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DUALITY OVER AUSLANDER-GORENSTEIN RINGS

YASUO IWANAGA

Dedicated to the memory of Maurice Auslander

§ 1. Introduction.

It is well known that a quasi-Frobenius ring R has the duality between fi-
nitely generated left and right modules given by the R-dual functor
—* = Homg(—, R). Also it is shown in [8] and [17] that a commutative
Gorenstein ring R has the duality given by the functor Exty(—, R) for some
n. In this note, we will study a similar duality over Auslander-Gorenstein
rings, which contains the duality over quasi-Frobenius rings as a special
case.

Auslander introduced a non-commutative version of commutative Goren-
stein rings based on the work by Bass [3]. A twosided Noetherian ring R is
called n-Gorenstein for n>1 if in a minimal injective resolution
0—grR— Ey— ---— E, — --- of a left regular module gR, the flat dimen-
sion fd(E;) of E; is at most i for each i (0 <i <n—1). Auslander gave the
following useful characterization of n-Gorenstein rings, which also shows the
left-right symmetry of the notion. (The proof appeared in [9, Theorem 3.7])

THEOREM (Auslander). Let R be a (twosided) Noetherian ring. Then the
following are equivalent:

(1) In a minimal injective resolution 0 - RR — Ey — --- — E, — --- of
RR, fd(E;) <iforeachi (0<i<n-—1);

(2) For any finitely generated right R-module Xg and any integer j < n, we
have Exth(M, R) = 0 if kM is a submodule ofExt’,}(X, R) and i < j,

(3) In a minimal injective resolution 0 — Rg — Ef — --- — E,/ — --- of
Ry, fd(E/) <iforeachi (0<i<n-1);

(4) For any finitely generated left R-module rY and any integer j < n, we
have Ext(N, R) =0 if N is a submodule of Exti(Y, R) and i < j.

In the condition (2) (or (4)), a module X (or gY) is said to satisfy the
Auslander condition. A Noetherian ring R is called Auslander-Gorenstein if R
has finite (left and right) self-injective dimension and every finitely generated
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R-module satisfies the Auslander condition. The class of such rings contains
interesting and important examples like Weyl algebras [18], certain rings of
differential operators on non-singular algebraic varieties [10] and Artin-
Schelter’s regular algebras of global dimension< 3 [1] and [14].

REMARK. If R is an n-Gorenstein ring and has self-injective dimension »
on both sides, then in a minimal injective resolution 0 — gkR — Ej — -+ - —
E, — 0, we have fd(E,) = pd(E,) = n ([13, Proposition 1]), where pd(E,) is
the projective dimension of E,. Thus R is Auslander-Gorenstein.

Levasseur and Smith [15] showed that if a positively graded algebra
A=K® A4, @ over a field K is generated in degree one and is Auslander-
Gorenstein, then for a finitely generated Z-graded 4-module M, the corre-
spondence M — MV =Extj(,zM)(M , R) gives a bijection between left and
right CM-modules of projective dimension j(M). In particular, M =~ M"Y
holds. Here j(M) = min{j| Ext’k(M, R) # 0} is the grade of M. In this note,
we will show that this bijection exists for general Auslander-Gorenstein
rings, and give a duality between certain classes of finitely generated mod-
ules. According to Bjork [4], a finitely generated module M over an Aus-
lander-Gorenstein ring R of self-injective dimension # is called holonomic if
Extih(M, R) =0 for any i # n and Extyj(M, R) # 0. Inspired by Bjork’s
work [5], we will show that the functor Ext}(—, R):mod(R) — mod(R°P)
gives a duality between holonomic left and right modules. In case of n =0, a
ring R should be considered as a quasi-Frobenius ring and then all finitely
generated nonzero modules are holonomic. Thus this duality is a generalized
version of the duality for quasi-Frobenius rings given by the R-dual —*. As a
consequence, we obtain a bijection between simple submodules of E, and
E/, where 0 5 gR—Ey— - —>E,—-0 and 0> Rr—E/ — - —
E,’ — 0 are minimal injective resolutions for R and Rg, respectively.

Miyashita also gets a related result in [16, Theorem 3.5]. Let 4T be a tilt-
ing module of projective dimension at most n over any ring A4 and
B = End4(M). Let

%; = {4M| Exti,(M, T) =0 for all i # j and pd(M) < j + n},
D; = {Np| Extp(N, T) =0 for all i # j and pd(N) <j + n}

Here pd(X') means the projective dimension of a module X. Then the functor
Extp(—, T): %, — 9; gives a duality. However, in our case, there are holo-
nomic modules of infinite projective dimension.
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§2. Preliminaries.

Throughout this note, rings R are always twosided Noetherian rings. For a
module M, we denote its projective, injective and flat dimensions by pd(M),
id(M) and fd(M), respectively.

Let M be a finitely generated R-module. We define the grade j(M) of M by

j(M) = min{j > 0| Extiy(M, R) # 0}.
Then j(M) < pd(M) holds.

We begin with the following useful lemma. The proof follows from the
definition of homology groups.

LEmMMA 1. Let R be i Noetherian ring and M a finitely generated R-module.
For any j > 1, let P; /NN Py —= M — 0 be a projective resolution with
each P; finitely generated and X; the cokernel of the map f;* : Pj_* — P;* (x is
the R-dual).

If Extih(M, R) =0 for any i (0 < i < j), then we have the following exact
sequence

0 — Extly(X;, R) —» M 2% M™ — Ext/}' (X;, R) — 0,
where €y is the evaluation map.

Auslander and Reiten use in [2] the exact sequence 0 — Ext!(TrC, A) —
C — C* — Ext}(TrC, A) — 0 for an artin algebra A and a finitely gener-
ated A-module C.

As a consequence, we have two corollaries.

COROLLARY 2. Let gM be a finitely generated left R-module with j(M) > 1.

Then there exists a finitely generated right R-module Xp satisfying
M =~ Ext¢ (X, R) and pd(X) < j(M).

COROLLARY 3. Let R be a Noetherian ring and M a finitely generated left
module. Then we have Homg(M, E) = 0 for any injective left module E with
fd(E) < j(M).

Proor. By Corollary 2, there is a finitely generated right R-module X
with M =~ Ext’%M)(X, R). Hence if E is injective with fd(E) < j(M), we get

0 =TorR, (X, E) = Homg(Ext'y") (X, R), E) =~ Homg(M, E)
by [6, Chap. VI, Proposition 5.3].

Now we assume that R is an Auslander-Gorenstein ring and M is a finite-
ly generated R-module with Exth(M, R)=0 for any i#j(M). Let
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Pj— P;_  — --- — Py — M — 0 be a projective resolution with each P;

finitely generated and j = j(M). Then we have an exact sequence

0— P 255 Pyt 2 Im(f) — Exth(Im(fj1), R) — 0.

Here we see Extk([m(fj_l), R) = Extiy(M, R) and by the Auslander condi-
tion, Exty(Extr(M, R), R) =0 for any i <j. Moreover, Im(f;)* is finitely
generated torsionless and Im(f;*) = Py*. Hence the exact sequence above
yields the following commutative diagram with exact rows

P, -—fl—> Py — M — 0

E|l 521 ”Ml
Pt L5 Pt Exty(Exth(M, R), R) — 0,

where ¢; and ¢, are the evaluation maps and they are isomorphisms. Hence
we get the canonical isomorphism

om s M = Ext(ExtM (M, R), R).
Consequently, by [5, Proposition 1.6 (2)], we have

THEOREM 4. Let R be an Auslander-Gorenstein ring and M a finitely gen-
erated left R-module with Exty(M, R) = 0 for any i # j(M). Then there exists
the canonical isomorphism

om: M = ExtigzM)(Exti(lQM)(M, R), R),

and the correspondence M — Ext’k(M , R) gives a bijection between finitely
generated left and right modules with Ext'y(M, R) = 0 for any i # j = j(M).

As a byproduct of the argument above,
COROLLARY 5. Let R be an Auslander-Gorenstein ring. If M is a finitely

generated  R-module  with  pd(M) = j(M) < oo, then we have
pd(Ext'y" (M, R)) = pd(M), '

§ 3. Holonomic modules.

Let R be an Auslander-Gorenstein ring of self-injective dimension n. Ac-
cording to [4], a finitely generated R-module M is called holonomic if
Jj(M) =n. In case n =0, R should be considered as a quasi-Frobenius ring
and then all nonzero finitely generated modules are holonomic. For n > 1,
we have the following characterization of holonomic modules.

THEOREM 6. Let R be an Auslander-Gorenstein ring of self-injective dimen-
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sionn>10— gR— Ey— --- — E, — 0 a minimal injective resolution and
RM # 0 a finitely generated left R-module. Then the following are equivalent:
(1) M is holonomic,
(2) M = Exth(ExtR(M, R), R);
(3) M = Exti(X, R) for some finitely generated right module Xg;
(4) Homgp(M, Eg®---®E,_1)=0.

Proor. (1) = (2) follows from Theorem 4.

(2) = (3) is trivial.

(3) = (4) follows from Corollary 3.

(4) = (1): First we have M* = Homg(M, R) C Homg(M, E;) =0. For
any i(1<i<mn), the exact sequence 0 — K;_; — E;_; — K; — 0 with
E(Ki-1) = Ei_; yields the exact sequence Homg(M, K;) —
Exth(M, K;_1) —

0. From Homg(M, K;) C Homg(M, E;) =0, we get 0 = Exth(M, K;_|) =
Exti(M, R). Hence Ext%(M, R) # 0 follows by [7, Theorem 2].

By [13, Proposition 4] and Theorem 6, we see

COROLLARY 7. (1) Every holonomic module has finite composition length.

(2) If M is a holonomic left module over an Auslander-Gorenstein ring R,
then M embeds in E,") for some t > 0. Here E, is the last injective term in a
minimal injective resolution of gR.

Proor. (1) follows from [13, Proposition 4] and Theorem 6.

(2) The socle, Soc(M), is essential in M and finitely generated by (1).
Thus, let Soc(M) = S; @ --- & S; with each S; simple. Then each S; is holo-
nomic by Theorem 6 (4) and so S; embeds in E, by [11, Theorem 2]. Conse-
quently, we have M C E(M) >~ E(S;) @ - -- @ E(S,) — E,.

Let s, (resp. #,) be the class of all holonomic left (resp. right) R-mod-
ules. Then, by Theorem 6 (4), we see that 5, is closed under extensions,
submodules and factor modules. That is, #; is a torsion class with respect to
a Lambek torsion theory. Moreover, #; is a non-empty class since E, has a
simple submodule S by [13, Theorem 6] and then S belongs to #;.

Assume M € i), then by Theorem 6 (3), we see Extx(M, R) € #, and by
Theorem 4, we have a canonical isomorphism

om : M =5 Ext(Extt(M, R), R).

Thus, the functor F = Extg(—, R) : mod(R) — mod(R°P) induces a duality
between #; and ,, and F is exact on #; (and J#,). Moreover, M has
projective dimension n or oo by [12, Theorem 2] and hence
pd(Extk(M, R)) =n or oo by Corollary 5. There actually exists a simple
submodule S of E, (hence S € 5#;) with pd(S) = oo.
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As we showed in [13, Proposition 1 and Theorem 6], the last injective term
in a minimal injective resolution of an Auslander-Gorenstein ring has sig-
nificant properties. In the following, 0 - RR— Ey — --- — E, — 0 and
0— Rgp — Ey - ---— E,’ — 0 stand for minimal injective resolutions of
rR and Rp, respectively for an Auslander-Gorenstein ring R of self-injective
dimension n. Then any simple submodule of E, (or E,’) is holonomic, and if
S is a simple submodule of E,, then Ext}(S, R) is a simple submodule of E,’
by Theorem 6.

Therefore we obtain

THEOREM 8. Let R be an Auslander-Gorenstein ring of self-injective dimen-
sion n. Then, for a holonomic module M, we have the canonical isomorphism
M = Exth(Ext’s(M, R), R). Moreover

(1) The correspondence M — Extx(M, R) gives a bijection between holo-
nomic left and right modules;

(2) In particular, holonomic left and right modules of projective dimension n
correspond bijectively;

(3) Simple submodules of E, and E,' are holonomic and correspond bijec-
tively.

REFEREI.\ICES

1. M. Artin and W. F. Schelter, Graded algebras of global dimension 3, Adv. in Math. 66 (1987),
171-216.

2. M. Auslander and 1. Reiten, k-Gorenstein algebras and syzygy modules, J. Pure Appl. Alg.
92 (1994), 1-27.

3. H. Bass, On the ubiquity of Gorenstein rings, Math. Z. 82 (1963), 8—28.

4. ).-E. Bjork, Non-commutative Noetherian rings and the use of homological algebra, J. Pure
Appl. Alg. 18 (1985), 111-119.

5. J.-E. Bjork, The Auslander condition on Noetherian rings, Séminaire d’Algebre, P. Dubreil et
M.-P. Malliavin, Proceedings, Lect. Notes in Math. 1404, 137—173.

6. H. Cartan and S. Eilenberg, Homological Algebra, Princeton Univ. Press, 1956.

7. R. R. Colby and K. R. Fuller, 4 note on the Nakayama conjectures, Tsukuba J. Math. 14
(1990), 340—352.

8. R. M. Fossum, Duality over Gorenstein rings, Math. Scand. 26 (1970), 165—-176.

9. R. M. Fossum, P. A. Griffith and I. Reiten, Trivial Extensions of Abelian Categories, Lec-
ture Notes in Math. 456.

10. A. Grothendieck, Elément de Géométrie Algébrique 1V, Inst. Hautes Etudes Sci. Publ. Math.
1967.

11. Y. Iwanaga, On rings with finite self-injective dimension, Com. Algebra 7 (1979), 393-414.

12. Y. Iwanaga, On rings with finite self-injective dimension 11, Tsukuba J. Math. 4 (1980),
107-113.

13. Y. Iwanaga and H. Sato, On Auslander’s n-Gorenstein rings, J. Pure Appl. Algebra 106
(1996), 61-76.

14. T. Levasseur, Some properties of non-commutative regular graded rings, Glasgow Math. J. 34

(1992), 277-300.



190 YASUO IWANAGA

15. T. Levasseur and P. S. Smith, Modules over the Sklyanin algebras, Bull. Soc. Math. France
121 (1994), 35-90.

16. Y. Miyashita, Tilting modules of finite projective dimension, Math. Z. 193 (1986), 113—146.

17. 1. Reiten and R. M. Fossum, Commutative n-Gorenstein rings, Math. Scand. 31 (1972),
33-48.

18. J.-E. Roos, Détermination de la dimension homologique des algébre de Weyl, C. R. Acad. Sci.
Paris (Ser A) 274 (1972), 23-26.

DEPARTMENT OF MATHEMATICS
FACULTY OF EDUCATION
SHINSU UNIVERSITY
NISHI-NAGANO 6

NAGONO 380

JAPAN



