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A NOTE ON INNER COALGEBRA
MEASURING AND DERIVATIONS

M. KOPPINEN

Introduction and results.
Recently, A. Masuoka [2] proved the following:

THEOREM. Let k be a field, C a k-coalgebra, A a k-algebra, and B< A
a k-subalgebra. For any measuring . C ® B— A there is a unique maximal
subcoalgebra C* of C for which the restricted measuring C* @ B — A is inner.

Another proof was found by M. Takeuchi and the author (see [2]). In this note
the theorem is proved a third time. The new proofis rather constructive and gives
some insight to the structure of C*. Also, it utilizes a connection with derivations
B — A, which enables us to deduce the following as a corollary to the proof:

COROLLARY. Let A, B, and C be as in the theorem and assume that all
k-derivations B — A are inner. Then a measuring u: C ® B — A is inner if and only
if its restriction Co ® B — A is inner, where C, is the coradical of C.

Another case where the question of u being inner can be reduced to the
coradical, was given in [1,3.2].

In [3,4.2] A. Nowicki showed that if 4 is an algebra over a commutative ring
k and if all k-derivations 4 — A are inner, then so are all higher k-derivations.
(Actually, Nowicki worked with rings, but the same proof applies.) Since a higher
derivation can be regarded as a measuring by a certain coalgebra C, where Cq
acts trivially [4, p. 140], and since an inner higher derivation corresponds to an
inner measuring (as follows easily from [3,3.2]), the corollary generalizes
Nowicki’s theorem when & is a field.

Preliminaries.

For the preliminaries on coalgebras we refer to [4]; here we mention only some
basic facts and notations. Let 4, B, and C be as in the theorem. The coalgebra
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structure maps of C are denoted by 4 and ¢, and as in [4], we write 4(c) =
Y cay® cz)- We denote W = W Kere for any subspace W of C. A k-
linear map w: C ® B — A is a measuring if pu(c ® 1) = ¢(c)1 and p(c ® bb') =
Y ey ® b)ulc ® b')for ce C, b, b’ € B. The space Hom (C, A) of k-linear maps
C— A is a k-algebra with respect to the convolution product defined by
(o*1)(c) = Za(cm)r(c(z,) for o,7e Hom (C, A), c € C; the identity element is the
map sending c to ¢(c)1. In this paper ¢ ~ ! always means the inverse of ¢ under the
convolution product. Any convolution invertible 6 e Hom (C, A) implements
a measuring i1, C ® B — A by the rule 1,(c ® b) = Z 6(c1))ba " c(z)); these are
called inner measurings.

Given a measuring u: C ® B — A and a subcoalgebra D = C, we say briefly
that u is inner on D when the restricted measuring D ® B — A is inner.

A k-derivation §: B — A is a k-linear map that satisfies 6(bb") = bd(b’) + (b)b’
for b, b’ € B, and inner derivations B — A are maps that send b € B to xb — bx for
some fixed x € 4.

Construction of C*.

Let A, B, C, and u be as in the theorem. We are going to find inductively certain
subcoalgebras Cf < C{ < ... < C% < ... of C and certain convolution invertible
maps ¢, € Hom(C, A). On each C% the measuring u will be inner, implemented by
the restriction of g, to C%. The maps o, will be compatible in the sense that ¢, and
o, coincide on Ch if n < m.

When C% and ¢, are all found, the subcoalgebra C* is defined as C* = U, Ch.
The maps g, determine then a map o: C* — A that makes y inner on C*.

To start the construction, let Co = @, D, be the coradical as the sum of simple
subcoalgebras. We define C/ to be the sum of those D,’s on which g isinner. Then
u is inner on C§, implemented by some oo € Hom(C%, A). We extend g, to the
whole of C: first we let it be ¢ — &(c) 1 on the remaining D,’s, and then we extend it
to a linear map C — A4 in an arbitrary way. By [5, Lemma 14] o is then
convolution invertible in Hom(C, A).

If C§§ = Othen we set C; = Oforalln,i.e.,C* = 0. Assume now that C§ + O and
fix ¢y € Cf with &(co) = 1.

Let n = 0 be fixed and assume that we have found C% and o,. Denote
W = C* A Ch. Then Ct € W = C and W is a subcoalgebra [4, 9.0.0(i)]. Since
(C"* is a coideal of C¥, and hence of W, the space W = W/(C*)" is a coalgebra
and the natural map W — W is a coalgebra map; we denote the map by ¢ ¢. If
ce C* then ¢ = ¢&(c)¢y. Easily follows 4(¢o) = ¢o ® ¢, hence

(*) Alco) =co®co (mod (Ch)" @ W + W®(Ch)™).
More generally, if ce W then 4(c)e C* @ W + W ® C%, hence A(¢)eéo @ W +
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W ® ¢,, and one obtains easily that A(¢) = —&(c)éo ® Go + Co ® ¢ + ¢ ® Co.
For ce W™ this gives

(%) A)=co®c+c®cy (mod (CH* @ W + WR(CH™).
Define a measuring v: C ® B — A4 by
(%) We®b) = 20; Yeaulea) ® b)ay(ce)).

Since g, implements u on C% we have v(c ® b) = ¢(c)b for ce C%, beB. In
particular, v(co ® b) = b and v(C*)* ® B) = 0. Then from (*#) follows for any
ce W that

vic ® bb') = Z V(e @ bv(coy @ b)) =bvc @ b) + vic®b)b' for b, b eB,

i.e., v(c® —) is a derivation B— A. Let V= {ce W™ |v(c ® —) is an inner
derivation}. Notice that V is a subspace and (C¥)* < V.

We define C%, , to be the unique maximal subcoalgebra of W contained in
Ch + V. Then C* < C%, ,.

LetC¥,, = C*® V'where V' < V. Fix a basis {vy,0,,...} of ¥, and for each v;
fix x; € A such that wWv; ® b) = x;b — bx; for be B. Let : C, ;, = A4 be the linear
map with 7(c) = &(c) 1 for c € C4 and 1(v;) = x;for each i. Using (*) and (**) and the
facts that C*, | = kco @ (C*)" @ V' and V' < W™, one sees easily that 7 has
a convolution inverse given by 17 1(c) = g(c)1 for ce C* and ™ (v;) = —x; for
each i. Similarly one sees that vis inner on C%, ,, implemented by 7. As o4 above,
1 extends to a convolution invertible map C — A. Whenweset o,y = o, * 7, then
for any ce C%, |, be B, we have

e ® b) =Y a,cavce @ blo, cs)
= ) 0ulcay)tlc)bt " Hem)a, Hew)
= ZUH 1(C<1))b0'..-+11(‘3(2))-

Finally, on C% the maps o, and o, coincide. Thus, C%,, and 0,4, are as
required. This completes the construction of C*.

Maximality of C*,

Let now D be any subcoalgebra of C such that pisinneron D. Let Do € D; < ...
be the coradical filtration of D. We are going to show that D, < C* for all n, where
C*is as constructed above; this will then imply D < C*, thus completing the proof
of the theorem.

Trivially Dy, < C%. Fixn = 0 and assume that D, < C%. Now, pis implemented
on D by some peHom(D, A) and on C% by the restriction of ¢,, hence for
deD, < Ch beB,
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Hd® b) =3 p(d)bp~ ' (dz) = Y 0ulds))bo, '(dz).

So, if we denote B = o, !|p * pe Hom(D, A), then B(D,) and B~ *(D,) centralize B.
By (*#x), for any de D, beB,

Wd ® b) =Y 0, ' (d))p(d2))bp ™ (d3))0u(d@y) = Y. B(d1)bB ™ 1(d2).

Let deD,.; = D, A Dy (wedge in D). Then A(d) =) ,d; ®d; + > ,;d/ ®d]"
where d;e D,, d;" € Dy, and d;, d e D. We have

M @ b) = 3 bp(d)f(di) + 2. fdi)p ™ (di")b

since B(d;) and B~ (d;") centralize B. Hence,
vd®b)=bx +yb for beB,

where x, y€ A depend on d but not on b. If &(d) = 0, then W(d ® 1) = ¢(d)1 = 0,
hence y = — x, which gives v(d ® b) = bx — xb. In other words, foranyde D/}, |,
v(d ® —) is an inner derivation. Since also D, ,; < C4 A C4 = W, we conclude
that D,., < Ck, .

Proof of the corollary.

Assume that all derivations B — A are inner. Then in the construction of C* we
have V = W™, hence C* + V = W, and C*,, = W = C* A C4 1t follows that
Ct = N\'*1CH, so,

cr={J s =y

is the unique maximal subcoalgebra with coradical C%. This implies the corol-
lary.
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