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SERIES REPRESENTATIONS OF LINEAR FUNCTIONALS

KARL KARLANDER

F. John [1] has given a series representation of the form | f(x)da(x) = Y. a,f(x,)
for Stieltjes integrals. The purpose of this paper is to prove the following
generalisation:

THEOREM. If X is a compact Hausdorff space with a countable base then for any
continuous linear functional A on C(X) there exist sequences a, € R, x,, € X suchthat

A(f) =Y a,f(x,) forany feC(X)

Proor. By the Riesz representation theorem this is equivalent to proving

)] J‘fdu = a.f(x,)

where u is a bounded regular Borel measure on X, which we may assume to be
non-atomic. It is not difficult to see that there exist closed subsets E;, ,, | Sk <n
of X such that

2 W(EennE;) =0 if k+j,
U Een=X, lim max|y|(E,,) =0 and E,,<E;,_, forsomej,
k=n k- ksn

and

@) fdp = 1im Y, (B ) f (i) -

n—~o k=n

where y, , is any sequence such that y, ,€E; ,. One can for example choose
a sequence E, , such that (2) holds and (3) holds for every f,, where f, is a dense
sequence in C(X), from which it follows that (3) holds for every f e C(X).

We may suppose the E, , ordered so that the E; , contained in E, ,_; come
first, then those contained in E, ,_, etc. We now construct the sequence a, in
blocks as follows: the first block is u(E, ), for n > 1 the nth block consists of
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W(E, ,) for those E, , that are contained in E; ,_, followed by —u(E, ,-) and
then u(E, ,) for those E, , that are contained in E, ,_, followed by —u(E, ,-4)
etc. Choose x, such that x,e€ E; , where a, = + —u(E;,), and the same x is
chosen whenever E; ; occurs.

Then (1) holds. For if we sum to the end of the n first blocks we get

kz2 af(x) = kz WEL ) f (Ve,n) = deﬂ

From this it follows that if (1) did not hold we would have for some sequences
n(k) - oo, c(k), d(k) and ¢ > 0

Y HEj i+ ) Winio+ ) — 2 HEjn)f W) na)

Jjsc(k) j=dk)

>¢ forallk,
where c(k), d(k) are such that the expression inside the absolute value sign is the
sum of the first ¢(k) + d(k) terms of the (n(k) + 1)th block.

Let M = sup|f(x)| and 6 = ¢/(8M + 7). Take r so large that max |u|(E, ,) < ¢
k=n
if n>r. Let A be the set of all elements that are contained in | ) E; 4, for
jgdk)
infinitely many k. Since u is regular there is an open’set B containing A and

a closed set C contained in A4 such that |u| (B — C) < §, where C can be chosen to
be | ) E; u for some m, k. By Urysohn’s lemma there is a continuous g such that

izm
lgl £1fl,g = f on C and g = 0 on the complement of B.

Choose h = r such that |u|(4 — U E; ,) and |pu|(U E; . — A), where the
union is taken for all j < d(h), are both less than ¢ and

Jgdﬂ - Zﬂ(E j,r)g(yj,r) < 6 forallr=n(h)

We then have

©)

z WCE; nihy+ l)f(yj,n(h)+ ) — Z #(Ej,n(h))f(Yj.n(h))
c(h) d(h)

< z WE; wy + DI Wi +1) — Z BE;j amy+ )9V + 1)

c(h) c(h)

+

Z wWE jun(h) + DIV, nm + )= Z N(Ej,n(h))g(y j.n(h))
c(h) d(h)

+

Z /‘(Ej.n(m)f (yj,n(h)) - Z wE j,n(h))g(yj,n(h))
d(h) d(h)
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It follows from the way the E, , were ordered and the choice of h that |u| (S) < 36
where S is the union of those E; 4.1 Withj < c(h) that are not contained in C.

Z WE j,n(h)+ f ()’j. nhy+1) — Z WE j.n(h) + l)g(yj.n(h)+ 1)
c(h) c(h)

Hence

Z WE Jun(h)+ Vf (}’j,n(h)+ 1) — Z WE jun(h) + 1)9()’1'. n(h) + 1)| < 6Mo.

Ejnmy+1€S Ejnmy+1SS

A similar estimation of the other terms of (5) gives IZ M(E; any+ ) W nay+1) —
Y WE; ) f W)l < 6@BM + 7) = ¢, a contradiction which proves the the-
orem.

If we let X =/[1,2], u=Lebesgue measure E,; ,=[(k— 1)/2"k/2"],
2"+ 1 k2" x, = (k — 1)/2" we obtain after a change of variables F.
John’s formula

2 (—=1*!/nf({logn/log2}) = log2 J f(x)dx,

for all bounded Riemann integrable f, where {x} is the fractional part of x.
(It is clear that the above proof applies also to bounded Riemann integrable
functions.)
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