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DERIVED DE RHAM COMPLEX AND CYCLIC
HOMOLOGY"

JAVIER MAJADAS

Let A — B be a homomorphism of commutative rings. D. Quillen [22, 8.1]
constructed a convergent spectral sequence

BeLB
E}, = Hy(AjLp\4) = Torpfq‘ (B, B)

where Lp 4 is the cotangent complex of André-Quillen of 4 — B [22], A} is
the gth exterior power functor (applied dimension-wise to the simpliciai B-
module Lg 4), and B ®%L B is the derived tensor product [21, p.I1.6.8.] (in
particular, if B is flat as 4 module, we can remove the L in the spectral se-
quence and the abutment is Hochschild homology of 4 — B). If Q C B, this
spectral sequence is degenerate and there are isomorphisms

@ £, =Tor,""(5,5)
ptq=n

This spectral sequence can be useful in two ways: to deduce results on
Hochschild homology from results on the cotangent complex, and to obtain
information from the cotangent complex by computing Hochschild homol-
ogy.

There is a close relationship between Hochschild homology and cyclic
homology [15]. It would be useful to obtain a similar spectral sequence con-
verging to cyclic homology, and whose second term were related to
H,(A}Lp\4) in such a way that the abutment of this relationship were the
existing one between cyclic and Hochschild homologies. It should be also
degenerate if Q C B.

This spectral sequence is easy to construct and the E? term is the homol-
ogy of some quotients, which we shall denote Lﬂg&, of the derived de Rham
complex [11, chapitre VIII].

The aim of this paper is to study cyclic homology of commutative algebras
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from this point of view, which I consider, for some particular purposes,
more natural and easy. In fact, all the contents of this paper can be con-
sidered as easy consequences of results by D. Quillen [22] and L. Illusie [11,
chapitre VIII] and in order to evidence this fact, I have chosen only some
aspects of cyclic homology. So it must not be considered a rigorous study of
this homology theory. Also, part of this relationship was hinted in [6] al-
though that paper is in the characteristic zero context.

Another advantage of this point of view, is that the necessary formalism
to globalize, was well developed in [11], so we can define LQE;'{)Y for a
morphism of ringed toposes.

In the first sections of this paper, we introduce and study Lg'\'L and LQg'\'L.
These complexes are finer invariants than their homology modules, so as in
[22] or [11] we will concentrate in them rather than their homology. In sec-
tion 5 we study the relationship between their homologies, and Hochschild
and cyclic homologies.

This paper is based on the notes of a lecture given by the author while he
was invited at the Centre de Recerca Matematica of Barcelona. I would like
to thank to P. Pascual, F. Planas and A. Roig, and to the CRM, for pro-
viding a comfortable atmosphere to work. Also to L. Illusie for pointing out
to me a little mistake in an early version of this paper.

1. Definitions and first properties.

All rings in this paper will be commutative with unit (sometimes they will be
graded and shall be understood to be anticommutative).

(1.1) Let ¥: A — B be a homomorphism of rings. Consider 4 and B as
constant simplicial rings, and let 4 — X — B be a factorization of v, where
A — X is a cofibration and X — B a trivial fibration [21, II § 4. Prop. 3,
p.4.5]. This factorization is unique up to simplicial homotopy [21, II § 2.
Prop. 4, p.2.4] and up to homotopy depends functorially on 1. We will say
that 4 — X — B is a cofibrant factorization of 1. We have a simplicial DG
A-algebra [11, VIIL.2.1.1] depending only on ¢ up to simplicial homotopy
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Xo E D¢ g X,
l dpr l dpr l dpr
-
Qs = u = Den\a
Pna = l dbr l dpr | dor
-
‘Qi’o\A = Q?YI\A g “Qi’z\A
1 dpr l dpr 1 dpr

where the ith colomn is the Rham algebra of 4 — X}, and the jth row is the
simplicial X-module Q’ . We will denote the associated fourth quadrant
double complex [5, 2.1] by (L2p\4), ,, where (L2p\4),, = 2 \A
Let L B\ A be the complex of projective B-modules assocnated to %4 ®x B.
It represents a well defined object of D(B) (up to isomorphism). When
m = 1, it is the cotangent complex of 4 — B and was studied in [1], [22].
The simplicial DG A4-algebra Q}\ 4 has a Hodge filtration defined by

F'Zpg =0 -0 ... =0 a7, 25 B8 el P8 ). Let LR, be the
mth suspension of the simple complex assocxated to .QX\ 4 /F’"“,O}\ 4 (which
is concentrated in nonnegative degrees). It represents also a well defined ob-
ject of D(4).

Since X — B is a quasi-isomorphism of simplicial X-modules and .()')'}\ 4 18
X-projective, we have a quasi-isomorphism of simplicial A-modules Q’}\ 4
P4 ®x B= Lg'\')A [11, 1.3.3.2.1]. So the exact sequence

0— Fmﬂ} A/Fm+ X\A - X\A/F + ‘Q;(\A - 'QX\A/F “QX\A -0
gives a natural distinguished triangle in D(4).
1 m m—1)
(1.2) Lt — LS, — Lo, — Lag D (1]

(1.3) Since .Q'f\ 4 ®- M preserves colimits, in particular exact sequences o =
e — o, we have

Ho('—(m),, ®p M) = 5 @8 M

and so, by (1.2) Ho(LS2Y),) = (27, +/dorS254 -
In particular the last terms of the homology exact sequence associated to
(1.2) are

d
Hy(Le \A)“" B\A/dDR 2 =5 ”3\,4—’ B\A/dDRﬂg\A -0
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If B=A/I, we can take Xy = A, and similar reasoning together with
Quillen’s results [11, 1.4.3.2.1] [21, II § 6. Prop. 1, p.6.3] give

H(Ly0) = T3(1/1), H(LG) =0 ifi<m

where Iy is the mth devided power functor.
(1.4) For m=1 we obtain H,(L2}),) = H,(A,B,B) if n> 1 (André-
Quillen homology groups) and an exact sequence

0 — Hi(4,B,B) — H\(L2Y),) — B @}, — Qb ,/dB— 0

In particular, an exact sequence 0 — H;(4,B,B) — Hl(L.Qg\) 1) =
HY:(B) — 0, where Hpg(B) is the cohomology of the de Rham complex of
A — B.

(1.5) Filtering the double complex E° whose simple complex is L.Qg’\'i, by
rows, we obtain a convergent first quadrant spectral sequence

El

'p.q } = HP'*’Q(L‘Qg'(L)

Hy(L?) if0<g<m, p>0
0 in other case

(1.6) Filtering now by columns, we obtain a convergent spectral sequence
with

Hpg'(X)) ifp>0,0<g<m
E,,= Q?,\A/dDRQ?;\IA ifp>0,¢g=0
0 in other case

In particular, if A contains the rational numbers, by Poincaré’s lemma, the
first term vanishes for ¢ # 0, m and the second term is

A ifp=0,g=m
B2, = $ Hy(\4/dons¥s) ifp 20, 4=0
0 if g#0, m
So we have isomorphisms
Ho(LOY,) = H, (¥ a/dor i) i n#m, m 1

and an exact sequence
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1\ ?
0— Hm+1(l-92'\124) - Hm+l(9';\A/dDRQ’1?\AI) — 4

— Hy(LOG,) = Hu(25), /dors2 1) — 0

If A — B is injective then Im(X; — Xp) N Ker(Xp don, Q}O\A) =0, ie.,
Im(E}, — EJ,) NKer(E), — E),, ;) =0 and since EJ, ., =0 an easy
computation shows that the differential ¢: E,’:IIIYO — ng;l is zero. So in this
case we have isomorphisms

Hy(L23Y,) = Hy (25, 4 /dors2iy) if n#m
and an exact sequence

0 — A — Hy(L2G),) — Hp(25), /dor 25 h) — 0

(1.7) Since any functor extended from the category of modules to the ca-
tegory of simplicial modules [5, 1.11] (we are thinking in the mth exterior
power functor) preserves homotopy equivalences [S, 1.15, 3.31] using the
dual of [10, 1.4.7] we can extend the results of base change [22, 5.3] to L"):

Let B and C be A-algebras such that TorqA (B, C) =0 for g > 0. Then there
are isomorphisms in D(B®,4 C):

(CoiB)®s Lo, ~ L5 ¢
(1.8) Let 4, B, C be as in (1.7). We have isomorphisms in D(C)
(m) (m)
CQ®4 L.QB"\’A ~ LQCT;AB\C

We have a morphism of distinguished triangles

Cosly,) — Coulg, — CosL0p, — CosLop V]
l
(m=1) (m) (m) (m—1)
LQC'ZZ’AB\C - LCm®AB\C - Lgcmcpw\c - LQ(T@AB\C[I]

The result follows then from (1.7) by induction on m.

(1.10) Let 4 — B — C be ring homomorphisms. Let P be a cofibrant
factorization of 4 — B, and Q a cofibrant factorization of the composition
P — B— C. Asin [22, proof of 5.1] we have exact sequence of simplicial C-
modules

0— (2p4 ®p B)®p C — 20\ 4 ®0 C — 2pg,58 Rpgp C — 0
Applying the functor A7 (—) we obtain an exact sequence

OﬁdPA%\_Al ®QC"‘* %\A®QC"‘)”5®PB\B®Q®}:BC_)O
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where the left term is the simplicial C-submodule of 25,4 ®g C generated by
the elements dx| A ... Adx, ® c with some x; € P, and the other terms are
L™ and L

C\4 C\B’

In particular, we can filter 27 ,®,C,0CF CF'c...cF"=
254 ®0 C with F' = {dx; A...Ndx® c € 254 ® C s.t. at most 7 ele-
ments x; are not in P}, obtaining a convergent spectral sequence:

Ey g = Hpo(FP[FP7) = Hp+q(L(c"<)A)

with B}, = Hy(F°) = H (LY, ®5 C), E}

g = m+q(L(g{)B). This spectral se-
quence was obtained in [12]

(1.11) As a consequence of (1.7), (1.8), we obtain: let p: A — B be a ring
homomorphism, § C 4 a multiplicative subset. We have isomorphisms in
D(S7'4®4 B) and D(S'4) respectively

-1 (m) . (m)
§TA®, LB\A - LS”A@,.B\S"A

-1 (m) (m)
ST AQ®4 L‘QIKA ~ LG e m\5-1 4

Also, taking B=C=S"'4 in (1.7), (1.8) we have L@A\AQO’

(m) ~
Lo, , 0. | |

If T C B is another multiplicative subset such that p(S) C T, using (1.10)
for m=1 (i.e. [22,5.1]) with the sequences 4 - B — T-'B and 4 —
S~14 — T~'B we obtain an isomorphism in D(7~'B)

L(m)

oy ®s T B~ LY

T-'B\S-'4"

(1.12) Since Lg& (resp. Lﬂgr&) are complexes of projective B-modules

(resp. A-modules), for a B-module (resp. 4-module) M we have universal
coefficient spectral sequences

B2, = Tor? (H(L§y), M) = Hyeo(Liy, @5 M)
EZ, = Tor! (H,,(erg’\‘;),M) = Hyyg(L2g0) ®4 M)
and similarly with Hom(—, M), Ext(—, M) instead of —®ys, Tor(—, M).

2. Smooth algebras.

(2.1) Let 4 be a ring, B a flat 4-algebra such that B®, B is a noetherian
ring (e.g. if A is noetherian and B an A4-algebra essentially of finite type). The
following are equivalent:

i) Bis a smooth A-algebra
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ii) LB\A ~ Q’;\A in D(B) forallm >0

iii) There exists some p > 1 such that H, (Lg@,) =0 for all
mep+ 1,p+ ext.rk.(f2p4)], where ext.r.k. (QB\A) max{n s.t. 2 4 # 0}.

iv) L, = (2, 2 pd— . — g & B)in D(A)

V) There exists some p >1 such that H, (LQS_,,\ )= (L.QIK Al ) is a
monomorphism and H, +1(LQB\ A) (L.Q D'is an eplmorphxsm for all
me [p+1, p+ extrk.(2p4)]. These condmons are satisfied if (and this is
what happens a posteriori) H,,(LQ B\ A& 0 for all mep+1,p+
ext.rk.(2p 4)] and Hpy (L .Qg’\;”) p(L.QB\A) is surjective.

For the proof, i) = ii) is in [22, 5.4.iii)] since {2p\ 4 is a projective B-mod-
ule. ii) = iii) and iv) = v) are trivial. v) = iii) is consequence of (1.2), ii) =
iv) can be obtained by induction on m in (1.2). Finally, iii) = i) is in [17,
corollary 6] (see [17, theorem 5] for a more general result).

Implications i) = ii), i) = iii) are also valid in some similar situations, e.g.
for a regular homomorphism, as a consequence of [1, Suppl. 30] or [20, the-
orem 2.5] (=[24, theorem 1.3]) and using [11, 1.4.2.2].

(2.2) Now we will study some étale descent results as in [27]. If
A — B — C are ring homomorphisms with B — C étale (of ﬁmte type), by
[22, 5.1, 5.4 ii)] we have a natural homotopy equivalence L A ®p C ~ L
for all m > 0. Also, since B — C is flat we have H,,(L%\L) ®B C = Hy( \
This result was obtained (at least in characteristic zero) in [12].

(2.3) Now let A — B — C be ring homomorphisms with B — C faithfully
flat and étale. By faithful flatness, the augmented Amitsur cosimplicial B-al-
gebra

1 d"d'd2
i
(2.4) 0—-»B——>C::?C®BCE¥>C®BC®BC

SO]

d,';(c0®...®c,,_1)=c0®...®c,~_1®1®c,~®...®c,,_1
S;(CO@...@C;H_[)=CO®...®CiCi+1®...®Cn+1

is exact [8, p.18].
By (2.2), applying H,,(L ',) to this cosimplicial B-algebra we obtain

2.5) 0 — H,,(L"") ) = Hy(LyV)) ®5 C =3 Hy(Liy,) 5 C®5 C..

Since B — Cis falthfully flat, (2.5) is exact if and only if (2.5) ®BC is. But
(2.5) ®pC is isomorphic to H,,(LE,,\L) ®p (2.4) ®p C and so it is exact, since
(2.4) ®pC is homotopically trivial. Therefore Hp(L 2\ A) satisfies faithfully flat
étale descent.

(2.6) Now let A — B — C be ring homomorphisms with B — C a Galois
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extens1on w1th group G C Autg(C) [13]. Then G acts on H (Lg'\'fq ®p C) and
on Hy( LC\ A) and we have isomorphisms

Hy(L(Y,) = Hy(LyY), ®5 C%) ~ Hy(LY, ®5 C)° ~ H, (L)
by (2.2).

(2.7) Asume now that — € 4, and so (—)¢ is exact. By induction on m on

IGI
the homology exact sequence associated to the triangle (1.2) we obtain an
isomorphism.

HL(L2R,) ~ H (LX) )C.

3. Complete intersections.

In this section we shall give one result from [11, chapitre VIII]. First two
definitions:

(3.1) Let B be a ring, I an ideal of B. We say that I is quasi-regular
[22, 6.10] if I/1? is a flat B/I-module and the canonical homomorphism of
graded B/I-algebras

Ny (I/17) — Tor2(B/I, B/I)

is an isomorphism. Equivalently, if 7/I? is a flat B/I-module and L( BB~
I/1*(1] in D(B/I).

If B is noetherian this is the same as saying that [ is locally generated by a
regular sequence.

(3.2) Let C be a ring and w: E — F a C-module homomorphism. There
exists an unique C-derivation d of degree (—1,1) on the bigraded C-algebra
I'"E ® A*F such that d(v(x) ® 1) = %-1(x) @ ux, d(1®x) =0. We have
d*=0. We denote the DGC-algebra (I*E® A*F,d) by Kos,.(u)
[11,1.4.3.1.2]. Sometimes we regard Kos,(«) as a complex, the homological
degree being the divided powers degree.

(3.3) [11,VIII, 2.1.2.2] Let A — B — C be ring homomorphisms such that
B — C is surjective with kernel a quasi-regular ideal /, and that the canoni-
cal morphism Lg\) . — {2p\4 is a quasi-isomorphism and (2p 4 is a flat B-
module (e.g. if A — B is a regular homomorphism of noetherian rings and /
is locally generated by a regular sequence). Then there exists a graded iso-
morphism in D(C)



184 JAVIER MAJADAS
L, & Kos,(I/1 — 2} 4 ®5 C)

In order to make clear the grading, note that it induces isomorphisms
Hy(L8) = Hy(Te(/1) @5 D)

where this last module is a subquotient of I'L(1/1%) ®p !2';\;
In particular, H, (LC\)A) 0 if g > m. A partial converse of this has been

given in [26].

(3.4) ExaMpLE. Let k be a field, B=k[xi,...,x,], f € B a polynomial,
f €k, and C = B/(f). Then (f)/(f)* is a free C-module of rank one, and so
(Ia((H/(F)?) ®s 25\ 4, @) is the usual Koszul complex K(g{l ,‘..,g—){n;B)
[14,6]. In particular, Hq(L(C\A) q+,(L(m+ ) for ¢ >0, i > 0.

Assume moreover that the characterlstlc of k is zero, and C is reduced.
Then it is easy to prove (as in [18, 4.10]) that

H (L&) = T(2758) if g>0
where T(.Q’"\ ) is the torsion submodule of Q’g\ 4

4. Local noetherian rings.

(4.1) Let (4, m, k) be a noetherian local ring. The following are equivalent:
i) A is regular
ii) Lg& ~ I't(m/m?)[m] in D(k

iii) H(S"Lk\A) 0 for some p>2 and some q¢€ [g,%—e] where

e = dimy m/m? is the embedding dimension of A.

i) & ii) is clear (see e.g. [22, 6.14]). For i) < iii) see [17, Remark 8].

5. Comparison with Hochschild and cyclic homology.

(5.1) Let R— S be a ring homomorphism, and let BX(S) be the double
complex BR(S), = S®k...®r S(g — p+ 1 times) [15, p.56]:
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Lb Lb Lb

SRrRS®rS < S®rS £ S

1b 1 b
SerS £ s
Lb

N

The cyclic homology of R — S is HCR(S):= H,(B(S)).

The homology of the first column is Hochschild homology HHX(S). It S is
R-flat, HHR(S) = Tor5€#5(S, §).

Let R — X — S be a cofibrant factorization, and consider the triple com-
plex associated to BR(X), where BR(X) is the simplicial double complex ob-

L
tained applying BR(—) to X dimension-wise. Denote HCX(S) = H,(BR(X))
since it does not depend on the choice of X, up to isomorphism, and

L
HHZ(S) the homology of the double complex associated to BR(X Jo.- If S'is
L L
R-flat, by Eilenberg-Zilber, HC®(S) = HCR(S) and HHR(S) = HHX(S).
(5.2) Filtering B®(X),, by lines so that in the associated spectral se-
quence E' is the homology for the differential b, we obtain a convergent
spectral sequence of R-modules [22, 8.1]

2 (9) L R
Ep’q = HP(LS\R) = HH (S)

ptq

Note that replacing in BR(X )o.. the first factor X; of each tensor product
by S, it is easy to construct the same spectral sequence with S-module
structure.

(5.3) Filtering similarly the triple complex B?(X), and having in mind
that the map B induces the de Rham differential in the columns of E!
[15, 2.3.3], we have a convergent spectral sequence

2 (9) L r
Ep’q = HP(LQS\R) = HCp+q(S)

Note that these spectral sequences take the homology exact sequence as-
sociated to (1.2) and the spectral sequence (1.5), in the Connes’ exact se-
quence [15, 2.2.1] and the Hochschild to cyclic spectral sequence [15, 2.1.7].

(5.4) If R contains the rational numbers, we have a quasi-isomorphism
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(since it is a morphism inducing quasi-isomorphisms on the columns) of tri-
ple complexes

B: BR(X) — DR(X)

where DR(X) is the triple complex associated to the simplicial double com-
plex

10 10 10

dDR dDR

Do & g — X
10 10

Qg 2= x

10

b. ¢

1
—xodx1 A ... Adxy.
n!

Therefore the spectral sequences (5.2) and (5.3) are degenerate and we
have isomorphisms:

@ Sy
@ HP(LS\R) = HH, (S)

ptq=n

(9) L R
@D Hy(L2§,) = HCX(S)
ptq=n

Moreover, using (1.6) and assuming for simpicity that R — S is injective, we
can write

L
HCA(S) = P H,,(n‘;(\k/dmn;“\;) if n is odd

p+q=n

and an exact sequence

L
0— R—HCX(S) » @ Hy(Fp/donFing) — 0 if nis even.
ptq=n

These decompositions are well known [22], [6], [7], [2], [16], [19], [4]. They
were obtained first (I think) by D. Quillen [22, 8.6] for Hochschild homology
and by B.L. Feigin and B.L. Tsygan [6, lemma 10] for cyclic homology. In
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[6] this decomposition are in terms of differential graded algebras, but coin-
cides with this simplicial approach, using essentially a commutative analogue
to [23, 1.4] (I am grateful to A. Roig and P. Pascual for pointing out this fact
to me). Later, other decompositions were obtained by using A-operations on
the Hochschild and cyclic complexes. They also coincide with the decom-
positions by means of DG algebras as it was shown by M. Vigué-Poirrier
[25]. There is also a recent paper by M.O. Ronco (see [15, 4.5.13]) where it is
shown directly that the A-operations decomposition coincides with the sim-
plicial one.

Note also that a decomposition exists (in any characteristic) for Hoch-
schild homology of complete intersections [9].

(5.5) REMARK. We can define a new complex L]".(ZE;@1 similarly to L.Qg,'@4

but whose columns are the folowing: let 4 — X — B be a cofibrant factor-
ization where X; = S4(V;), V: being a free A-module. Then the ith column of
L2 s
Tu(Vi) = Ta(V2) ®s,vy Ps,vpa = Ta(Vi) ®svy P yvppa = -+
the differential being induced by
(V) @ dx; ...dx; — Yp-1(v) @ dvdxy ... dx,

In characteristic zero we have a canonical isomorphism LF.QE;()A ~ L.Qg&
and in general the columns of LI‘.(Z(B'@1 have non-trivial homology only in
dimension zero and m.

However, we do not consider this case since, as we say in the introduction,
our purpose is to study cyclic homology, and in this new setting we would
lose the spectral sequence (5.3).
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