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AUTOMORPHISMS OF INDUCTIVE LIMIT
C*-ALGEBRAS

CORNEL PASNICU

Introduction.

After the remarkable results obtained in [2], [ 7] and especially in [8], the study of
C*-algebra inductive limits of finite direct sums of matrix algebras over com-
mutative C*-algebras (suggested by E. G. Effros in [5]), and also of their
automorphism groups, become obviously more attractive and important.

In this note we prove some results concerning mainly the automorphisms of
a certain class of C*-algebras which we call almost constant (see Definition 1).
These are some C*-algebra inductive limits of matrix algebras over commutative
C#*-algebras, including many Goodearl algebras [ 10] of real rank zero [3] and, in
particular, all the Bunce-Deddens algebras [4].

The main purpose of this paper is to show that a similar type of results with
those given in [13] can be obtained for a large class of algebras. (Compare the
very recent work in a similar direction in [9]).

Let A4 = lim (C(X,, M), Ps, ) be an almost constant C*-algebra and con-
sider the UHF algebra B = lim (M), @y, m| M,m) & A. If moreover Ko(4) is
weakly torsion free (see Definiton 3) and A has cancellation it is shown that any
endomorphism of A4 is approximately inner with respect to the trace seminorm
(see Theorem 1 for a much more complete and general result). Necessary and
sufficient conditions for an automorphism of B to be extended to an automo-
rphism of A are given, provided that the (unique) trace of A is faithful (see
Theorem 2). A key fact in proving these results is that Bis dense in 4 with respect
to the trace seminorm (see Proposition 2b)). Also it is shown that the centralizer
of {® e Aut(B): ® = &5 for some & € Aut(4)} in Aut(B)is trivial and if moreover
AN A" = C-1, then the centralizer of {® e Aut(A4): #(B) = B} in Aut(A) is also
trivial (see Propositions 3 and 4 for much more general situations.)

We shall present now some notations used in this paper. We shall work only
with unital C*-algebras. For a compact space X and a C*-algebra 4 we shall
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consider the embedding A = C(X, A), where each element in A is seen as a con-
stant map on X and also the embedding C(X) f—-» f®1,eC(X)® A=
C(X,A). We denote by U(A) the unitary group of the C*-algebra A. By
a homomorphism of C*-algebras we shall mean a unital *-homomorphism and
by an automorphism of a C*-algebra, a *-automorphism. We denote by
Hom(A, B) the homomorphisms 4 — B and by Aut(A4) the automorphisms of A.
By M, we mean the n x n complex matrices. Ky(A) will denote the K,-group of
the C*-algebra 4 and by a trace on 4 we shall mean a tracial state on A. Let 4 be
a C*-algebra and let 7 be a trace on A. We shall denote by |||, the seminorm on
A given by |all, = t(a*a)}, ac A. When (*a)uz1 is a sequence in 4 and
lIx, — x||; = O for some x € A, we shall write t — lim x,, = x.

This work was done while the author was visiting the Institute of Mathematics
of the University of Copenhagen (Denmark). The author is indebted to Erik
Christensen, George A. Elliott, Ryszard Nest and Gert K. Pedersen for their kind
hospitality and support and he is grateful to George A. Elliott for useful dis-
cussions.

Results.

We begin with some definitions:

DErINITION 1. We shall say that a C*-algebra A is almost constant if there is an
inductive system (C(X,, M), Py, w) such that 4 = lim (C(X,, Mp)), D, m) and:

1) each X, is a compact space

2) for any n < m, the homomorphism &, ,,: C(X,, Myu) = C(X,, M) is
givenby:

(pn,m(f) = diag(fo ﬁ{:naf" ¢£3=n’ .. ,,fo ¢$';?(':'n)/p(n)))

for any f € C(X,, M), where ¢¥,: X,, — X, are some continuous maps
(3) for any ne N we have:

lim card{i| ¢, is constant}-p(n)
nsm- o p(m)

ExampLEs. Let 4 = lim (C(X, M), P,) be a Goodearl algebra [10] of real
rank zero, where X is a compact separable space which is not totally discon-
nected. Then A = lim (C(X, M), @,) is almost constant (see [ 10, Theorem 9]).
Note also that by Elliott’s remarkable classification results from [7], any
Bunce-Deddens algebra A [4] can be written as a Goodearl algebra
A = lim (C(S*, M), ®,) of real rank zero, where the multiplicity of the identity
map in each @, is 1 (use also [10]). Now it is obvious that
A = 1im (C(S*, M), ,) is an almost constant C*-algebra.
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DEerFINITION 2. We shall say that (A,B) is an inductive pair if A=
lim (C(X,, Mp)), Pu, m) is an almost constant C*-algebra and B < A is the UHF
algebra B = lim (M), Py, mIM )

DEerINITION 3. Let 4 be a C*-algebra. We shall say that K (4) is weakly torsion
freeif nx = ny = [1,]in K((A) for some ne N and x, ye Ky(A4), implies x = y.

The following Theorem shows that for certain C*-algebras, any two
homomorphisms between them are approximately inner equivalent in a weak
sense.

THEOREM 1. Let (A, B) be an inductive pair and et C be a C*-algebra with
aunique trace T and such that C has cancellation and K o(C) is weakly torsion free. If
@, ¥ eHom(A, C), then there exists a sequence (u,),> 1 in U(C) such that:

P(a) =1 — limu,¥Y(auk, acA
and
&(b) = limu, P(b)u¥, beB.
To prove this Theorem we shall need the following two Propositions:

PROPOSITION 1. Let A be a UHF algebra and B a C*-algebra with cancellation
and such that Ky(B) is weakly torsion free. If ®,W¥ e Hom(A, B), then there is
a sequence (), 1 in U(B) such that:

O(a) = limu, P(a)u¥, acA.

PROOF. Denote 4 = lim (M), ?,), where each homomorphism @,: My, —
M, 11y is unital. Let (e{?), <; j<pm D€ a system of matrix units for A,:= M.
Since:

p(m)[ D] = p([P(ef)] = [15]
in Ko(B), by hypothesis it follows that:
®(e) = v, P(eox

for some v, in U(B), n = 1. Define u,:= Y 7} ®(e{P)v, P(ef?), n = 1. It is easy to
see that each u, is a unitary in B and:

D(x) = u, P(x)uf, xeA,
It follows that:
®(a) = limu,Y(a)u}, aeA.

REMARK 1. The statement and proof of the above Proposition is a slight
variation of a result of Effros and J. Rosenberg ([ 6, Theorem 3.8]); the argument
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is apparently due to Elliott. This argument has been used many times since by
various authors.

PROPOSITION 2. Let (A, B) be an inductive pair. Then:
a) A has a unique trace T.

b) B is dense in A with respect to the seminorm |- |..
¢) If A has trivial center then B n A =C-1,.

PrOOF. a) and b). Assume that A = lim(C(X,, Mpy), P m) and
B = lim (Mp), Pp,mim,,,,) (= A) where:

P, m(f) = diag(f o Pl -, f o GERPFD), f € C(Xp, Mpiw)
for some continuous maps ¢%,.: X,, - X,, and:
card {i| ¢\, is constant} p(n)

lim . =1
nsEm-o p(m)

for any neN.
Denote A4,:= C(X,, Mp),n 2 1.Fix0 % a€ A,for some n. Then,forany ke N
there is m(k) = m(k,n) > n such that:

card {i| 9,4, is not constant} p(n)
p(m(k))

Let I : = {i| ¢, is not constant}. Define by € A to be the element of A,
obtained replacing in @, ,.4,(a) the block ao ff,’,,,(k, with 0 only for i€ I,. Denote
by p: Ax — A the canonical homomorphisms. It is obvious that (i (b)) 1 1S
a sequence in B.

<27%|a| "2

Now, let ¢ be an arbitrary trace of A. Denote 0,4 = 0 © gy We have:

| n(a) — ,um(k)(bk)”: = || Dy, may(@) — by ”3,..(,()

=< aod® l* p(n)
< 2 a8l 2oy

p(n) _ p(m(k))
pm(k) =~ p(n)

p(n)

-k, -2, 2.
27 |lall ™= flall p(mK)

< (card ) |jal®

Hence, we have:

0(Un(a)) = im0 (pmay(by)) = klim Abmio (b))

k—

where 4 is the unique trace of the UHF algebra B. Since | ) p(4,)is densein A in

k21
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the C*-algebra norm, it follows that A has a unique trace and Bis dense in 4 with
respect to the trace seminorm.

c) follows from the following more general fact: Let C be a C*-algebra with
trivial center and let o be a trace of C. Consider a unital C*-subalgebra D of
C which is dense in C with respect to | ||,. Then D' n C is trivial.

The proof is similar with that of [13, Corollary 3] and will be not given.

Proor or THEOREM 1. By Proposition 1 it follows that there is a sequence
(Un)nz1 in U(C) such that

&d(b) = limu, P(b)uk, beB.
Since A has a unique trace denoted ¢ (see Proposition 2a)), we have:
I®@)l. = llal, = IP@Il., acA.

Define ¥,: A - C by Y,(a):= u,P(a)u}, ac A(n = 1). Then ¥,,P:(4,]"],) —
(C,|I-|l;) are linear and continuous. Since ||¥,(b) — ®(b)|,—0, beB and
|¥.(@)l. = llall,, a€ A, by Proposition 2b) we deduce that | ¥ ,(a) — ®(a)|, — O,
aeA.

REMARK 2. Let (4, B) be an inductive pair and suppose that 4 has cancellation
and K(A) is weakly torsion free. Denote by t the trace of A. Then, if @ is an
endomorphism of 4, the above Theorem implies that there is a sequence (u,),> 1
in U(A) such that:

&(a) =t — limu,auf, acA
and
&(b) = limu,bu¥, beB.

Note that @ isn’t approximately inner in general; indeed, e.g. by [13, Proposi-
tion 3] there are automorphisms of Bunce-Deddens algebras which don’t induce
the identity of the K;-group (see also [1, problem 10.11.5 (b)] and [12]]).

Now we are interested to find necessary and sufficient conditions under which
an automorphism of the “canonical” UHF subalgebra of an almost constant
C*-algebra can be extended to an automorphism of the whole C*-algebra.

NoOTATION. Let 4 be a C*-algebra with a unique trace 7, which is faithful. We
shall denote by L*(4) the completion of A with respect to the norm |-|.. The
induced norm on L*(A4) will be also denoted by | || If (x,).> 1 is a sequence in
(LX(A), || ||,) we shall denote by © — lim x, € L*(4) the corresponding limit.

THEOREM 2. Let (A, B) be an inductive pair, where A = lim (C(X,, Mpg)), Pn, m)
as in Definition 1, B = 1im (M), P, mm,,,,) and suppose that the trace © of A is
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faithful. Consider ® € Aut(B) and let (u,),> = U(B) such that ®(x) = lim u,xuy,
xe€B. Denote by p,: C(X,, M) = A the canonical homomorphisms. Then the
following two conditions are equivalent:

a) @ extends to an automorphism of A

b) © — limu,fu} and v — limu} fu, exist in A for any fe ) pn(C(X,)).

m=1
Moreover, when ® extends, it has a unique extension ® € Aut(A), where

B(x) = v — lim u, xu*
and
& Y(x) =1 — limu*xu,
for any x € A.
The following rigidity result will be needed to prove the above Theorem:

LEMMA 1. Let (A, B) be an inductive pair and C a C*-algebra with a unique trace.
If &,¥ eHom(A4,C) and ®p = ¥ gthen = V.

PrOOF. In fact the folowing more general result is true:

Let M be a C*-algebra with a unique trace T and N a unital C*-subalgebra of
M such that N is dense in M with respect to | |.. If P is a C*-algebra with
a unique trace, @, ¥ e Hom(M, P) and @)y = ¥ |y then @ = V.

The proof of this fact is immediate and similar with that of [13, Lemma 2] and
therefore will not be given.

PrOOF OF THEOREM 2. This proof is inspired by that of [13, Theorem 2].

First of all observe that the unicity of the extension (when it exists), follows
from the above Lemma.

a)=b). Consider #e Aut(4) such that 5,3 = ¢. By the proof of Theorem
1 and the above observation, we obtain:

B(x) = 1 — limu,xu}, xeA.

It follows that © — lim u, fu* = &(f)e A4 for any f e U #m(C(X,)). Working

m=1
with &~ ! we obtain the other relations.

b) = a). Recall that by I%(4) (resp. L(B)) we mean the completion of A4 (resp.
B) with respect to the trace norm ||+ |, (resp. [ ||,), where ¢ = 7 is the trace of B.
Observe that by Proposition 2b) we have L*(A4) = L*(B).

If B is seen in its GNS representation in %(L%(B)) associated with ¢, we have:

Pd(x) = UxU*, xeB.
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Here U e U(%(L*(B))) and U(b):= &(b), beB.
Since by a previous observation we have also U € U(%#(L?(A))), one can define
& e Hom (A, B(L*(A))) by:
d(x) = UxU*, xeA,

where A is seen in its GNS representation in (L*(A)) associated with 7. It is clear
that 6“3 = Q.

Consider an arbitrary element fin () p.(C(X,)). By a version of Kaplansky’s
m=1

Density Theorem (use a slight modification of the proof of [11, Lemma 3.117)

there is a sequence (by)»; in B such that ||b, — f]|, — 0 and ||b;|| < || f|. Since

x, 1, 0in A means x, _*_, 0 in B(L*(A)) when {||x,]||} is bounded, we have:
&(f) = UfU* = so-lim Ub,U* = so-lim &(b,)
= so-lim (so-lim u,b,u}¥)
k con

It is not difficult to see that T — lim u,xu* exists in L*(4) for any x € 4 (indeed,
the limit exists for all x € B, by Proposition 2b) Bis dense in 4 with respect to || - ||,
and |u,xu¥||. = ||x||. for any x € A and ne N). Hence:

It — limu,byuyt — © — limw,, fu ||, = lim [lun(by — Sug e = b — fl.

n n n

which implies that in L*(A4) one has:

Tt — lim (t — limu,b,u}) = v — limu, fu;*.
k n n

Since 1t —limu,fufeA by hypothesis and |x,]|.—0 in A means
X, =, 0in B(L*(A)) if {||x,||} is bounded, we can write:

@(f) = so-lim (so-lim u,b;u*)
k

n
= so-limu, fufe A

n

But A is the C*-algebra generated by B and U Um(C(X,,)) and we already

knew that & belongs to Hom (4, #(L*(A)) and <P(B) B. It follows that $(4) < A
and as in the proof of a) = b) one obtains:

B(x) = 1 — limu,xu¥, xeA.
Repeating the above argument for &~ !, where &~ !(x) = limu}¥xu,, x€ B,
finally we get &' e Aut(A).
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The following two Propositions give, in particular, additional informations

about Aut(A4) and Aut(B), where (4, B) is an inductive pair. Their proofs are
similar with those of [13, Proposition 4 and Proposition 5] and therefore will be
not given.

PROPOSITION 3. Let A be a C*-algebra and let B be a UHF algebra which is

aunital C*-subalgebra of A. Then the centralizer of {® € Aut(B): ¢ = (5| g for some
e Aut(A)} in Aut(B) is trivial.

PROPOSITION 4. Let A and B be as in the above Proposition. Suppose moreover

that:

a) the center of A is trivial.

b) A has a unique trace t.

¢) B isdense in A with respect to the trace seminorm |- ||,.

Then the centralizer of {® e Aut(A): ®(B) = B} in Aut(A) is trivial.
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