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CONSTRUCTION OF VACUUM FOR THE POSITIVE-
ENERGY REPRESENTATION AND ITS BOSE
COUNTERPART

OLE RASK JENSEN

Abstract.

In [3] Lundberg constructed a vacuum for the positive energy representation of CAR (cf. [1])
using the GNS-construction as a main tool. In the present paper we produce the same re-
presentation using the embedding-in-the-dual technique, as proposed in [8]. The advantage of
this way of approach lies in the fact that both the original representation and its Dirac (and
Schrodinger) version (cf. [8]) act within a common domain named the master extension. In the
master extension we construct two vacuum-representations. Each one can be the positive energy
representation using the other representation as reference. Since an almost identical procedure
can be used with respect to the representation of CCR given by Wakimoto [9], we show the two
procedures simultaneously.

1. The Fock algebra and its master extension.

Let us fix a number g € {1,—1}. To a given complex Hilbert space #, <, >
we attach an algebra 'y # generated by # (one-particle space) (cf. [7]) and a
unity which will be denoted by ¢ and called the vacuum. We call I'y# a Fock
algebra if the scalar product from # is extended over 'y in such a way
that for every x € # the operator a*(x) of multiplication by x admits the
adjoint a(x) defined on the whole I'¢s# and if the adjoint fulfils the g-Leibniz
rule, i.e.

(xf,g) = (f,a(x)g),

la(x),a* (y)],= (x, )
and
a(x)p =0,

where [4, B]q := AB — gBA. Finally, we assume that ¢ is a unit vector.
In the case of g = 1, the algebras I'gs# are commutative and are called
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Bose algebras (cf. [6]) and in the case of ¢ = —1, the generators of 'y anti-
commute and ['ys# are then called Fermi algebras (cf. [8]).

We shall write I's# for the completion of 'y, <, >.

Denote by T'# the conjugate linear algebraic dual to I'ys#, i.e. the linear
space of all conjugate linear functionals over I'ps#¢. We write

(3, %) = (x,7),
for the value of x € I'# in y € I'ys#. We make the space I' a linear sub-
space of I's , using the identification
I'#>5x— (,x)elH.

The space I'# shall be called the master extension assigned to the Fock
algebra. Incidentally, multiplication in I'¢s# can be naturally extended to
I's# making out of it an algebra (cf. [8]).

2. Exponentials of quadratic forms.

A conjugate-linear operator ¢ : # — H# such that :?> = qI and ./ = q¢ shall be
called a g-conjugation. It should be noticed that prime stands for real trans-
pose. We can write any g-conjugation in the form ¢ = SJ, where S and J
commute, J is a conjugation and S is linear with S? = ¢gI and S$* = ¢S.
Given an orthonormal basis {e,}, we consider on (¥ the operators

[e@)
Za ten)a(en)

and
o0
E at(e,)a* (ep).
n=1

For infinite dimensional ¢, the element 4, = a*(h,)¢ does not belong to
I'#. Note that if, for ¢ = —1, we used an ordinary conjugation, instead of a
g-conjugation, the element corresponding to 4, would depend on the choice
of orthonormal basis, which should be avoided. The element

1 1 1 \"
6L = exp(—-ihL> = Z:;l—' <‘—§hb>

0

exists in I'5#. Let us introduce the operator

al8p) = 3~ Salha))'

n=0
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Since sufficiently high powers (—}a(hy))" annihilate any given element of
Iy, the series above are finite on I'g .

3. The Schrodinger and Dirac Versions.

It is well known that every bounded linear operator T : #; — #,, has a
unique extension to a homomorphism I'T : I'y#| — I'g#,. Notice that
(I'T)yp =9 forall T.

Given a g—conjugation ¢ and an x € #, define the operators

(a(x) +a* (ux))

Sl -

and

al(x) = —=(a"(x) — qa(wx))
transforming I into itself. Consider the mapping
B, = 6,(12)a(s,)
of I'y# into I'# (the Segal-Bargmann transformation) and define
%L={Bbx1xef}={\/§¢2x|x€9f}.
It easily follows from the identities

a(8,)a* (x) = (a*(x) - a(ex))a(é.)

and

and the duals, that
B.a' (x) = a; (x)B,
and
B.a(x) = a,(x)B,

on [y . 6, is the vacuum for a,(x) since B,p = 6,.
Introduce a scalar product in I'¢s#, setting

(f.8), = (81,8, g),
where f,g € 'y, := {6,h : h € T'ps#}. It is simple to check that considered
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on I'g#,,<,>, the operators a'(x) and a,(x) are dual to each other.
Moreover,

la.(x),a] V)], = (x, M = (a] (x)éi, @ (9)6.) 1.

It is easily seen that we have defined a functor assigning to a given Fock
algebra I'ys#,<,> and g-conjugation ¢, a new Fock algebra I'y#,, <, >,
which, for ¢ = 1, we call the Schrodinger version, and, for ¢ = —1, the Dirac
version of I'ys#, <, > with g-conjugation ¢ (cf. [8)).

4. Construction of the vacuums.

Let in the sequel ', <, > be a Hilbert space and I'y# the associated Fock
algebra. By easy computations we obtain the following

LemMA 1. Consider an orthogonal projection P and two commuting g-con-
jugations v and v, such that P =} (I — quv). Then for x € #

a; (x) = a; ((I = P)x) — qa,(uPx),

L

a,(x) = a:;—(”Px) + au((I — P)x),
and 6, € Ty, is the vacuum for a,(x), while

ay (x) = a/ (I - P)x) — qa,(vPx),

v

ay(x) = at(vPx) + a,((I — P)x),
and 6, € I'0H ,, is the vacuum for a,(x).

Since we use Nelson’s notations dI" and I" for the functor of the second
quantization and its exponential (cf. [S]), we shall write J for the involution
I' considered in [4]. J is by definition a conjugation commuting with both ¢
and v.

Let V = (I — P)+ qJuP. 1t is straightforward to check that V' is unitary
and that V2 = I — (1 — q)P. Notice that if ¢ = 1 we might use J = .

Define on I'#

ap(x) = a,(Vx) and a}(x) = a} (Vx).
Hence
ap(x) = a} (JPx) + a,((I — P)x)
and

at(x) = a} ((I — P)x) — qa,(JPx).
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Since

[aP(x)a a; (y)] a <X, y>17

the operators ap(x) and a}(y), x,y € #, generate a Fock algebra with one-
particle space #,. Notice that the operators ap(e;) appear in [2] as ;.

As an example, consider L?(S') as a one-particle space, choose {e,,ex},
where e, = ¢ and ¢, = e+ y ¢ Z, as the orthonormal basis.

Setting
Z v en)en + q(-,en)en),
J = Z (('aen>en + < »en>/én)
n=-—00
and
-1
= Z ({en, -Yen + (€n, -)en)
we get «P = P
Then
o0 -1
V= Z((en, ')en + (ém )En) + Z ((ém '>en + CI<€m '>’én)v
n=0 n=-00

and v = (I — 2P). concludes the construction of the model.
Following [3], consider the gauge-invariant quasi-free state wp setting

( +( m) ’ 'GZ(J’I)GU(XI) e 'av(xn))
<6w a;(ym) - a;(yi)ay(x1) - - -av(x,,)&)“

for P,v and ¢ as in lemma 1 and x;,y; € #. We get the following result.
THEOREM 2. Let P,v and \ be as in lemma 1, g = —1 and x;,y; € K, then

wp(af (ym) - - - @y 1)av(x1) - - - @y(xa)) = um det ((x;, Pyi)).
Proor. We make the direct computations:

<6L’a: (ym) T a:(yl)av(xl) e av(xn)5L>L
= (av(yl) T al’(ym)BL¢7 av(xl) s av(xn)BI,(D)L
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since

and

then
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a(x)B, = (a (I = P)x) + af (uPx))m,
= B,(a((] — P)x) + a* (vPx))

[a((I — P)x),a*(vPx)] = 0,

= (Bat(vPy1) - - - a* (VPym)8,B.a’ (vPx;) - - - at (VPx,)0),
= (at(vPyy) - - - a" (VPym)d,a" (VPxy) - - - a* (vPx,)p)
= bum det ((vPy;, UPX;))

Noticing that we write P,a;(x) and a,(x) instead of T,a(f)" and a(f) as
in [3], we can see that our wp coincides with that of [3]. An analogous result
as theorem 2 can be obtained for ¢ = 1, by use of an identical argument.

2 V.
3 L
4 L.
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