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THE LINEAR GROUPS OF INJECTIVE FACTORS AND OF
MATROID C*ALGEBRAS ARE CONTRACTIBLE TO
A POINT

F. A. SUKOCHEY and V. E. SHEREMETYEV

Abstract.

It is proved that the general linear groups of all injective factors and of o-finite factors of type III are
contractible to a point. This is also shown to be true for the linear group of matroid C*-algebras.

0. Introduction.

Let X be a Banach space and GLG(X) its general linear group of all linear
isomorphisms of X onto itself. The group GLG(X) with norm topology is said to
be contractible to a point if there exists a continuous map F: GLG(X) x [0,1] —
GLG(X) such that F(B,0) = B, F(B, 1) = Idy for every Be GLG(X). J. W. Mil-
nor [6] established, that GLG(X) is contractible to a point if and only if GLG(X)
has trivial homotopy groups. N. Kuiper [4] proved that the group GLG(H) of
areal, complex or quaternionic infinite-dimensional separable Hilbert space H is
contractible to a point. D. Arlt [3] and G. Neubauer [9] obtained the analogous
results for the groups GLG(/,), 1 < p < o and GLG(c,). A far-reaching com-
mon generalization of these results was given by B. S. Mityagin in [ 7], where he
introduced two interesting properties of Banach spaces: infinitely divisibility (ID)
and smallness of operator blocks (SOB). The group GLG(X) of a Banach space
X which has (ID) and (SOB) is contractible to a point. Checking up the properties
(ID) and (SOB), B. S. Mityagin [7], B. S. Mityagin and I. S. Edelstein [8]
exhibited many examples of Banach spaces X with the linear group GLG(X)
contractible to a point. Among these examples we mention only L (0, 1), B(H),
C(H) - the algebras of all bounded measurable functions on (0, 1), all bounded
linear operators on H and all compact operators on H, respectively. It can be
noticed that the first and the second examples are hyperfinite von Neumann
algebras and the third example is a matroid C*-algebra.
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Here, using the B. S. Mityagin’s scheme, we prove that the linear groups of all
injective factors and of matroid C*-algebras are contractible to a point.

1. Preliminaries.

Let X and Y be Banach spaces. A linear bijective mapping = of X onto Y is called
an isomorphism if there exist constants ¢, c, > 0 such that

(1) clln)lly £ lIxlx £ callnx)lly, xeX.

In this case we will write X ~— Yor X ~ Y.

In the case when X and Y are C*-algebras, = is called a *-isomorphism if it
satisfies the conditions n(xy) = n(x)n(y) and n(x) = n(x)* for every x,ye X in-
stead of the condition (1). In this case we have |n(x)|ly = || x]lx-

For any Banach space X we denote by L(X) the space of all continuous linear
operators in X with usual operators norm, and by [,(X), 1 < p < oo (respectively,
co(X)), the space of all sequences x = (x4, x5,...) with x;€ X and (||x;llx) €l
(respectively, [|x;llx = 0) normed by (x|l ;o = I(Ix;lx)l:, (respectively by

X llcou0 = sup llx;llx).
The definition and the assertion cited below are due to B. S. Mityagin (see [7]).

DEerFINITION 1. A Banach space X is said to be infinitely divisible (ID) if
(a) there exists a sequence (py)i-; <= L(X)of mutually disjoint projections such
that the series Y p, strongly unconditionally converges to Idy;
k=1
(b) for any k = 1,2,... there exists an isomorphism 7,: P,X < X, where
P, X denotes the image of P;
(c) if i P X—>X are 1dent1ty embeddings, then the operators T=

Z i1t P and T = Z v+ 1Te e TP are well-defined and belong to
'E(X ) o

(d) for any Be L(X) the operator B = i ixty 1 Bty Py is well-defined, B e L(X)
and Bl < 71Blun for some y > 0.

The following proposition is very useful for verification of (ID) in concrete
Banach spaces (see [7]).

PROPOSITION 1.1. If'a Banach space X is isomorphic either to [,(X) for some
pell, o], or to co(X), then X e(ID).

We recall also the decomposition principle [7]:

PROPOSITION 1.2. Let X and Y be Banach spaces and
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1) X e(ID);

2) X is isomorphic to a complemented subspace of Y;

3) Y is isomorphic to a complemented subspace of X;

Then X ~ Y.

Since 1,(X) >~ [,(1,(X)) and co(X) > co(co(X)) for every Banach space X and
every pe[1, co], the following lemma is valid.

LEMMA 1.3. The spaces 1,(X), 1 < p < o and co(X) are infinitely divisible for
every Banach space X.

It follows immediately from this lemma and from the decomposition principle
that, in order to check the property (ID) in any Banach space X, it is sufficient to
find a complemented subspace in X isomorphic to [,(X) for some pe[1, «o] (or,
to co(X)).

DErINITION 2. A Banach space X is said to have the property of smallness of
operator blocks (X € (SOB)), if for any compactum # < L(X)and any ¢ > O there
exist projections Q, and Q, such that
@) 0,0,=0,0,=0;

(b) 1Q1BQ; (I x) < & for any Be %;
(c) there exist isomorphisms o,: 0, X —— X,k =1,2.

The following result of B. S. Mityagin [7] gives sufficient conditions for
contractibility to a point of the general group of a Banach space X.

THEOREM 1.4. If X €(ID) and X €(SOB), then GLG(X) is contractible to
a point.

Let us fix the following notation (see for example [10]): if M is a von Neumann
algebra with the C*-norm || ||, then 1, is the unit of M, M, is the predual space
of M, M, = {x*x, xe M} is the cone of positive elements of M, the symbol “<”
denotes the order relation on M generated by M., and P, is the lattice of all
projections of M.

2. Contractibility to a point of the linear groups of injective factors and factors of
type III.

Since contractibility of a linear group is an invariant with respect to an isomor-
phism of Banach spaces, every factor which is isomorphic to B(H) has
a homotopically trivial linear group [8]. Hence contractibility to a point of
GLG(M) for a properly infinite injective factor M follows from the following
theorem:

THEOREM 2.1. The injective factors of the types 1,11, and 11l are mutually
linear-topologically isomorphic.
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Proor. The space B(H) is infinitely divisible, so that we may use the decompo-
sition principle. Since M is an injective factor, there exists a continuous projec-
tion from B(H) onto M. It means that M is complemented in B(H). Further, since
M is a properly infinite factor, M is isomorphic to M ® B(H) [5], that implies
that B(H) is complemented in M. Hence, by Proposition 1.2, M ~ B(H).

The following lemmas prove contractibility of the linear group of the hyper-
finite factor of type II,.

LEMMA 2.2. Let R be the hyperfinite factor of type 11,. Then R is infinitely
divisible.

ProoF. Itissufficient to show that [ (R) is isomorphic to some complemented
subspace of R. Let (p,)i-; = Pg be a sequence of mutually orthogonal projec-
tions. Put E = {xeR: pyxp; = 0, k # j}. It is clear that E = {xeR: x = (so) -

Y. paxpy). Since ®: x —(s0) - Y. p,xp, is a projection, E is a complemented
k=1 n=1
subspace in R.

We put R, = pRp; = {pixpi, x€ R}, k = 1,2. Then R, is also a hyperfinite
factor of the type 11, and, by the uniqueness of this factor, we get that R, and R are

isometric. Let us denote by 7, the corresponding isometry and consider the
00

mapping T: I,,(R) > R, T(x)i%1) = Y, 1 '(xi). Since R, < E for all k, we have

T: 1,(R) — E. Itisclear that T is an isometric and bijective mapping of I ,(R) onto
E. Thus, T: | (R) — E and, therefore, R €(ID).

For a projection p € P, we will denote by Q,, the operator from L(M) given by
the equality Q,x = pxp, x € M, and by s(x) the support projection of a self-adjoint
operator xe M.

LEMMA 2.3. Let M be a non-atomic von Neumann algebra and let
ey, e € Pp\{0}. Then for every ¢ > 0 and B L(M) there exist p, p, € Pp\{0} such
that pi é €;, i= 1, 2, and IIQPZBQpluL(M) <&

Proor. If it is not true, then for some Be (M) and &, >0 we have
195,89, Ly = &0 for every p;e Py\{O}, pi S e, i = 1,2.

Let us divide the projection e; into N > 17 || B|| /¢ mutually orthogonal
projections e}, e?,...,eY (this is possible because M is non-atomic). By the
assumption, there exists x; € M such that ||x,|, < 1 and IIQeZBQeix1 | = €0/2.

It is clear that either |Q,, Re(BQeixl)HM 2 go/4 or ||Q., Im(BQeixl)l]M = &,/4.

Multiplying if necessary x; by i we may assume that the first inequality holds.
We put X; = Re(BQeixl). Let (Q.,%1)+ — (Q.,X;)- be the decomposition of

the self-adjoint operator Q, X, into positive and negative parts. Then either



THE LINEAR GROUPS OF INJECTIVE FACTORS AND OF MATROID . .. 123

1(Qe,%1) + lIm = €0/8 01 [1(Q.,X1) - lar = €0/8. Hence there exist a non-zero projec-
tion e; < s(Q.,%;) <e, and a number §; = +1 such that the inequality
61Qeéfél = goe3/16 holds.

Replacing in the above arguments e} by e7 and e, by e}, we get that there exists
a x, € M, a non-zero projection e3 < e} and a number &, = +1 such that for
X, = Re(BQ,x,), the inequality 6,0.2%, 2 e2 holds.

After N steps, we obtain N operators x; € M, | x;|lys < 1, N non-zero projec-
tions e} <ef '<...<e} and N numbers ;= +1 such that for
%; = Re(BQ,i x;) the inequality 6,Q. X; 2 £0€5/16 holds, i = 1, N. It follows from

ey < é, foreachi = 1, N, that

& N& N N i i N N(, i N N
5iQe12vxi = §;eyXie; = dieyey%.e%e; = e3(epey/16)e; = gge;/16,

N
which implies Z 5;Qe’;’fi 2 |Neoed /161 > | Bll Ly
i=1 M
On the other hand
N N .
Y Qid%| = éidixiel|| < max |xilly <1
i=1 1 M i=1 M 1<isN
implies
N N
Z 0;0N%|| = QeN< Z 51'33;') < Z &% =
i=1 2 M 2 i=1 M i=1 M
N N
= 0;Re(BQ.ix;)| = Re(Z BQ. 5ixi> <
i=1 1 M i=1 1 M

< 1Bl Lmy-

é |
M

B< i Qeiléixi>

LEMMA 2.4. Let M be a non-atomic von Neumann algebra and let 8 < L(M) be
a compactum. Then for any ¢ >0 there exists py,p,€Ppy\(0) such that
1Q,,BQ, Il < €for all Be .

PRrOOF. We choose a finite ¢/2-net { By, ..., B, } in #4. By Lemma 2.3, there exist
non-zero subprojections e} < e, and e} < e, for arbitrary e, e, € Py\{0} such
that [|Qci B1Qe!llLon < &/2. Similarly, we find e?, e3 such that 0 % e? < el,

0% e <e}and 1Qe2B2Qe2l(an) < ¢/2, and so on. The projections p; = T and

p, = €3 obtained in such a way on the mth step satisfy the conditions of the
Lemma.

LEMMA 2.5. If R is the hyperfinite factor of type 11,, then R € (SOB).
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ProoF. It follows from Lemma 2.4 that R satisfies the conditions (a) and (b)
from the definition of (SOB). Since Q, R = p;Rp;, i = 1,2, are again injective
factors of type II; and all such factors are mutually *-isomorphic, we have
Q, R ~ R. Thus, the condition (c) from the definition of (SOB) also is valid.

Lemma 2.2, 2.5 and Theorem 1.4 imply the following

THEOREM 2.6. The general linear group of the hyperfinite factor of type 11, is
contractible to a point.

The following theorem shows that the injectivity assumption for factors of type
IIT is redundant.

THEOREM 2.7. The linear group of a a-finite factor M of type 111 is contractible to
a point.

The assertion of Theorem 2.7 follows immediately from the two lemmas below
and Theorem 1.4

LemMa 2.8. M e(SOB).

PrOOFE. The result of Lemma 2.4 is valid for factors of type III, ie. the
conditions (a) and (b) from the definition of (SOB) hold. Since M is a o-finite
factor of type III, we have that p is equivalent to 1, for every projection pe M
([10]). This means that pMp ~ M.

LeEmma 2.9. M e(ID).

PrOOF. Let E = {xeM: x=(s0) - Y, p,,xp,,}, where (p,)*-, is a family of
n=1

mutually orthogonal projections from Py, \{0}. As in the proof of Lemma 2.2 we

can assert that E is a complemented subspace of M. For every p, there exists

a partial isometry w,e M such that p, = w¥w,, 1,; = w,w¥. It is clear that the

mapping T: | ,(M) — E defined by T((x,)> ;) = (s0)- Y, w¥xw,,is anisometry of

n=1

(M) onto E. Therefore, M (ID).

3. Contractibility to a point of the linear group of the predual spaces.

For any W*-algebra M, are projection p < P, and for any functional f € M, we
define the functional pfp by the equality pfp(x) = f(pxp) and put pM,p = {pfp,
feM,}. Since (pM,.p)* = pMp (see [1]) we have the following

LEMMA 3.1. Let pePy\{0} be such that pMp is *-isomorphic to M. Then
pM.p ~ M,.
Itis proved in [7], [8] that the preduals of the von Neumann algebras L (0, 1)
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and B(H) have linear groups which are contractible to a point. The following
theorem extends this assertion to some algebras of typ e II and III.

THEOREM 3.2. If M is a hyperfinite 11, -factor or a o-finite factor of type 111, then
GLG(M,) is contractible to a point.

Proor. It is sufficient to prove that M, e(SOB) and that M, e(ID). For
i=1,2 and for p;e Py, we define the projection S,: M, - M, by the equality
S, = pifpi, where feM,, and we define S,:M — M via the duality
(Spfix) = {f,8,x>, where xe M. Then S, x = p;xp;, i.e. S, =Q, for each
pePy.

Let # < L(M,)be a compactum and let B: M — M be the conjugate operator
for B: M, —» M,. Then #' = {B": Be #} is acompactum in L(M). By Lemmas 2.5
and 2.8, for any ¢ > 0 there exist non-zero nutually orthogonal projections
pi€ Py, i = 1,2, such that Q, satisfies the conditions (a), (b) and (c) in the
definition of (SOB). It is easy to see (using Lemma 3.1) that S, ,i = 1,2 also satisfy
the analogous conditions. Thus, M, €(SOB).

Let {p;};2, be a countable family of mutually orthogonal projections from
P \{0}. For every positive functional f € M, we have

- <§kpnfpn><1) - 3 100 - f(im)* 0

a0

as k,m — oo. Hence the series Y. p,fp, converges in M,.. Since every functional
n=k

from M, is a linear combination of positive functionals from M,, the series

Y. PufPn
n=k

M

*

Y pafpn converges in M, for any f e M,,. Furthermore,

f < i mp..)

o0
Thus &:f— Y p.fp, is a continuous projection in M,, so
n=1

= sup

M, lIxlim =1

Y. Pufn
n=1

<1 u,

E= { =Y pufoun fe€ M*} is a complemented subspace in M,,.
n=1

We claim now that E ~ [,(M,,). Indeed, by Lemma 3.1, there exist isometries

0

Qn: oM, p, —— M,.. Therefore the series ¢, '(f,) converges for
=1

n

{fu}r= 1 €1(M,). Define themap T: [{(M,) > My, by T({ fu}izy) = 2 @, '(f,)- Tt
n=1

is clear that T is a linear isometry of [,(M,) onto E. Therefore, M, €(ID).
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4. Contractibility to a point of the linear groups of a matroid C*-algebra.

Let us denote by M, the C*-algebras of all complex matrices with the usual
operator norm. A C*-algebra A is called a matroid if there exists a sequence
(An)y> , of C*-subalgebras of 4 (possibly, with different units) such that

(a) A, © Ai+, (strictly), k =1,2,3,...;

(b) A, is *-isomorphic to M, for some n(k)eZ .,k =1,2,3,...;

(©) U A, is dense in A in the norm topology.

k=1

J. Arazy [2] proved that every matroid is linearly isomorphic as a Banach

space either to C(l,) (the C*-algebra of compact operators on [,) or to the

Fermion algebra F = ® M,.
n=1
THEOREM 4.1. The linear group GLG(A) of any matroid A is contractible to
a point.

Proor. The contractibility to a point of the general linear group of the space
C(l,) is proved in [8]. Therefore it is sufficient to prove only that GLG(F) is
contractible to a point. Since 4 ~ ¢y(A) for every matroid A4 (see [2]) we have
F e(ID). Therefore we must prove only that F e(SOB). The proof of the last
inclusion is similar to proof of the R e(SOB) (see Lemmas 2.3, 2.4), but for the
sake of completeness and clarity we give more self-contained proof. We preserve
the notation @, for operator from L(F) defined by Q,(x) = pxp, x € F. Denote

A, = |J A, where Ak=IM2®M2®...®M2®1®1.... Notice that
k=1

k-times |

pFp ~ F for any non-zero projection p € A,,. We now claim that for every pair of
non-zero projections e;, e, € A, every ¢ > 0 and every B € L(F) there exists a pair
non-zero projections py, p, € A, p; < e;, such that |Q,,BQ, |l ) < & Proving
this, we complete the proof the Theorem 4.1 by using the same arguments as in
Lemma 2.4.

Suppose that there exists an ¢, > 0, Be L(F) and projections ey, e, € 4, such
that ||Q,,BQ, Il > &o for every pair of non-zero projections p;e A, i = 1,2,
p1 S ey, p; < e,. Fixaninteger N > 17 || B||r)/€0. Choose non-zero projections
el e?,...,eNsothateieAd,,i=1,Nande, =el +e? + ... +el,elel =0,i +j.
Using the same arguments as in Lemma 2.3 we can assert that there exists x, € F,
IIx1llr < 1 such that ||Q, %, |r = &o/4, where 3?1 = Re(BQe}xJ

Select y; = y¥ € A,, such that
1Qe,(y1 — X)llr < I BllLr)/(16N).

Then we have ||Q,,yllr > €/8 — €0/16 = £0/16. Therefore there exists a pro-
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jection e} e F, e} < e, such that 61Qcly1 2 goes/16 where 5, = + 1. Moreover,

since y,; €A4,, and e,€A,, we can choose e} so that e} also belongs to A4,,.
Replacing e} by e} and repeating the above arguments we find x, € F, ||x, || £ 1,
X, =Re BQe;(XZ)’ y2€A4, e3P, , e} < e} such that “Qe;il lF 2 0/4,

1Qe1(y2 — X2)IF < IBllL)/(16N), and  6,Q.2y; Z eoe3/16,

where 0, = t+1. After N steps we obtain operators y,eAd,, x;€F,
x:llr £ 1, X, = ReBQ.!(x;), i=1,...,N and a projection e} € A, such that,

1QN(y: — X)llp < IBllL)/(16N), i =1,...,N, and

N
2 0:Q.Ny; 2 Neoel /16 > (17| B ry/16)e3,

n=1
N
whence || ) 3:Qeyi| > 17B|r)/16. On the other hand,
i=1 F
N N N
Y 5iQeg’Yi 4Dy 5:‘Qegx~i +1X 6iQe1;(yi - %) =
i=1 F i=1 F i=1 F
N
< .Zl 0:%; . + I BllLr)/16 =
N
= ’Zl Re(d:BQ.i x;) . + | Bll)/16 = 17 || Bl )/ 16.

This contradiction completes the proof of Theorem 4.1.
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