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ABOUT THE L’-BOUNDEDNESS OF INTEGRAL
OPERATORS WITH KERNELS OF THE
FORM K,(x—y)Ky(x + 7)

T. GODOY and M. URCIUOLO!

Abstract.

In this paper we prove the L’(R")-boundedness, 1 < p < oo, of integral operators with kernels of the
form K,(x — y)K,(x + y) for a wide class of functions K, K, satisfying certain homogeneity
condition.

1. Introduction.

Let gbeareal number, 1 < g < co. Weset g’ the conjugate exponent of g given by
q '+ ¢~ = 1. Also for g: R" - C we define gU 9(x) = 2/"49(2/x), and g;(x) =
g(2'x).

Let {¢;} jez, {V;} jez be two families of measurable functions on R" with support
contained in {£: 27! < |t| £ 2} such that

(1.1) ljllg = o5 1Wllg, S c2

for some g > q,q, > q', ¢y > 0, ¢, >0, and for all ke Z.
In this paper we prove the L” boundedness, 1 < p < oo, of the integral operator
defined by

Tf(9) = le(é — NK2(E + ) f()dy

RVI
where K (x) = ), ¢{"9(x), and K,(x) = Y ¢ (x).
jeZ jezZ
The operator f — K * f is well known since K, is in weak-L9.
The particular case K;(x) = Q;(x)|x|™* and K,(x) = Q,(x)|x| "** with Q,
and ©, in L*(R"), 0 < « < n, is treated in [G-U] and it is a generalization of the
one dimensional case developed in [R-Sj].
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The singular operator obtained takingq = 1,4’ = oo is studied in [G-S-U], for
suitable hypothesis about the families {@;};.z and {¥;};cz-

2. Preliminaries.
We begin with the following observation.

LEMMA 2.1. Let {@;} ez, {;} jez be two families of measurable and non negative
functions on R" with support contained in {t: 2" < |t| < 2} satisfying (1.1). Then
there exists ¢ = c(cy,C4,M,q,q0,91) > O such that, for le Z we have

Y | oS ORE - dx s ¢
j> -1
Rn

PROOF. We take 6 satisfying 0 < 6 < g — 1 and (g — 6)' < q,. Then we have

X | P 2E — x)dx

>
R'I

= 3 2e@ah '[ 0§42 ~ x)dx

j> -1
Rn
P Lo —lat
< ) 2@ ol sl SO g gy
j> -1
— int@g=1—(q—8)-1! - ‘=l—(q-d)y !
— Z, 2iniq (q-9) )l'(oj”q—az In(q (C )] )le—lu(q—d)'
i>-l
< p)in@=8)"t—q ) Hlng~t~(q-8" 1) _
<c2 2 4

where ¢ depends only on ¢y, ¢, n, g, and . This proves the lemma.

LEMMA 2.2. Let {Q;} ez, {V;} jez be two families of measurable and non negative
functions on R" with support contained in {t: 2~ < |t| < 2} satisfying (1.1). Let G;
be the linear operator defined by

Gif(6) = jcof(x)'//j(Zi = X)f(€ — x)dx
R
Then there exists a positive constant ¢ = c¢(cy, 3,1, p) such that
IG;iflly s clfll,
forjeZ,1 < p < oo and fel”(R").
ProoF. We first estimate G;|f|. By the Jensen inequality
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16,111
-1
< ( J 0,0 (2¢ — x)dx dé>p f 0,026 — )& — P dx de
R"xR R"x R

= @ * ¥l f ;W (28 — x)|f(§ — x)IP dx d¢
R"xR
we choose 6 >0 such that 1 <(g—0) ' +¢q ! <2 and we define r by
1+r t=(q—0)""+q ' Since supp(@;*¥,) < {x: |x| < 4} we can write
I@i* ¥l S ¢ l@i* ¥l S < l@jllg-s 1Wjlly < "
with ¢” independent of j. Then if we denote by f Y (t) = f(—t) we obtain

1G;1f111% = ¢ fw;(X)((W;)(l)* If Y IP)x/2dx < Cllojlly Ijlle 1LY P < 115
Rn

To study G;f we write f = f* — f~ as usual, and the lemma follows.

LEMMA 2.3. Let {@;}jez, {¥;}jez be two families of functions satisfying the
hypothesis of the lemma 2.2. Then for 1 < p < oo, there existsy > 0and c, , >0
such that

"ij"p-i-y é Cp,y ”f”p for a”]EZ

PROOF. Let qo, q, as in (1.1). We prove first the case p' ™' > g5 ! + q; .

We define a, f by qo = g + a, g, = g + p, then there exists ¢t (0, 1) such that
pPl=(q+t))"! + (g + tf)~". Since supp(¢p;) and supp(y;) are contained in
{x:271 < |x| £ 2} we have [|¢;llg+e < ¢’ and [Yjllg 45 < ¢”, with ¢, ¢” depend-

ing only of ¢y, ¢,, g0, 41, and n. Then we can write

1/p’ 1/p
G, (O = (f(p,-(x)"%(Zé —xy dx) ( f If (€ —x)P dx)
Rn

R'I
< (107 g+ ayp 15 N 40pe) " NS p S €3 1£ -
with ¢; independent of ¢ and j, then

2.4 1Gifllw = c3 1l

Wedefinepoby 1 — pg! = g5 ! + q; !. Then (2.4), lemma 2.2 and the Marcin-
kiewicz interpolation theorem ([S-W]) give us

2.5) IGjllps S cps forall jeZ,p>py,1=s< 0.
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With ||G;l|,, s we denote the operator norm of G; from LP(R") into L¥(R").
Next we take the adjoint operator G} given by

Grg(d) = fcojv (W(2¢ — x)g(& — x)dx
Rn
Applying (2.5) to G} we obtain
(2.6) 1Gillps = IG¥llg,p S gy forall jeZ and p<s<p,

The case py, < p < po follows from (2.5), (2.6) and the Marcinkiewicz interpola-
tion theorem. ([S-W1])

3. The main result.

Theorem 3.1. Let {¢;} ez, {¥;}jcz be two families of measurable functions on R"
with support contained in {t: 27! < |t| < 2} satisfying (1.1). Then

Tf(¢) = JK (& = MKL(E + y)f(y)dy

Rn
where Ki(x) = Y, @Y 9(x), and K,(x) = Y, ¥ 9(x), is a well defined and bounded
jeZ jez
operator on LP(R"), 1 < p < 0.
The proof of this theorem will be a direct consequence of the following results.
For le Z we set A, = {t:2' < |x| £ 2'**}. A direct application of lemma 2.1
gives us

LEMMA 3.2. Let {¢;}jcz, {¥;}jez as in theorem 3.1. Then the linear operator
defined by

Q) =2 x4 J Y o Pl s 28 — x)| f(E — x)dx
leZ

j keZ
3x|§2“‘J

is well defined a.e. £ € R" and bounded on LP(R"),1 < p < o0.

Proor. It is enough to assume that the functions {¢;} .z, {¥;}ez and f are
non negative. We first prove the boundedness of T; on L*(R"). We take xe R"
such that |x| < 2'~'. Then ¢¥9(x) =0 for j < —1I, and Y*?Q2¢ — x) = 0 for
teAjand k¢[—1—4,—1+1]. So
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TS (€)= Y 24,0 I oS AW 2E — x)f (€ — x)dx
e Ix|s2!-1t —4 é
S flle Z x4,(8) J @ P (28 — x) dx
Rn —{tZSTS 1

And so lemma 2.1 implies that T; is bounded on L*(R").
To see the boundedness of T; on L!(R") we write

lef Q=% ¥ f I OS2 — x)f (€ — x)dx dE

lez j> -1
R —4SiS1 Ay |x]s2!-!

We set A4, = {t:2"<|t| £2°}. Then for (€4, and |x| <2'"! we have
271 < |¢ — x| £2'*2 So we can replace in the above integral f(¢ — x) by
Xai-y.142(& — X)f(§ — x). Now we change the integration order to obtain

ISy X I @ 9(x) _['//‘ v OQE = ) fta, 10 ,(E — x)dEdx
ez —ft>s.51 |x|s2!-1

=Y X j PP WS s y,102)" x/D dx
R T TR NP VR

Now we choose ¢ as in lemma 2.1. Then the last sum is bounded by

CZ z ||‘P§" q)"q s lIpC 1’++.IH . *UXA,_,_,”)V llq-a

leZ j> -
—45;51

ScY Y 0P PNg-s I gy 1 ar_y1ealls

lez j> -1
-4gisg1

So we apply lemma 2.1 in order to obtain

ITf s S ¢ X 1 harina i S Il

lezZ

where in the last inequality we use the finite overlapping property of the family
{fXAx—n, |+z}lel

The boundedness of T; on L*(R"), 1 < p < oo, follows now from the Marcin-
kiewicz interpolation theorem ([S-W1]).

LemMA 3.3. Let {@;};cz,{¥;}jez as in theorem 3.1. Then the linear operator
defined by

L) = Y x4) f 2 o)l Q2L — x)| f(€ — x)dx

leZ J.keZ
zl—l§|x|§21+2
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is bounded in [P(R") for 1 < p < .

PROOF. Asinlemma 3.2, it is enough to assume that the functions {¢;},.z and
f are non negative. Along this proof ¢ will denote a positive constant, not
necessarily the same, even in a same chain of inequalities

We set

Uif(O) = Y x40 J 2 of 2L — x)f (€ - x)dx

leZ jkeZ
21-1g|x|g21+2
12§ -x| s1¢/2]
we also put
Uaf(©) = Y 240 Y O 20EQ2E — x)f(E — x)dx
leZ JikeZ
2"‘§|x|$2"’2
12¢-x121¢/2|

We have T,f = U,f + U,f. We first prove that U, is bounded on L"(R"),
1 < p < 0. We note that for |2 — x| £ |¢/2] and 2' 7! < |x] £2'*? we have
271 < ¢ — x| £ 2'*3 then wee can replace in the above integral f(£ — x) by
Fxa,_, 14§ — x). Moreover the sum isextended onlyover —/ —2 < j < —1 + 1
and k = —I. Then we have

Ul < ) (J Y U2 — X)f a6 - x)dx)dé

lez -15is1
Rn Rn k2-1

We apply the same argument as in the proof of the lemma 3.2 to obtain

Ul Sclfil
On the other hand, for £ € 4,,

UfO sy Y @Y T2E - x)f(E — x)dx

leZ ~-15is1
Rn k= -1

Now we can apply the lemma 2.1 in order to obtain |U,f |, < c||fl, for some
positive constant ¢ > 0. The Marcinkiewicz interpolation theorem ([S-W]) give
us the IP-boundedness of U;, 1 < p < o0.

We consider now U, f. By the Marcinkiewicz interpolation theorem ([S-W]), it
is enough to check that U, is of weak type p — p for 1 < p < co. We take

feL’(R") such that || f]|, = 1. We have

UfO=3% Y x® j P 2L — X)f(E — x)dx
21~|§|x|521+z

12&-x| z]¢/2|
We set
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imf () = j((pr+i)(i)(x)('//r+m)(m)(2€ - x)f(¢ — x)dx

Rn
A change of variable shows that

Uf( )2y Y

XA,(f)T—t;i,m (“)(2—16)
lez —-2<is1
-3<m=1
Given A > 0 we set
JifQ) = Z Z XA,(f)T—t;i,m(f(t))(z_’f)
1<1(3) _—325'%11
Jof(§) = z Z XA,('):)T—I;i.m(fu))(z#lf)
121(2) 32§§

<1
<1
where I(A) is an integer such that 2!V ~1 < } 77" < 2l
We assert that J;, J, satisfy the weak type p — p inequality. The lemma 2.2
implies that there exists some positive constant ¢ such that

Wflis Y %

2 Topim(fo)ls S ¢ 3, 27071 f
1<Uh -25ig1 1<1(3)

lI/\|

with ¢ independent of .. Now we can write

H&ILf(€) > A2} S cA™H |y flly S cA™ 12O 1P| ), < ea™P
with ¢ independent of f and 4

On the other hand, we choose y > 0 as in the lemma 2.3. Then

a2 lpery S Y Y

”(T—l;i,m(ﬁl)»(—l)XA,”p+~y
1212 —25ig1
-3s=m=1
S Y X 2T (e,
121(3) -25is1
-3=m=1
<c Z 2in/(p+7) ||f(1)f|p$C Z e+~ -p ')”f“psczl(l)n((pw)'“p”‘)
121(4) 121(4) -
Then

{&:Jaf(©) > A2} < cA™ P U, f |

;:; < cATPHEMUINA =P +NIP) < )P

LEMMA 3.4. Let {®;}jcz, {¥;}jcz as in theorem 3.1. Then the linear operator
defined by

L@ = 210 J 3 lof ol g2
€Z j

j.keZ
21+2§|x|

—X)f(€ — x)dx
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is well defined a.e. € R" and bounded on IP(R"), 1 < p < co.

PROOF. As above we can assume that the functions {¢,} jez» {V;}jez and f are
non negative. Then

L) = J Y, @Y 22 — x)f(E — x)dx

jkeZ
218 x|

So it is enough to estimate the boundedness on I”(R"), 1 < p < o, of the
operator

Kf(¢) = J 2 Y 2 DQE — x)f (€ — x)dx

JkeZ
21¢l =1+l

We take ge [F(R"), g = 0, then Tonelli’s theorem implies

fo (g0 ds = j fWK?g(u) du
Rn R7

where

K*gu) = Y. @] P 2u — x)g(u — x)dx
JkeZ
2|u—x|<|x|

Since for ue A, {x:2u— x| <|x|} < {x:|x| < 2Jul} = {x: |x| £2'*2}, then
lemmas 3.2 and 3.3 imply the boundedness of K* on I”". Then

IKfl, = sup JKf(i)g(f)dé sclifilly

llgllpr=1,920
Rn

for some positive constant c.

PROOF OF THEOREM 3.1. A change of variables and dominated convergence,
show that it is enough to prove the boundedness, on L?(R"), of the operator given
by

Tre = J Y 1o 2l e 28 — )| (€ — x)dx

J keZ
Rn

Now, Tf = T, f + T,f + T,f and the theorem follows from the lemmas 3.2,
3.3and 3.4.
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