of X x Y. Then N.(U x 77) is naturally equivalent to
N.%U X N.v".

Also, for any n and € > 0, with € < zn—lﬂ, let ¥, denote the open covering
of [0,1] given by {(4—¢52+€¢)}_o . 1. Of course, (—€,5+¢€) and
(1—4 —¢,1+¢) are to be interpreted as [0, +¢) and (1 —4 —¢, 1], re-
spectively. Note that N. ¥, is weakly contractible.

PROPOSITION 6.2. Let 3 be any rigid covering of X x [0, 1] whose underlying
covering is of the form U x V 'n. for some open covering U of X. Then
Pxxgo RC(1)(B) — Pxxjo,q(0) is a weak equivalence.

ProOF. Clear from the preceding proposition and the contractibility of
NV pe
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LEMMA 6.3. Let 3 be any rigid covering of a compact Hausdorff space X,
and let x € X. Then there is an open set V containing x so that for all v V,

vV C B(v).

Proor. Let {U,},., be a non-redundant listing of all the open sets ap-
pearing as [(x) for some xe€ X, so A is finite. Let S(x)C A4,
S(x) ={a € A|x € 371U, }. Choose V to be any open set contained inside

ﬂUﬂﬂ B1(Uy))

aeS(x BeA-S(x

V clearly satisfies the requirements of the lemma.

COROLLARY 6.4. Let X be a compact Hausdorff space, and let Y = [0, 1].
Let 3 be a rigid covering of X x Y. Then there is a rigid covering 3* > 3 so
that the underlying covering (5* is of the form U x V", and so that N.V" is
contractible.

Proor. First, it is clear from 6.3 that there is a finite open covering
U ={Uy},c  s0 that for every u € U,, U, C Pu. Further, it is standard that
there are open coverings #" = {Wy},, and ¥~ = {Vs} ;5 of X and Y re-
spectively, so that #" x ¥ refines %, and that ¥~ = ", . for some n and e. It
is clear that we may assume that the coverings #" and ¥~ admit no proper
subcovers. Since X and Y are compact Hausdorff spaces, we can choose
open subsets W/ C W, and VZ, C V3 so that WA C W, and 7/’3 C V3, and so
that #" = {W/},cq and ¥ = {V}} 5 are also open coverings of X and Y,
respectively. We may take ¥~ to be ¥7, for some n and e. For each point
(x,») € X x Y, choose some sets W/, and V' so that x € W, and y € V};, and
set 5*(x,y) = W, x V. It follows dlrectly from the construction that 5* re-
fines 3, and since ¥~ and ¥~ admit no proper subcovers, it is clear that the
underlying open covering of 3* is #" x ¥~, and N. 7" is weakly contractible.

THEOREM 6.5. The inclusion
holim T o ®x,90 RC(i) — holim T o ®x,j9
RC(XxI) RC(XxI)
is a homotopy equivalence. Consequently, Cech homology has the homotopy

invariance property for compact Hausdorff spaces.

Proor. By the preceding corollary, it suffices to check the result on rigid
coverings whose underlying open coverings are of the form % x ¥, with
N. 7" weakly contractible. The result now follows from Proposition 6.1 and
Proposition 6.2.
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7. The “Strong Wedge” Property.

Let {X;}2, be a countable family of based topological spaces. The
“strong wedge” of the X]s, which we by abuse of notation shall denote
Vi, Xi, is the subspace of [[;°, X; consisting of points which have at most
one coordinate away from the basepoint. There are projection maps
h(\/32, Xi; T) — h(X;; T), and hence a map

¢:h(\/ Xz T) = [ [ M(Xs: T)
i=1 i=1
We wish to show that if each of the X;’s is a compact Hausdorff space, then
¢ 1s an equivalence.
We record a preliminary result.

ProrosITION 7.1. Let
cicGc...cc, C...

be an increasing sequence of categories, with Cs, =, C,. Let F be a functor
from Cy to Kan complexes. Then holim¢ F is naturally equivalent to
holim, C,F|C,. Here, n — holim¢, F|C, is a contravariant functor from the
partially ordered set N of positive integers to Kan complexes.

PrOOF. Let @ be the covariant functor from N to small categories, given
by &(n)=C,. Then we have the “Grothendieck construction” [17]
A =N &, and an evident functor s: /" — C,,. It is readily checked that
this functor satisfies the hypotheses of [3, Theorem XI.9.2], and hence the
pullback map holim¢ F — holim,Fos is an equivalence. However,
holim - F o s is easily identified with holim,_ny @(n)F|®(n), which is the re-
quired result.

THEOREM 7.2. Let {X;};°, be a family of based compact Hausdorff spaces.
Then the natural map

¢:h(\/X; T) — [[ (X T)
i=1 i=1

is an equivalence.

ProoF. Let Z =\/;Z, X;, and let Z; be the subspace \/;Z; X;. We have the
projection p;: Z — Z/Z; = \/'_, X;. Let RC;(Z) C RC(Z) denote the image
of the functor RC(p;), and let RC(Z) = JZ, RC;(Z) C RC(Z). We claim
that the restriction map

hZ;T)=holim To &; — holim To &y
RC(Z) RC(2)
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is a weak equivalence. By 2.8, it will suffice to show that for every
B €RC(Z), there is a € RC(Z) and a 3" € RC(Z), so that § >,
B > ", and so that §5(8' > 3") is a weak equivalence of simplicial sets. Let
* denote the basepoint in Z. Then $(x) is an open set containing *. By the
definition of the strong wedge, there is a j so that Z; C 3(x). Choose an open
set V' with Z; C V' C VC B(x); this is possible since Z is compact Hausdorff.
{Z - V,B(x )} is now an open covering of Z. By 4.4, we may choose
v € RC(Z) so that ¥(z) is equal to Z — V or 3(x) for all z € Z. Note that for
z€Zj, (z) = ( ). Let 8/ = B xx~. It is clear that if §'(z) N Z; # 0, then
B'(z) C B(x) = B'(x). Let 5" be defined by 3"(z) = '(z) if §'(z) N Z; = 0, and
B"(z) = B(x) if B'(z) N Z; # (. Define a function 6 from Z to itself by letting
0(z) =« if [(z)NZ;#0 and 6(z) =z otherwise. It is clear that
B"(z) C B(0(z)), and so 6 is in fact a map of coverings (indexed by Z).
It therefore induces a map R. Yy — R. Xy, In view of 3.2, this is a weak
equivalence of simplicial sets. This shows that the map holimgcz) To
&7 — holimgc, (7T o &7 is an equivalence. But 7.1 now shows that
holimgc, (7T o 7 is canonically equivalent to holim;RC;(Z)T o &;. But it
is easy to check that 7o #7|RC;(Z) is weakly equivalent to T'o ¢7,7, and
hence that holimgc,£) T o ¢z =~ h(Z/Z]7 T) On the other hand, the excision

theorem 5.1 shows that WZ/Z;; T) ~ H h(Z;; T). It follows that
j—1

holim T o &7 ~ holim H;z(Zi; T)~
RCx(Z) 7=l i

h(Z:; T)

8

which is the required result.

8. Bornologies, Compactifications, and Group Actions.

A “space” will mean a locally compact Hausdorff space. If X is a set, and B;
and B, are subsets of X x X, we write B o B, = {(x1,x;) € X x X|3x' € X,
with (x,x’) € By and (X', x2) € By}. Also, let B = {(x1,x2)|(x2,x1) € Bi}.

DEerINITION 8.1. A bornology on a space X is a family % of subsets of
X x X, satisfying the following four conditions.

1. B #= A C %, where A denotes the diagonal in X x X.
2.Bc#and ACB CB= B c 4.

3. B, B, € A= BioB, € 4.

4. B€ #= B”? € 4.

A space equipped with a bornology will be referred to as a bornological
space.

To get a category we need to specify the maps.
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DEerFINITION 8.2. Let (X1,4;) and (X3, %,) be bornological spaces, and let
f: X1 — X, be a (perhaps non-continuous) map. We say f is bornological if
it satisfies the following conditions:

1 For every B € %,,f x f(B) € %,.
2 For every compact subset K C X3, f~1(K) is compact.

The associated category of bornological spaces will be denoted by Born.

EXAMPLE 8.3. The metric bornology: An important example of a borno-
logical space occurs when X is a metric space. If X is a metric space with
metric d, we define a bornology #(d) on X to consist of all sets BC X x X,
containing A, and so that there is a real number R so that d(x,x;) < R for
all (x1,x2) € B.

DEFINITION 8.4. Let (X, %) be a bornological space. If 4 C X and B € 4,
we define B[4] ={x € X|3x€ 4: (x,x') € B}. We shall write B[x] for
B[{x}].

EXAMPLE 8.5. The continuously controlled bornology: Let X be a space and
let i: X — X be an inclusion into a compact space. i is assumed to be a
homeomorphism onto its image. Let X = X — X. We define the con-
tinuously controlled bornology #(X,0X) on X as follows:

B € #(X,0X) if and only if the following holds: For every y € X and for
every open neighborhood U of y in X there exists an open neighborhood V of y
in X so that B[x] C U for all x € VN X.

DEeFINITION 8.6. Let X be a space with two bornologies 4, and %,. We
shall say that %) is finer than %, or equivalently %, is coarser than %, if
B C By i. e. if the identity map from (X, %) to (X, %) is a bornological map.

DEerINITION 8.7. If X be is a bornological space imbedded as above, X
thus has an abstract bornology % and a continuously controlled bornology
coming from the embedding. We say % is “small at oo™ (relative to i) if 4 is
finer than #(X,0X) i.e. if for each B € %4, z € X, and open set U of X
containing z, there is an open set ¥ of X, with z € VV C U, so that for every
xeVnX,Bx]CU.

REMARK 8.8. There are many important examples of metric bornologies
with compactifications that are small at infinity

1. When X is a simply connected smooth manifold equipped with a complete
Riemannian metric d of nonpositive sectional curvature, then X can be
compactified by rays, and the bornology #%(d) is small at co.

2.If X =G/K, where G is a Lie group and K its maximal compact sub-
group, then G/K is diffeomorphic to RV for N = dim(G/K), and can be
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compactified by adding an SV~! at co so that any left G- invariant Rie-
mannian metric is small at co.

3. If X is the universal cover of a finite simplicial graph, then X can be com-
pactified by adding a Cantor set at oo, and the bornology associated to
the simplicial metric on X is small at oc.

4. When I is a torsion free word hyperbolic group in the sense of Gromov
(see [11]), I" acts freely on a finite dimensional polyhedron P,;(I") which
can be compactified by adding its “hyperbolic boundary”, as in [11]. The
polyhedron is equipped with a metric, whose bornology is small at co.

Suppose now that X is a space, equipped with a properly discontinuous
left action by a group I, and suppose further that the action is ““co-
compact”, i.e. X/I" is a compact Hausdorff space. I" also acts on X x X via
the formula ~ - (x,x’) = (yx,vx"). We say a subset Z C X x X is I"-compact
if Z/T'C X x X/TI" is a compact set; note that Ay C X x X is I"-compact,
since X/I" is compact. We now define a family %’ of subsets of X x X by
declaring B C X x X is an element of 2’ if Ax C B and B is contained in a

I'-compact subset of X x X.

PROPOSITION 8.9. Suppose I acts freely on X. Then %' is a bornology on
X.

ProoF. Only condition 3 requires verification. Let 7y, m : X x X/I" —=X/T
be given by m([x,X])=[x] and m([x,x]) =[x], respectively. Let
ZC (X xX/I') x (X x X/T') be given by Z = {(«a, 8)|ma = m 8}. There is a
continuousmap 6 : Z — X x X /I" given by 0([x, x'], [x", x"']) = [x,yx""], where
~ is the unique element of I" so that vx” = x'. Let By, B, € #,and let B; and B,
be I-invariant elements of 4T, so that B;/I" C X x X /I'"is compact for each i,
and so that B; D B; for each i. It is easy to see that such B,’s exist. Now,
p(Bl ] Bz) - p(El o Ez) = Q(Z N (pEl X pEz)), and Z N (pEl X pEz) is a closed
subset of the compact set pB; x pB,, and so 6(Z N (pB; x pB,)) is compact.
Consequently, By o B, is contained in a I'-compact set, which is the result.

DEFINITION 8.10. If in this situation X is compactified to X, we say that
the group action is small at infinity if Z° is small at infinity

DerInNITION 8.11. If (X, %) and (Y,%y) are bornological spaces we de-
fine the product bornology Zyxy on X X Y to consist of those subsets of

AXAXxY)xXxY)2XAxX)x(YxY)

which contain the diagonal and are contained in subsets of the form
BiIXBCXXXxYxY=2(XxY)x(XxY), where By €%y and
B, € ABy.
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DreriniTION 8.12. If Y is a bornological space with bornology % and
f: X — Y we define the pullback bornology on X to be

SB) ={(f xf)"'(B)|B € #}.

In the following let (X, 0X) be a pair of HausdorfT spaces, X closed in X
and X — 0X dense in X. Let U be a subset of 9X. We define the bornology
Ay of control with respect to U as follows:

DEFINITION 8.13. B € 4y if and only if for every closed subset Z of X
with ZN X C U we have B[Z]NdX C U.

Said with words #y has to satisfy that if a closed set intersecting X in-
side U is expanded by an element B € #y then the closure of the expansion

also intersects 90X inside U.

DEerINITION 8.14. If 4 = {U,} is a collection of subsets of 90X then we
define

Ba = NyeaBy.

REMARK 8.15. It is easy to see that continuous control is control with re-
spect to the collection of all open subsets of dX. Hence the continuously
controlled bornology is finer than the bornology defined by any collection of
open sets.

DEFINITION 8.16. Assume X is a bornological space compactified to X. A
subset Z of 0X is bornologically saturated with respect to a given bornology
if the bornology is finer than %4. In case X is a metric space we say the set is
boundedly saturated. In this case a closed subset of X with closure meeting
0X inside Z still meets X inside Z after being expanded a bounded amount.

REMARK 17. Given a collection of boundedly saturated sets 4 = {U,} we
clearly get a map from the metric bornology to # 4. This will be used in the
final section where we prove assembly map splittings.

9. Bounded K-theory and K-theory with Continuous Control at cc.

Let (X, %) be a bornological space, and let R be a ring. By an X-labeled R-
module, we mean a based free R-module (F, @), embedded as a submodule
of the free R-module with basis X x N. We get a corresponding “labeling
function” ¢ : & — X, and require that for every compact subset K C X ,
¢~ '(K) is finite. If (Fy, @1, ¢;) and (F», $s, ¢) are X-labeled R-modules, then
a linear transformation f : F; — F; is said to be bounded with respect to 4 if
there is an element B € 4 so that for any 0 € &, f(0) € (¢35 (B[¢1x])). As in
[15], the category of X-labeledR-modules and bounded linear transforma-
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tions is symmetric monoidal, being an additive category. We shall denote
this category by € (X, %; R). The subcategory of isomorphisms is also sym-
metric monoidal and has an associated spectrum ((%4(X, %, R))) will be de-
noted by K(X, 4%, R). Note that if 4 is the bornology associated to a metric,
then € (X, %; R) coincides with the bounded category €(X; R) of [15] applied
to the metric space X. If Z(X,0X) is the continuously controlled bornology
associated to a compactification X of X then € (X,%(X,0X); R) is the con-
tinuously controlled category #(X,0X; R) of [2] and [5]. For brevity we shall
continue to use the notation #(X,0X; R) for (X, #(X,0X); R).

Let #f denote the bornology associated to the standard Euclidean metric
on E. Let g denote the n-fold product bornology %gs. xg, described
above. Then as in [4] or [5], we obtain a directed system

K(X,B%,R)  — QK(X x E,Byxp,R) — ---
e .QHK<X X En,gXXEH,R) —

of spectra, and K(X x E",Bxxg, R) is a component of
NK(X x E™ By, g1, R), so increasing n introduces new negative homo-
topy groups, but keeps the homotopy groups in positive degrees. The
homotopy colimit of this system will be written K~>°(X, %, R),

We briefly examine the functoriality properties of this construction. Con-
sider a map (X1, %) EN (X>, %) of bornological spaces.

PrROPOSITION 9.1. The constructions K(X,%8,R) and K~ *°(X,%,R) are
functorial for maps of bornological spaces.

Proor. Clear from the definitions.
We now examine the functoriality of these constructions, when a bornol-
ogy is small at infinity.

DErFINITION 9.2. Let (X,0X) and (X’,0X’) be pairs of locally compact
Hausdorff spaces. X =X-0X and X' =X —-0X. A set map
[ (X,0X) — (X’,0X") is eventually continuous if the following conditions
hold.

LF(X) CF(X7).

2. If K is a compact subset of X, then the closure of f~!(K) in X is compact.
3. f is continuous at points of 0X.

We denote the category with objects compact Hausdorff pairs and morph-
isms eventually continuous maps by ¢E

Now suppose that we are given a bornological space (X, %), and an in-
clusion i: X — X, where X is compact. 9X will denote X — X, and i is as-
sumed to be a homeomorphism onto its image. Then it is clear that the ob-
ject sets of (X, %;R) and 4(X,#(X,0X;R)) = #(X,0X; R) are identical.
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If we further assume that the bornology % is small at co, then it is also clear
from the definitions that if a linear transformation of X-labeled R-modules is
bounded with respect to %, then that same linear transformation is con-
trolled at all points of 0X. The conclusion is that we have a symmetric
monoidal functor ¢ (X,%;R) — #(X,0X;R), and hence maps of spectra
K(X,%,R) — K(X,0X,R) and K-*(X,Y,R) — K *(X,0X;R). This map
turns out to be a natural transformation of functors on an appropriate ca-
tegory, which we now describe. The objects are triples (X, 09X, %), where X
is a compact space, 90X C X is a closed subspace, and # is a bornology on
X =X — 0X, which is small at oo relative to the inclusion X — X. A
morphism in the category from (X,0X,%) to (X',0X',4') is a set map (of
pairs) (X,0X)f(X’,0X’) which is eventually continuous and so that f|X is
bornological. We call this category . We say an object (X,0X, %) of & is
finite if 90X = () and # consists of all subsets of X x X.

PROPOSITION 9.3. The maps of spectra
K(X,%;R) — K(X,0X;R)
and
K >(X,%;R) — K *(X,0X;R)

form natural transformations of functors on &. We refer to the natural trans-
Sformation as 1. n(X,0X, %) is a weak equivalence of spectra when (X,0X, %)
is finite.

ProOF. The naturality is evident. When (X, 0X, %) is finite, both functors

clearly take the value K(R) and K~°°(R) respectively and the map 7 is clearly
an equivalence.

10. K-theory with Continuous Control at Infinity.

We shall examine the excision properties of the continuously controlled
construction.

As usual, let (X,0X) be a pair of spaces, with X compact Hausdorff and
0X closed. For any set Z C X, let the accumulation set of Z, .o/(Z), be the
set of all points x € X so that every open neighborhood of x contains in-
finitely many points of Z. Note that if Z has the property that every compact
subset of X contains only finitely many points of Z, then .«/(Z) is contained
in 0X. As in [5], for any subset U C 9X, let #(X,0X;R), denote the full
subcategory on #(X,0X;R) on the objects (F,B,¢) for which
o/ (Pp(B)) CU. We denote the corresponding K-theory spectrum by
K(X,0X;R)y, and also construct, the spectrum K~>°(X,0X; R), by giving
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X x E" the product bornology and consider objects with accumulation
points in 9X x E" contained in U x E". If VC U, we also define
B(X,0X; R)Z to be the category whose objects are the same as those of
#(X,0X;R),, but where two morphisms f and g from (F,Bi,¢1) to
(F>, B>, ¢2) in #(X,0X; R), are identified if there is a neighborhood W of V'
so that f(b) = g(b) for all b € B; such that ¢(b) € W. We get corresponding
K-theory spectra K(X,dX; R);, and K-> (X,dX; R),,. The key result is now
as follows.

ProposiTiON 10.1. Let C C D be closed subsets of 0X. Then there is a se-
quence of maps of spectra

K~(X,0X;R). — K~*(X,0X;R), — K =(X,0X;R)5 €
which is a fibration up to homotopy.

Proor. For the case D = 90X, this is [5, Corollary 1.30]. The proof for a
general D is identical.

REMARK 10.2. This is the key excision result. In L-theory a result of this
type is proved in [5, Lemma 5.2]. In A-theory this is proved in [7, Proposi-
tion 2.12], and in topological K-theory this is proved in [12, Proposition 9.2].
Given an excision result of this type it is formal to generalize the rest of the
methods in this paper to these other theories.

DEerFINITION 10.3. Let C; and C; be two closed subsets of 0X. We say the
pair (Cy, Cy) is excisive if we can find an open set V in X so that C, — C; C V
and V N C; C Cy. For two arbitrary subsets Uy and U, of 0X we say the pair
(U1, Uy) is excisive if every compact subset C of U U U, is contained in
C1 U Gy where (Cy, Cy) is an excisive pair of closed subsets with C; C U,.

Recall a set C C X is called functionally closed if there is a continuous
function 1 : X — [0, 1] with C = f~1(0).

LEMMA 10.4. Assume C; C OX C X and C; are functionally closed in X.
Then (Cy, Cy) is an excisive pair.

PrOOF. Choose functions f; so that C; = f;71(0). Put V = {x|fa(x) < fi(x)}

ProOPOSITION 10.5. Let X be a compact Hausdorff space, and let 0X C X
be closed. Then any pair of open subsets Uy, Uy C 0X is excisive.

Proor. Let C C U; U U,. Consider the closed subset C — U, N C of 0X.
C—-U,;NC C U, anditis a standard fact from point set topology that there
is an open subset V| of X, with C — U, C C V; and V| C U;. Note that
C C V7 U U,. Now consider the closed subset C — V; N C of 0X. As before,
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we choose an open subset V> of X, with C— VN C C V,, and so that
V5, C U,. Now let C; = C N V;. These C; may not form an excisive pair, but
using the Tietze extension theorem they may be enlarged to functionally
closed sets hence satisfying the conditions.

LEmMA 10.6. If C; C 0X are closed subsets and (Cy, Cy) is an excisive pair,
then

K™>(X.0x; R " — K~(X,0X: Rcloe
is an equivalence of spectra.

Proor. It will suffice to show that the map
K(X,00; R)G™ " — K(X, 0% R

is an equivalence, and pass to direct limits over the directed system defining
K~ by crossing everything with E”. But by 2.3, it will suffice to show that
the map

N.28(X,0X;R)¢" " - N.2(X,0X; R)g g™

induced by the evident inclusion functor is an equivalence. Since all morph-
isms in both categories are isomorphisms, it will suffice to show that every
object in #(X,0X; R)giﬁgi_c‘ is isomorphic to an object of
B(X,0X; R)gifcmcz. Choose V' C X an open set so that

CG—CCV and VNC C G

We now write (F,B,¢) as a direct sum (Fy, By, ¢1) @ (Fa, By, ¢2), where
B =¢""(X = V) and B, = ¢ (V). The inclusion (F, By, ¢2)—(F, B, ¢) is
an isomorphism in the category #(X,0X; R)gl‘ﬂg_c‘ with inverse the pro-
jection since the composite only differs from the identity on a submodule
with support at infinity contained in C;. But, (F, By, ¢,) is clearly an object
in 4(X,0X; R)ngZ, since the support of (F>, By, ¢») is contained in V, and
A (p(B2)) CVN(CLUC,) C (. To finish off the proof we need to verify
the existence of such an open set V. Let f;: X — [0,1] be a continuous
functions so that f;71(0) = C;. We may then put V = {y|2(y) </i(»)}.

THeOREM 10.7. If (Uy, U,) is excisive, then there is a pushout diagram of
spectra

K™(X,0X;R)y,ny, — K~(X,0X;R),

l !
K >(X,0X; R)Ul — K™ ™(X,0X; R)UIUUZ



38 GUNNAR CARLSSON AND ERIK KJER PEDERSEN

ProOF. The category #4(X,0X; R),, is always the direct limit of the cate-
gories Z(X,0X; R), where C runs over the compact subsets of U, since the
set o/(¢(B)) is always a closed, hence compact, subset of 9X. Given
C C U, U U, we can find C; so C C C; NG, with (Cy, Gy) an excisive pair.
From 10.1 we get a diagram of fibrations

Kfoo(y, 8X, R)Clmcz — K*OO(Y7 8X7 R)Cg — K*OO(Y, aX, R)gz—clﬁCZ
| l |
K*OC(Y, aX’R)Cl — K*OO(Y’ 8X, R)Clucz N Kfoo(y’ aX’ R)glﬁg§7C]

The right hand vertical arrow is an equivalence of spectra by Lemma 10.6.
This will give the result by taking a limit over compact C; C Uj;, using the
excisiveness assumption.

Suppose {U,},., is any open covering of 0X. Let #(A) denote
the collection of nonempty subsets of A. This is a partially ordered
set under inclusion. We think of #(4) as a category in the usual
fashion, so there is a unique map from S— 7T if TCS. Let
ofar,...,a5} = Uy N...N Uy, COX. Then S— K(X,0X;R), and
S — K™(X,0X, R),s define functors 7"and 7 from F (4) to the category
of spectra. Further, if we let £ and & denote the constant functors with va-
lues K(X,0X;R) and K °°(X,0X; R) respectively, we have natural trans-
formations 7' — E and J — &, giving maps

hocolim 7 — hocolim E
7 (A) 7 (A)

and

hocolim Z — hocolim &.
F(4) F(A)
Since 7 (A) is a left filtering category , N.Z(A4) is clearly weakly con-
tractible as in [16]. The natural maps from homotopy colimits to colimits
now give maps
hocolim E — K(X,0X;R)
F(4)
and

hocolim & — K °(X,0X; R)
F(4)

and hence by composition maps

hocolim T — K(X,0X;R)
7 (4)

and
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hocolim 7 — K *(X,0X;R).
F(4)

We wish to prove that the map

hocolim 7 — K °(X,0X;R)
F(4)
is a weak equivalence of spectra.

THEOREM 10.8. Let A = {1,2}, and suppose we have an open covering
{U, Uy} of OX. Then the map

hocolim 7 — K *°(X,0X;R)
F(4)
is an equivalence of spectra.

ProoOF. In this case, the homotopy colimit hocolimz 47 is just the
homotopy pushout of the diagram

K™(X,0X;R) .y, — K~°(X,0X;R),
!
K >(X,0X; R)y,
The result now follows from Theorem 10.7 and Proposition 10.5.

COROLLARY 10.9. Let A be any finite set, and suppose we have an open
covering {Un},c4 of OX. Then the natural map

hocolim 7 — K *(X,0X;R)
7 (4)
is an equivalence.

Proor. This follows in a straightforward fashion by repeated use of 10.8.

CorOLLARY 10.10. Suppose A is any set, and {U,} ., is an open covering
so that only finitely many distinct sets occur among the U, ’s. Then the map

hocolim 7 — K~ *(X,0X;R)
7(4)

is an equivalence of spectra.

Proor. Let 4y) C A4 be any finite subset of 4 so that for any « € A4, there
is an ap € A4y so that U, = U,,. Then we have a commutative diagram

hocollm 7

F (o) \ —
K(X,0X;R)

/

hocolim 7
7(4)
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of spectra, and the diagonal arrow is an equivalence by 10.9. On the other
hand, it follows directly from 3.1 that the vertical arrow is an equivalence.
This gives the result.

CorOLLARY 10.11. Let § € RC(0X). The natural map

hocolim K™%(X,9X; R) 5y — K~ (X,0X; R)
Se7 (0X)
is an equivalence of spectra.

This does not actually need the rigidity of the coverings, but we shall only
apply it in that case.
We now wish to construct a homotopy natural transformation from

K >*(X,0X;R) — Xh(0X;R),

as functors on ¥E (see definition 9.2). To do this, we will need to compare
various constructions on the category ¥E. A convenient framework for dis-
cussing these is given by the following definition.

DEeFINITION 10.12. We shall use .# to denote the category whose objects
are quadruples (X,0X,[,S), where (X,0X) is a compact Hausdorff pair,
where 3 € RC(0X), and where S is a finite subset of 9X. A morphism from
(X1,0X1,01,81) to (X»,0X3,0,,S,) is determined by a morphism
f:(X1,0X1) — (X2,0X3) in . so that ) refines RC(f|0X1)(52), and so that
f(S1)CS,. Any functor F:.4 — spectra determines a functor
F:%E — spectra on objects via the formula

F(X,0X) = holim hocolim F(X,0X,,S)
BERC(0X) SeF(9X)

and on morphisms via evident pullback and pushforward maps of homotopy
limits and colimits, respectively. Natural transformations of functors on .#
determine natural transformations of functors on %E, and weak equiv-
alences determine weak equivalences.

Let £,7,%,2, and 2° be defined by the following formulae.
&(X,0X,3,S) = K *(X,0X;R)

7T (X,0X,5,8) = K*(X,0X; R)as(S)

@(X,0X,5,S) — { ffm(R) :
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* if o5(S)

B =0
2(X,0X,0,S) = {KOO(R) if o5(S) # 0

7°(X,0X,3,S) = K~(R)
The effect on morphisms is defined in the evident way.
ProposiTiON 10.13. The inclusions of spectra
K~(X,0X;R), s C K~(X,0X;R)

induce an equivalence of functors 7 — &, and & is weakly equivalent to the
functor

(X,0X) — K *(X,0X;R)
on 6E.
Proor. Follows directly from 10.11.
PROPOSITION 10.14. & is naturally equivalent to the functor
(X,0X) — h(dX,,K~(R))

on €E. Similarly, 9 is weakly equivalent to the constant functor with value
K°(R).

Proor. If o3(S) = 0 then the value of Z(X,0X,3,T) is * on any T to the
left of S, hence we do not change the homotopy colimit by restricting to the
subcategory of .7 (0X) with o5(S) # 0. Now use the standard fact that for a
constant spectrum valued functor ¢ with value % on a category C,
hocolimc® = N.(C), A%. In our first case, ¥ = K~*(R) and C is the full
subcategory of # (0X) consisting of S so that o3(S) # 0, hence N. C is pre-
cisely the nerve of the covering 3. In the second case, C is the whole category
F(0X).

COROLLARY 10.15. % is naturally weakly equivalent to Sh(0X, K~®(R)).
ProoF. We have a cofibration sequence of spectrum valued functors
72—-92°—%
on /. This gives a cofibration sequence
9 — 9;0 — ("g
on $E, which is the required result.

Finally, we define a natural transformation m: 7 — % by letting
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©(X,0X,3,S): K~*(X,0X; R), sy — K"*(R)
be induced by the forgetful functor when o3(S) = (), and letting
©(X,0X,03,S): K"*(X,0X;R) (5) = *

95

be the constant map when op(S)# 0. (Note that for any object
(F,B,¢) € #(X,0X;R),, F is finitely generated. Indeed, the forgetful func-
tor which takes (F, B, ¢) to F induces an equivalence of spectra. )

THEOREM 10.16. The diagram of functors
E—3T — G—Xh(—, K"°(R))
exhibits a homotopy natural transformation from the functor
(X,0X) - K°(X,0X;R)
to the functor
(X,0X) — Zh(0X,K *(R)),

which we also refer to as w. The homotopy natural transformation w is a weak
equivalence for pairs of the form (X,0X), of compact metric spaces.

Proor. We need to show that 7 induces an isomorphism on homotopy
groups for (X,0X) a compact metrizable pair. It was shown in [5, Corollary
1.24] that K=>°(X,0X; R) only depends on X when X is metrizable, and
satisfies the Steenrod axioms [5, Theorem 1.36]. Since we have shown 10.11
and 5.1 that Zh(0X; K~°(R)) satisfies the Steenrod axioms, and we clearly
have an equivalence when 90X = (), the result follows from [14].

11. Variant Cech constructions.

We occasionally need to consider Cech constructions where we do not allow
coverings by all open sets. Given a family of open coverings % of a topolo-
gical space X which is closed under intersections in the sense that if {U,}
and {V;3} belong to & then {U, N V3} does also belong to . We can then
consider the subcategory of the category of regular coverings of X consisting
of regular coverings with image belonging to % . This will be a partially or-
dered subset RCF (X) of the partially ordered set of rigid coverings. We
shall define 4(X,Z;T) by taking the holim over RC# (X) rather than the
full category of regular coverings. The functorial properties of i(X,7;T)
are complicated to state, but if we have a group acting on X and % is in-
variant under the group action, we do get an induced action on iz(X , 7 T).
In case X is a bornological space with bornology # compactified to X by
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adding &X we define 2(0X,#; T) by using the family of finite coverings by
bornologically saturated open subsets of dX. The excision results above
generalize to produce a homotopy natural transformation

K(X,B) — h(0X,,%; K~).

We do not state the functorial properties of this construction but once again
we do get induced actions if the bornology is invariant under a group action.

REMARK 11.1. Throughout the paper we have considered coverings by
open sets. Many of the results will hold for more general kinds of coverings.
The key point in constructing a homotopy natural transformation from a
controlled theory to a Cech theory is excision, so as long as any pair of in-
tersections of the sets in the covering is excisive we do get a homotopy nat-
ural transformation of spectra as above.

12. Splitting assembly maps.

The purpose of this section is to show the main theorem and variations. First
we remove the metrizability condition of [5]. We do not know whether this
adds any groups to the list of groups for which assembly maps split, but it is
the easiest example to demonstrate our techniques. The following is a
slightly more general statement than Theorem A

THEOREM 12.1. Assume I is a group with a finite BI" and that EI" has an
equivariant compact Hausdorff compactification ET such that the Cech
homology is trivial when using coefficients in the relevant spectrum K=°(R) or
L™°(R) and such that the action is small at infinity. Then

a) If R is any ring then the assembly map
BI'y NK~*(R) — K~*°(RI)

is equivalent to an inclusion of a direct summand of spectra.
b) If R is a ring with involution such that K_;(R) = 0 for i sufficiently large then
the assembly map
BTy AL"°(R) — L"(R[)

is equivalent to an inclusion of a direct summand of spectra.

ProoOF. We shall continue to discuss only the algebraic K-theory case, the
other case being obvious modifications of these arguments. The reason the
methods of [5] do not cover this case is that when (ET,0ET) is not metriz-
able, we do not know how to compute the continuously controlled K-theory
of (ET,0ET). As far as Cech homology is concerned there are no such re-
strictions. Consider the following bornologies on EI" x (0,1)
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1) The continuously controlled bornology of (EI" x (0, 1], ET" x 1)

2) The pullback of the continuously controlled bornology on ([0, 1],0 U 1) via
the projection map ET" x (0, 1) — (0,1).

3) The pullback of the continuously controlled bornology on (ET’,0ET) via
the projection map EI" x (0,1) — ET.

We shall denote the intersection of all three bornologies by #(CET). We

denote the intersection of the last two mentioned bornologies by #(XET).

Finally we have the continuously controlled bornology #(C(EI.), EI}).

Consider

B(C(ET.,),ET,)-#(CET)-> B(SET).

Without repeating the arguments of [5] it may help the understanding to
think of these bornologies in terms of three different compactifications of
ET x (0,1). The first compactification is CET, and the bornology #(CET)
expresses that we have continuous control at the bottom of the cone and at
the cone point, and along OET x (0, 1) we only require control in the OET-
direction. The effect is that if B is in this bornology and ((e,s), (f,?)) € B,
then if s is close to 0, ¢ has to be close to s, if e is close to a boundary point,
then f has to be close to e, and if 7 is close to 1, then e has to be close to f
and s must be close to ¢. The second compactification is induced by the first
by collapsing ET to a point, so it is Y EI. This bornology ensures that the
ends stay apart, we still have no restrictions in the suspension coordinate. It
is easy to see that this bornology is a deloop of the continuously controlled
bornology ,@((EF)7 OET) in the sense that it is a deloop after applying K~°°.
Finally the third bornology, the continuously controlled bornology
B(C(ET'y),ET,) is obtained by collapsing C(OET"). It was proved in [5,
Corollary 2.10] that

K *(EIx (0,1),8(CET))I ~ BI'. AN K"*™°(R)
as spectra and [5, Lemma 2.3]
QK~®(ET x (0,1),B(XYET))" ~ K~°(RI)

and the map induced by b is the assembly map [5, Section 3]. One element in
the proof was to show that

B(EI x (0,1), (CET)")) — B(ET" x (0,1),8(C(EL), El')"))

is an equivalence of categories. This is the point where it is used that the
action is small at infinity. The fixed set consist of the equivariant maps, and
the smallness then ensures that the control conditions are automatically sa-
tisfied along OET" x [0, 1] .
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LEMMA 12.2. The pullback maps
WEOET, K~®) — h(XOED, B(SET); K)
and
h(C(OET)UET; K~*°) — h(C(OEI') UET, #(CET); K=*)
are homotopy equivalences of spectra

Proor. The bornologies #(CET) and #(XET) are not small at infinity
when we compactify EI'x (0,1) by COET' UET x 1 and Y(9ET) respec-
tively. An open subset U is bornologically saturated if and only if
(x,1) € OET x (0, 1) belongs to U implies x x (0,1) C U. The smallest bor-
nologically saturated open set containing the cone point will thus be
COET — ET. The smallest bornologically saturated open set containing a
suspension point is the whole space minus the other suspension point. Except
for the trivial covering where one of the open sets is the whole space we thus
get that the nerve of a bornologically saturated open covering of YOFEI is
precisely the suspension of the nerve of a covering OET

Consider the diagram where we denote EI" x (0, 1) by X and omit the ring
R from the notation.

K~(X,%(CET.,EI,)) <~ K~(X,8(CET)) -~ K (X,8(XET))

WED,; K~%) <~ K(COEr UEIB(CED)); k=) - W(SEI; BEET; K~

e S
WCOETMUET; K~%) LN M ZOET; K~
All the maps are equivariant maps. The map b’ on fixed sets is the assembly
map , and the map a is a homotopy equivalence as discussed above. By
definition K~ (X, #4(CEI}, EI})) is the same as K~ *°(CEI'y,ET;), and we
proved in [5, Theorem 2.11] that

K~®(CEl,,El'))" — K~*(CEI.,EI.)",

the map from the fixed set to the homotopy fixed set is a homotopy equiva-
lence. Since equivariant maps that are homotopy equivalences induce
homotopy equivalences on homotopy fixed sets we will be finished once we
prove that ¢, k and / are homotopy equivalences. The map ¢ is a homotopy
equivalence since EI'. is metrizable by Theorem 10.16. We have argued
above that ¢ and f are homotopy equivalences. The maps d and g are in-
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duced by collapsing a contractible subset so by excision and homotopy in-
variance they induce homotopy equivalence and we are done.

Finally we state a more useful theorem where the proof is a slight varia-
tion of the proof above.

THEOREM 12.3. Assume I is a group with a finite BI" and that ET" has an
equivariant compact Hausdorff compactification which is Cech contractible
and such that there exists a family of coverings # of OEI" by sets which are
saturated with respect to the bornology B on EI (e. g. boundedly saturated)
which is  invariant  under  the  group  action and  satisfies
h(OET; T) — WOETL, 7 ; T) is a homotopy equivalence, where T is the re-
levant spectrum K—°°(R) or L"°(R) . Then

a) If R is any ring then the assembly map
BI'y NK *(R) - K~*°(RI)

is equivalent to an inclusion of a direct summand of spectra.
b) If R is a ring with involution such that K_;(R) = 0 for i sufficiently large then
the assembly map

BT, AL™®(R) — L™°(RT)

is equivalent to an inclusion of a direct summand of spectra.

Proor. The proof is a slight variation of the proof above using the bor-
nology on EI induced by the given collection of subsets of OEI" occurring in
the family % instead of the continuously controlled bornology in point (2)
above. Our condition ensure that equivariant maps are automatically con-
trolled with respect to this bornology even though the action may not be
small at infinity.

REMARK 12.4. The theorem above may be generalized in various ways.
We do not necessarily have to work with open sets. As long as the coverings
satisfy that any pair of intersections is an excisive pair, these kind of meth-
ods can be used. We shall not try to formulate the most general theorem that
can be formulated along these lines.
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