MATH. SCAND. 72 (1993). 191-211

PENROSE’S TENSORS. II.

E. POLETAEVA

This is a direct continuation of calculations from [1]. The notations and refer-
ence are those of [1].

Let V =V(m|0) and U = U(0|n) be the standard (identity) gl(m)- and
gl(n)-modules. (Hereafter gl(m) = gl(m|0), gl(n) = gl(0|n), etc.)

In what follows we will consider the standard (compatible) Z-grading of
g = sl(m|n) withm < nand let the degrees of all even roots be zero. This yields the
Z-grading of the form:

g=6-1®go®D gy, where go =slm) ®slin ®C,g-, =gt =U @ V*

Let §, be the Levi subalgebra of go, i.€., §o = sl(m) @ sl(n). The weights are given
with respect to the bases y,. . ., &,and d,,. . ., §, of the dual spaces to the maximal
tori of gl(m|n). Lete,,. .., e, be the weight basis of V' and fj,.. ., f, be the weight
basis of U. Leté,,...,é,and fi,..., f, be the bases of the dual spaces to ¥ and U,
respectively, normed so that é(e;) = f( f;) =6;. If @,k;V, is a direct sum of
irreducible g,-modules (here k; is the multiplicity of ¥;) with highest weight 4,
denote by v}, the highest weight vectors of the corresponding components:
i=1,...,k;. We will often represent the elements of gl(m|n) by the matrices

X = diag(4, D) + antidiag(B, C)

where the dimensions of the matrices A, B, C,and D arem x m,m x n,n x mand
n x n, respectively. Denote by 4, ; the matrix X whose components B, C, and
D are zero and all the entries of A are also zero except for the (i, j)th. The matrices
B, ), C; j, and D; ; are defined similarly.

Denote by S'V and A'V the ith symmetric and exterior powers of a vector
(super)space ¥, respectively. Set S*V = @;5,S'V.

Let (-4, o), be the Cartan prolongation of the pair (3- 1, 80)-
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1. Theorems.

1.1. THEOREM.
a) If m=1,n> 1, then (g_,80), = vect(0|n), (g_1, §o)y = svect(0|n);
b) if m,n> 1and m % n, then (§-41,80)x = 8, (8-1,80)x = 8-1 @ 8o;
) if m=n=2then(g-1,80)x = b(0]4), (8-1,80)x = b(0[4) ><S*(g% ));
d) if m=n> 2, then(g-,80)x = psl(n|n), (g1, Go)x = Psl(n|n) o< S*(g* ,).

1.2. THEOREM. a) If m =1, n > 1, then
H%? =0 for any k > 0;
H’@‘;f = IT"(C)dy,.

b) If m,n > 1,then H;? = 0 for k > 2 and the go-modules H;* and HZ;? are the
direct sums of irreducible submodules whose highest weights are given in Table 1.
If m = n, then Hy? = HE?2 for any k and if m # n, then Hy> = H..*> whereas

H}?=HZ2®V, sy-25,D Vae, -5, ,-s, if eitherm=20rn=2;

2,2 __ 2,2 .
Hy? =Hg @V, ve,-26, @ Voo, -6, -6, Veyer-5,_, -5, f myn>2.

2. Proof of Theorem 1.1.

2.1. m=1,n= 2. Then gy = sl(n) ® C = gl(n) and §, = sl(n), where g_, is the
standard go (or §o) module. Therefore, (g_;,80), = vect(0|n), (g_1,80)% =
soect(0|n).

Notice that if m F n, then

(2.1.1) sl(m|n) < (3-1,90)«
and if m = n, then
(2.1.2) psl(n|n) = (8- 1, 80)4-

Indeed, the Lie superalgebras sl(m|n), where m # n, and psl(n|n) are simple and
therefore, they are transitive (i.e., if there exists geg; (i = 0) such that
[9-1,9]1 =0, then g = 0. It follows that g, is embedded into g, ® g*, (or
8o ® g* ;). The Jacobi identity implies g, = g_; ® S2g*,.

2.2. Calculation of the first term of the Cartan prolongation form,n = 2, m ¥ n.
Let g be the first term of the Cartan prolongation of the pair (g_, go). Let us
show that g, = g;. By definition,

g1 = (80 ® g* ) N (g-, ® S?g*,), where, as gl(m) @ gl(n)-modules,
g Re*, =[(VRV*)COURU*)/COCI®U*® V).
Note that if ge go ® g* ;, then
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geg_, ® S?g*, if and only if g(g,)(92) = —g(g,)(g,) for any g,,g,€qg_,, since
g-, is purely odd.

LEMMA. The gl(m) @® gl(n)-module g, ® g* , is the direct sum of irreducible
submodules whose highest weights and highest vectors are listed in Table 2.

PROOF. The proof of the Lemma consists of:

a) a verification of the fact that vectors v, from Table 2 are indeed highest with
respect to gl(m) @ gl(n), i.e. 4; jv; = D; v, =0fori <

b) a calculation of dimension of g, ® g* , and of dimensions of the irreducible
submodules of go ® g* ; by the formula from the Appendix.

Let us show that if

A=28 — €y —0p & + ;) — 26,6 + 6 — &y — 0, (ifm = 3),
or
l=81+51——5,,_1—5,,(ifn=>.__3),

then v, ¢ g}. For this it suffices to indicate g,,9, €g_, such that

(2.2.1) v4(91)(92) ¥ —v(92)(91)
or, perhaps, there exists just one ge g, such that
(2.2.2) v(9)(9) * 0.

Let A = 2¢, — ¢, — 6,. Then

V(@) @) = A1 m(/i @)= 1, ® &, + 0.
If2=¢, +6, — 26, then

VA ®@ENfL ® &) =Dy, ®8)=/f1®& +0.
If2=¢, + & — &, — 6, (for m 2 3), then
VA ® &) fu-1 ® &) = Ayl fo-1 ®E) = —fo-1 ® &,

but 03(fu-1 ® €4 ®2) =0,
Finally,if 2 = ¢, + 6, — J,_, — 6, (for n = 3), then

(L ®E)fo-1®8) =Dyp-1(fo-1 ® &)= f1® 8,
but vi(fa-1 ® N[, ® ) =0.

Now, let us show that if = ¢; — ,, then g} contains precisely one irreducible
gl(m) @ gl(n)-module with highest weight . Notice that by (2.1.1) g contains at
least one such module. Let
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v; = kyv} + kv? + kyvd, where ky, k;,k3€C,
be a linear combination of highest vectors of weight A. Then the condition
VU ®E)N -1 ® &) = —vi(fo-1 R &N/, ®E)
implies
(2.2.3) mk, = nk,,
whereas the condition

0, (L ®E)Nfi®E)=0

implies

kim — 1)+ k(1 —n) + ks(m — n) = 0.
Hence,
(2.2.4) k, = mk,/nand k; = —k,/n.

Thus, g} = V,,-;, and g} = g;.

2.3. Calculation of the second term of the Cartan prolongation for m, n = 2,
m =% n. Let g, be the second term of the Cartan prolongation of (g_1,80).
Let us show that g, = 0. Indeed, by definition, g, = (§; ® g* ;) N (g0 ® S2g*,).
Notice that, as go-module,

R, =(U*RVNU*RV) =
S2U* QR SV @ A2U* @ AV @ A2U*® S*V @ SU* ® A%V.
This decomposition and Table 5 of [OV] imply the following

LEMMA. The gl(m) @ gl(n)-module (U* ® V) ® (U* ® V) is the direct sum of
irreducible submodules whose highest weights and the corresponding highest vec-
tors are listed in Table 3.

Let us show that v, ¢ g,, where v, is any of the highest vectors listed in Table 3.
Let us indicate g,,g, €g -, for which either (2.2.1) or (2.2.2) holds.
Let 4 = 2¢; — 26,. Then

Va(fa ® €1)(fa ® &2) = By (/o ® &;) = €1 ® &, but v;(f, ® &)(f, ® ;) = 0.
IfA=1¢; + & — 25, then
A ® &N ® &) =B/ ®&)=e, @& +0.
If A =2¢ — 6,-y — d,, then
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(fi-1 ® &N, ® &) = —By,(f, ® &) = —e; ® &, but
vi(fo ® €2)(fo-1 ® &) = 0.
LetA=¢; + & — 0,-1 — 0,. Then if n > 2, we have
vifu-1 ®ENf1 ®&) =B (/i ®E) = £, ® f,
but v,(f; ® €)(fu-1 ® &) =0. If m > 2, then
Va(fa-1 @ &) fo ® &) = By (/o @ 8n) = €, ® &y,

but v;(f, ® €,)(fo-1 ® €;) = 0. Therefore, g, = 0 and (g-,80), = 9. Note that
by (2.2.4) we have (g1, Go)x = 8-1 @ §o. This proves part b) of Theorem 1.1.

2.4 m=n. Let m=n=2. Since §o = sl(2) ®sl(2) =o0(4) and g_, is the
standard o(4)-module (considered as purely odd superspace), then (g-, §o), =

b(0[4).

Let m = n > 2 and g be the first term of the Cartan prolongation of the pair
(9- 1. 80).

Let us show that g} = g;. Indeed, by (2.1.2)g; < g). Bysec.2.2 and Table 2 we see
that the only highest weights of g/, are all equal to ¢; — §,. Then formula (2.2.3)
implies that the highest vector of such weight in g is precisely one and therefore,
g7 = g;. By sec.2.3 the second term of the Cartan prolongation of the pair
(8-1,80) is zero. Hence, for m = n > 2 we have (g- 1, 8o), = psl(n|n).

Let m = n > 1 and let g, be the kth term of the Cartan prolongation of the pair
(8- 1,80)- Recall that g, = (go ® S¥g* ;) N (g-; ® S**g*,)(k = 1). Observe that

8o ® S¥g*, = (§o ® (2)) ® S¥g* ,, where z = 1,, is the center of sl(n|n).
Note that
(2D ®@S*g*, cg-, @S gx,.
Therefore,
(8-1,80)% = (8-1,80)x B< S*(g% ).

This proves Theorem 1.1.

3. Proof of Theorem 1.2.

3.1. LEMMA ([St]). Let g_, be a faithful module over a Lie superalgebra 8o, and let
B ®at, B g, @ATgt, s g @At (kZ1)

be the corresponding Spencer cohomology sequence. Then

(.11 Im 95, = (gk-1 ® 6%1)/8k-
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The proof easily follows from the definitions.

3.2. Calculation of H;(;Z and H;? for m,n = 2, m % n. For k = 1 the Spencer

cochain sequence is of the form

1.2
090

3o ® g* N g-1 ®A%*g*, —— 0.
Observe that
g-1®A%g* =(URVHRA(U*Q V)=
URVYR®(ANU*R SV S U*RQ A*V) =
(AU*RU)BISVR VY@ (SPU*® U)® (A2V ® V*),
G0XRg* =(VRIM*/CRURU¥CalO)®U*® V),

g, =U*Q®QV.
Therefore, as gl(m) @ gl(n)-modules,
(3.2.1) mdk' =V V*CaURU*C)®U*® V)
and

(322) HPZ=(AU*QU/UH® S’V V¥V)® (SPU*® U/UY®
(A2V @ V*/V).
Note that
SV V¥V = Vi, -,
AV VHV =V, 4, form>2,
A2V R V*V =0form = 2.
Since U is purely odd, we deduce with the help of Table 5 of [OV] that
AU*QU/U* = V;,_ 35,
SPU*@U/U* =V;, _5 -5 forn>2,
S2U*® U/U* =0, forn = 2.
Therefore, we have
H> =V _phs,-20,ifm=2,n>2
and

1,2 _ :
H" = Vg e 40,-28, D Ve ey — et 01 -6, 1 — 60 ifmn>2.
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By part b) of Theorem 1.1 (g-1,80), = 8-1 @ §o. Therefore, by (3.1.1), we have
Im 6361 =§o® g* ,=Im 5:61_
Hence, Hy,? = H..2.

3.3. Calculation of Hy.? form = n > 1. Since by parts c) and d) of Theorem 1.1
the first term of the Cartan prolongation (g_,,§o), is U* ® V, then by (3.1.1)

Imog,' =[(V®V*COU® U*/C)® (U*® V)J/(U*® V).

Therefore, by (3.2.1) and (3.2.2),

Hy? = (A’U* @ U/UY @ (S*V @ V¥/V) @ (S*U*® U/U%) ®

AV RV¥V)®(U*Q V).
Hence,
Hy? = Vg, —ey6,-20,® Vi -5, forn =2

and

Hy? = Vi —ov0,-25, D Ve ver-ensi-s,, -6, ® Vi, g, forn>2.

3.4. Calculation of H2? for m, n > 1, m % n. For k = 2 the Spencer cochain
sequence is of the form

03.1 62.2
81 ®g*; —> go®A%g*, —— g_, @ A%g¥,.
Observe that
G®A%g*  =(VRV*COU R U*CPC)® (AU*® S VP S*U*® A?V),
51Qg, =U*@VNQU*® V),
g, =0.

LEMMA. As gl(m) @ gl(n)-module, g, ® A*g* | is the direct sum of the irreduc-
ible submodules whose highest weights and highest vectors are listed in Table 4 (s
and t denote the cyclic permutations of (1,2, 3) and (n — 2,n — 1, n), respectively).

The proof follows from the formula given in the Appendix.
Let us show that if

A=3g, — gy — 20,26 + € — & — 20, (M > 2), 261 + € —&p — Op—1 — Op,
26, + 8y — 30,26, + 0y — Op_g — 20,(n>2),0r €y + & + Oy — Oy — 20,
then v; ¢ Ker 6,2. Recall that if ve g, ® 47g* y, then
(3.4.1) ‘3:52”(91,92,93) = —0(g1,92)93 — (91,9392 — v(92,93)9:
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for any g,,9,,9:€8-1.
Let A = 3¢y — g, — 25,. Then
0320 ®EL, [ ® &y, ,®E) = —30i(f, ® 81, P&, ®E) =
=341 m(L®8) = -3, ®&, +0.
Let A = 2¢, + &5 — &, — 20, (m > 2). Then
O3l ® 81, [ ® 81 f-1 ®E) = ~1(f,® &1, r® &) fo-1 ® &) =
= —Aom(fu-1®8&)=f-1 @, 0.
Let A=2¢, + €5 — &, — 6,_y — J,. Then
030 ® 8, fu®C1 i1 ®E) = —204([, ® &1, fo-1 ®E)f, ® E1) =
=—Ai /i ®E)=/ @&, 0.

The proof of the fact that v, ¢ Ker 02;% for 2 = 2¢; + 6, — 36,, 261 + 0y — 0,1 —
20,(n > 2),and ¢, + &; + 8; — 8,1 — 20, is similar.

Leti=¢; +¢6 + & — &, —0,—1 — 0, (m > 3). Let us show that if n = 2, then
v;eKerdZ?andifn > 2,thenv; ¢ Ker 02 Indeed, ifn = 2, thenforj = 0,1,2 we
have

0L20,(fi ® €y f2 ® Eiaps f1 ® Eir)) =
— 0(f1 ® Eaap [2 ® Eua))f1 ® Euny) —
= 02(/2 ® &uiay [1 ® Eu))f1 ® i) =
Asiym(f1 ® &1))/2 — Asiaym(f1 @ 5i(2))/2 =
—1®&/2+ f1®&,/2=0,
022 0i(f1 ® &z, [2 ® Euia, f2 ® Eir) =
— 0:(f1 ® &2y, 2 ® Eia))([f2 ® &signy)) —
— 0a(f2 ® &1y f1 ® s )2 ® Egi3) =
Asiym(f2 @ &5i1))/2 — Asizym(f2 ® &5i3))/2 =
- L®é2+ f,®6é,/2=0.
Therefore, v;€ Ker 02,2 If n > 2, then
Ot 0ifi-1 @0 i ® &, [1 ®E) = ~0i(foi-1 ® &, LOEN1 ® &) =
=A1 (/1 ®8)2=—f1®8,/2%0.
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The proof of the fact thatif A = ¢, + &, + 6, — 5,5 — d,_, — §, (n = 4), then
vieKerd2;? for m = 2 and v; ¢ Ker 02,2 for m > 2 is similar.
Finally, let us show that if

A=2¢ — 20,6 + & — 20p,26; —Op—y — O, OL & + &3 — Oy — O

and v;€Ker 02;%, then v, € Im 93;'. Note that since g, = 0, then, as gl(m) @ gl(n)-
modules,

Imag(;l =g ®gt1 =(U*® V)®(U*® V)
Therefore, by Table 3,
Im a:(;l = V251"2¢5n @ V:‘:l+ez—-6"_,—a" @ I/gl+52—26n @ Vzel_on—l_"u'

Let A =&, + & — 25,. By Table 4 g, ® A%g*, contains two irreducible com-
ponents with the indicated highest weight, and one of the corresponding highest
vectors is v}. Observe that

agézv}.(ﬁr(aélaﬁn@él,fn—l ®é&) = —0i(/,®&, L ®)Nf-1 ® &)=
= —Az,l(ﬁ-—1®52)=fn—1 ® é, #O-

Therefore, Ker 92, contains precisely one irreducible submodule with highest
weight ¢, + &, — 26, and this submodule belongs to Im 63(;‘. Similarly,
go ® A%g* | contains two irreducible submodules with highest weight 2¢, —
da—1 — ,, one of which belongs to Ker 62,2 and, therefore, to Im;".

Let A = 2¢, — 25,. Then by Table 4 any gl(m) @ gl(n)-highest vector of weight 4,
which belongs to go ® A%g* |, is

v, = kvl + k02 + kyv3, where kg, k,, k3 €C.

If v; e Ker 02;%, then the condition 022 v;(f, ® &y, f, ® €,, f, ® ;) = 0 implies

80

(3.4.2) ky(m — 1) — ky(n — 1) + ky(m — n) =0,
and the condition 022 v,(f, ® &3, f, ® &y, fi ® &) = 0 implies that
(3.4.3) kim — kyn = 0.

Thus, for m  n we have
(34‘4) k2 = mkl/n,k3 = “kl/n.

Therefore, Ker 922 contains precisely one irreducible submodule with highest
weight 2¢, — 28, and this submodule belongs to Im ;. .
Finally, let A = ¢, + &, — 8,_; — J,. Then by Table 4 any highest vector with

weight 4, which belongs to go ® A%g* ,, is

UA = klv}. + kzvi + k3vi, Whel‘e kl’ kz, k3€C,
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and if m = 2, then k, = 0. Note that if v, e Ker 027, then
022 0i(fa-1 ® &1, i ® &, ,®8) =0

implies that

(3.4.9 ki +ky+ ky(n—m)=0.
Thus, if m = 2, then

(3.4.6) ky = (2 — n)k,.

If m, n > 2, then the condition

(3.4.7) 0% 0:(fa-1 @l [ ® s, [, ®E;) =0
implies that k; + k, = 0. Hence,

(3.4.8) ky= —ky, ky=0.

Therefore, Kerd2:> contains precisely one highest vector of weight
& + & — 0,—1 — 8, which belongs to Im 6;(;1. Thus, we have the description of
HZ? given in Table 1.

3.5. Calculation of Hg;* for m,n > 1, m % n. By part b) of Theorem 1.1
(8-1,80)x = 8-1 D 8o.
Therefore, the Spencer cohomology in sequence for k = 2 takes the form
0 _633'; o ® A%g*, E" g-1®@A%g* .
Note that since g, = §o @ C, then
(3.5.1) Go®A%g*; = Go ® A%a* D Voo, 25, D Vi 42y-6, -5,

As we have shown in sec.3.4, if 4 is one of the weights from Table 4, then an
irreducible module with highest weight A is contained in the decomposition of
Ker 6;;2 into irreducible gl(m) @ gl(n)-modules if and only if

(352) A=¢ +ée+&3—8&y— 0,1 — 0,(m>3),
g1 +¢&+0; —6,-2—0,-1 —6,(n>13),
€ + &y — 205,260 — 8p—q — 0p, 26y — 20,018, + 83 — 8,1 — Oy
and its multiplicity is 1. Therefore, by (3.5.1), if
A=¢€ +8& + & — €y — 0,1 — 6,(m>3),
&1 +&+0, —8,_3 — 0y — 0,(n>3),

81 + 82 - 25,,, or 261 - 6”_1 - 6",
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then the corresponding submodule is contained in Ker 53 as well.

Let A = 2¢, — 26, and v;eKerdZ;?. Then (3.4.4) where k; = 0, implies that
v, & Ker 0Z;%.

Let A =¢; + & — 0,1 — O, v€Ker 822 Then (3.4.6) implies that v, ¢ Ker 63,
for m = 2, and (3.4.8) implies that v; € Ker 93;% for m, n > 2. Thus, we have

2,2 __ 2,2 .
Hy™ = Hy" @ Vi, +e,-20, D Vaey -5, -, i m =2
and
H2>? =H*?@V, @V, V, if 2
80 ~ “tao &y +e;— 24, 281‘5n-1"‘6n@ e1 e =8, -0, LM N> 2.

3.6. Calculation of Hgl;2 form =n > 1. By partsc)and d) of Theorem 1.1 the
first term of (§- 1, 80)4 is U* ® V and the second one is C for n = 2 and zero for
n > 2. By formula (3.1.1) we have

(3.6.1) Imdy,' =(U*®@ V)®U*® V) forn > 2
and
Imo}' = (U*® V)® (U*® V)/C for n = 2.
Therefore, by Table 3,
Imoy' = Vi 25, ® Vae, -6, -0, ® Viy 4o, -20, forn =2
and
Img:t = Vi~ 25, D Vaey=s,_ -8, D Ve, +e3-26, D Ve, 40,5, , -8, fOr n> 2.
Therefore, by (3.4.6) and (3.5.2),
H}?=0forn=2,3
and
HE2 =V, voyrer—n-b,1-60 @ Veiter48,-00_ 180180 forn > 3.

3.7. Computation of H? for m,n > 1,m % n. For k = 3 the Spencer cochain
sequence is of the form

8, ®g*, N g ® A%g*, A, 8o ® A%g* ;.
Observe that
81 ®A%g* = (U*®@ V)@ A (U*® V)=
(A2U*Q@ UX RS2V R V)@ (SPU*® UH) Q@ (A*V® V),
g, =0.
By Table 5 from [OV]
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SPVV = Vs, @ Vap, 10,
VRV =V 10, ® Vi sey4e, form > 2,
VRV = Va4, form=2.
Since U is purely odd,
AU*QU*=V_3, ®V_5,_, 25,
SPU*QU*=V_5, 25, ®V-s,_,-5, .-, f0r n>2,
SPU*QU*=V_;, 25 forn=2.

LEMMA. The gl(m) @ gl(n)-module g, ® A*g* | is the direct sum of irreducible
submodules whose highest weights and highest vectors are listed in Table 5 (s and
t denote the cyclic permutations of (1,2,3) and (n — 2, n — 1, n), respectively).

Let us show that Ker 03,2 = 0. Let A = 3¢; — 39,. Then
3320/ ®81, [ ® 81, f,®8) =3B, ,(f,®&) =3, ®& + f,®],) + 0.
Let 4 = 2¢y + &, — 39,. Then
0320, ® 8L [, @&,/ ® &)= =3B, (L ®&) = —3e,®¢, #0.
Let A =3¢; — 0,1 — 26,. Then
320 ® 81,/ ® &1, fo® &) =3By, 1(f,®&) =3,®f-1 +0.

Let 1 =2¢, + &, — 8, — 26,. Since by Table 5 g, ® A*g*, contains two
irreducible submodules with highest weight A, then any highest vector of weight
Ain g; ® A*g* is of the form

v, = k,v} + k02, where ky, k, € C.
Let v,e Ker 032 If m > 2, then
032 01(foa-1 ® &3, [ ® &1, £, ® &) = —(1/Dk2 By o, ® &) =
—(1/2)kze;, ® é,, = 0.
Therefore, k, = 0. Moreover,
0 vilfa ® &1, [, ® &1, fu1 ® ) = ki By 1(fo-1 ® &p) = k1o, ® &, = 0.
Hence, k, = 0. If n > 2, then
02 0(fa1 ® 62, /o ® &1, /1 ® &) = —(1/ka By o(/; ® &) =
—(1/2)k2 f; ® fo=0.
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Therefore, k, = 0. Moreover,

B0fi® 8, [, ®EL[1®8) =k By, (i ®&) =k f, ®F,_, =0.
Hence, k; = 0.
LetA=¢; +¢& + €& — 0,y — 26,. Then
0320 fu-1 ® &2, [ ® &3, £/, ® &) = (1/2) B, 1(fo ® &;) = (1/2)e, ® &, + 0.
Let A=2¢ +€& — 6,5 — 6,1 — 0,. Then
0320 /i1 ® 62, f® €1 oo ® &) =
(1/2Byn-2(fa-1 ® &) = (1/2)fu-1 ® Ju-2 0.
Finally,let A =¢&; + &, + &3 — 8,-5 — 9,1 — J,. Then
032 0:(fi-1 ® 8, [, ® 83, f,-2 ® &) =
(1/2)(Byn-2(fa-2 ® &1) + B3 (fu ® &3) + B 1(fo-1 ® &) =
(1/2)(e1 ®8 + fo2®@fu2+e3® + L®fu+e2®@8 +f 1 ® fu-1) +0.
Thus, H;? = 0.

3.8. Calculationof H;* form = n > 1. By partd)of Theorem 1.1forn > 2 the
first term of the Cartan prolongation of the pair (3-;,80) is U* ® V and the
second one is zero. Therefore, by arguments similar to those from sec.3.7 we get
H}?=0.

If n = 2, then by part c) of Theorem 1.1 the first term of (g 1, §o), is U* ® V, the
second one is the 1-dimensional gl(2) @ gl(2)-module with highest weight
&, + &, — 8, — 0,, and the third one is zero. Thus, by (3.1.1),

4,1 _
Imégo = Vie, +e, -8, - 20,

By Table 5 (U*® V)® A*({U* ® V) contains two irreducible gl(2) @ gl(2)-
modules with highest weight 1 = 2¢, + &, — 6; — 28, and one of the corre-
sponding highest vectors is v3. Since

B[ ®EL [, ®E,[,®E)=B12(/,®8) =, %0,
then Ker d3;> = Im d;'. Thus, Hy;* = 0.

3.9. Calculation of Hg;* for m=n = 2. For k'= 4 the Spencer cochain se-

quence is of the form
4,2

('}5.1 an
8:®g*, 2, g, @ A%, L, g, ® A%,

By part c) of Theorem 1.1 the second term of (§-1,80)x 18 82 = Ve, +25-8,-0, =
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{g>, the 1-dimensional gI(2) ® gl(2)-module, and the third one is zero. Since by
Table 3
A*Q* = Vao 25, D Vi hey-5,-5
then
82 @ A%G* ;= Vao o=, -35, D Vae, + 20, - 25, - 28,

Let A = 3¢, + &, — 8, — 36,. Then by Table 3 0, =g ® (f,® &;) A (f, ®e)).
Let v be an element from the basis of g ; such that g(v) £ 0. Ifv = f, ® &, then

Oga>val(f2 ® &1, f2 ® &1,0) = —30:(f2 ® &1, /2 @ &1)(v) = 39(v) + 0,
and if v # f, ® €, then
05 0a(f2 ® &1, 2 ® 81,0) = —0:(/,® &1, /2 ® 1)) = gv) + 0,
Let A = 2¢; + 2e, — 26, — 20,. Then by Table 3
1, =gR(2@e) A (i®e) —(®e) A (fi®e)) —
~(i®e) A (L®e) +(i®e) A (L ®e)).
Let v be an element of the basis of g_; such that g(v) + 0. Then
0,2 02(f2 ® €1, f1 ® &2,0) = —20,(f2 ® &y, f1 ® &)(v) = g(v) + 0
ifeitherv=f,®é orv=f, ®é,,
and
0, 20a(f1 ® €1, 2 @ &5,0) = —20,(f1 ® 8, f, @ &)(v) = —g(v) + 0
ifeitherv=f,®é, orv = f; ® €.
Therefore, Hy;> = 0.
3.10. Calculation of HE,? form =n > 1,k > 0.
LemMa. HEZ = H2.

ProoF. Note thatif (g_1,80)s = 3-1 ® (D3 08s) is the Cartan prolongation
of the pair (g- ;, 8o), then, since g, = 8, ® S*(g* ;) (k = 0), the Spencer cohomol-
ogy sequence is of the form

62,1 01'2
@®C)®g*; —— 9—1®A29t1 2, fork =1,
. _ ak+l.l . _ 6:;)2
G- 1 @S @* ) ®g*;, = G DS gt ) @ A%gr;, =
(Br-3 @ S*3(g* ) ® A%g*, for k > 1.

Note that since (g_1, 30)x = (3-1, 80)x < S*(g* ,), then the sequence
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k+1,1 k,2

0 0
SR ) ®gt, B ST )@ A%%, — s $t3(gr,) @ A%g%,
fork =1,

where 0" ' and 0, are the restrictions of the operators 9" and é%2 to
St 1(g* ) ®g*, and S*"%(g*,)® A%g*,, respectively, and S*(g*,) =0 for
k < 0, is well-defined. Hence the corresponding cohomology groups

Hy? = Ker G2 /Im g7 !

are well-defined and H:? = Hg? @ HE2.

Let us show that H%? = Ofor k > 0. For k = 1 this is obvious. Let k = 2. Since
Sk"%(g* ) ® A%g* ; = (z) ® A*g*,, where z is a generator of the center of
gl(n|n), then

Ker 02 =~ A%g*,.
By formula (3.1.1)
Im&rt! xg*, @g*,/S%g*, = Ag*,.
Therefore, H2? = 0. Let k = 3. Observe that
SHU*@ V)@ U*@ V) =(SPU*@ U ® S VR V)@ (A U*@ UM ®
A2V V).
By Table 5 from [OV] we get:
S2VRV = Vi, @ Vag, 40y A2V @V = Vi 4, il n =12,
AV RV =V 46, ®V, gy 4s, i 0> 2.
Since U is odd,
AU*QU*=V_3, ®V_5,_, -2,
SPU*Q@ U* =V_;, _,_2s,ifn=2,
SU*QU*=V_s -2, ® Vs, ,-8,,-3,ifn>2.
Therefore,
SZ(U* ®V)QU*®V) = Vi, -s,_,-25, @ Vae, +e,- 36, @ 2Vae, +e,-8,- 128,
ifn=2
and
SU*@NU*R V)=
Vae,~s,_1-25, ® Vae,+2,-38, D 2Vae, 425~ 8, - 20, ® Ve, b, 1-80-1-0, D
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Veitertes—38, D Vaebey—6,_1-8,_1-8, D Ve, +e, 45,5, , - 25, ifn>2
Moreover, we have
SU*@ V) = Vi 4e,-5, - 25, ifn =2and
SU*®@ V)=V, 1er46,-38, D Vae, =5, -6, 18, D Vaey4er—8, 125, 1fn>2.
Thus, by (3.1.1)

4,1 _ Y S
Im 590 =Vas~6,_1-26, D Var,4e,-35, D@ Var, 4e,-5,_, 20, ifn=2,
4,1 _
Im 590 = Vag,—6,_1-26, D Vae, +e,-35, ® Vae, 42,3, ,-25, D
® V2¢1+82‘6n—2—‘5n‘1‘5n® ‘/;1'*82*'53‘5"—1"25" ifn>2.

Finally, the decomposition of the gl(n) @ gl(n)-module g* , ® A2g* , into the
direct sum of irreducible components is given in Table 5. Checking the action of
02:% on the highest vectors we get:

Im J,;' = Ker 02

Note that for k > 3 the cohomology groups H%? coincide with the Spencer

cohomology groups H’;(;zz,’z corresponding to the Cartan prolongation

(V(0|n?), 0(n?)), = h(0|n?), where o(n?)is the orthogonal Lie algebra and V(0|n?)
is the standard odd o(n?)-module. These groups are vanishing for k > 3, cf. [P4].
Appendix.

Let ¢y,...,¢, be the standard basis of the dual space to the space of diagonal
marices in gl(n), V, be the irreducible sl(n)-module with highest weight
A=kye, + kyey + ... + k,&,, where k;eZ. Then

. ki — ki
dimV, =[]z [ 524 (1 + ~——J—ﬂ>
PRrROOF. A weight Ais the highest of an irreducible sl(n)-module if and only if Ais
a dominant integer form, i.e., if
24 o), )2y

It is known that the inner products of the weights ¢; and of weight p, where
p= (ZBE 4, B)/2, with fundamental weights a; are:

(e, 1) = 1/(2n), (e1,2) = 0 for2<j<n-—1;
(&n0i—1) = —1/2n), (&;, ;) = 1/(2n), (&1, 2) =0 (j + i — 1,i)

for2<i<n-—1;
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(Em an-—l) = - 1/(2'1)’ (gm aj) =0 for 1 Sjsn- 2,
(p, ) = 1/(2n) for1gisn—1.
Thus,
k; — k;
(4, ) = ——*L and ki 2 kiy .

2n

By Weyl’s character formula

) (4,P)
dimV, = | |44 —=.
im [Tsea. (1 + (p,ﬁ))

Forsl(nywehaved, = {o; + o1y + ... + aj, where | <i<n—1,j2i}. Since
(dyoy + ..o+ ay) = 1/2n)((ki — ki o) + kivy — kiva) + ... + (kj — kjsy) =

— ki _kj+1

2n
we have
A, ki—kj+)
F[psh(l +—(ﬁ-> = H?;fﬂ,"-:i‘(l + O
v.5) G
_ . ki — kys;
=TT T 1+ 2= o),
J
Table 1
mo|on Hy? He?
3 2 2, — &5 + 6y — 20, -
2 3 26, — €5 + 0, — 203 -
24 2 28y — €y + 6, — 20, € + & +E3—bm—0, — 0,
2 ;4 281"‘624‘61*26,, 81+€2+(§1—5”-2“6"_]—‘(§"
2¢; — gm + 0y — 26,
23 23 61+82_8m+6l‘—6"~1—5n -
& — 0, (ifm=n)
2 2 26, — &, + 0y — 26, B
g =0
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Table 2
gl(m) @ gl(n)-module Highest weight (1) Highest vector
VRV"CRU*® V) 261 — bm — 0y €1®e)® (L ®er)
& — Oy vl=Y" (e®&)®(F®e)

—mY (e ®E)®(f,®e)

81+61_6n—1—6n

& +6 —&n— 9, (e:®2,)®(f, ®es)
—(e:®8,)R(f,®ey)
(ifm = 3)
UQU¥CRU*® V) & + 0y — 26, L/ ®e)
& — Op 17%:2?:1(}2@];)@(];@91)

—nY (@O (i®e)
(i®f-)®(/i®e)
- (fi ®i::)®(ﬁ:—1 ®e,)

(ifn=3)
CRU*®RYV) &1 — 6, vi=my,e®¢
+mY @ N, ®e)
Table 3
gl(m) @ gl(n)-module Highest weight (1) Highest vector
AAU*® S*V 2¢y — 26, (h®e)®(f®e)
SPU*@ A%V &1+ 82 — Oy — b, (fi®e) ®(fo-1®e2)
- (ﬁ@%)@(ﬁ:ﬂ ®e)—
(f:x~1 ®el)®(ﬂ-®ez)
+(f-1®@e)®(/,®e)
A2U*® A2V & + & — 20, (h®e)®(fi®ez)
—(h®e)®(h®e)
S2U*Q® S*V 281 — Op—1 — 0y (f-1®e)R(fi®ey)
(L ®e)®(fi-1®ey)
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Table 4
gl(m) @ gl(n)}-module Highest weight (4) Highest vector

V® V*/C® A2U*® S*V 36, — &m — 26, €1®8)Q(Hh®e) A (/i ®e)
2, — 26, V=Y, (e®&)®(f®e) A

(]:.@el) -—m Zﬂq (e ®é&)®

(i®e) A (i®e)
& + & — 20, vi=2§"=1((e1®e“i)®(].'.®eg)A

26 + &y — &y — 20,(Mm = 3)

(h®e)—(e:®8)®(i®e) A
(/i ®ey)

€ ®6)® (/i ®e) A(fi®e;) —

(:®é,)®(fi®e) A (fi®e)

V@ V*CQ®S*U*® A*V

281 +82—Em_6n—1_6n

251 _671—1 —(5,,("1 2 3)

& + & — Opy — Op

&+ &+ 83— &y —
én—l_‘sn

(mz4)

€ ®)®(i-1®e) A (i®e) -

€ ®e®(i®e) Alfr-1®er)

vi =Y (e ®él)®(]:|—1 ®e) A

(i®e) (@& (i®e) A
(]:-—1 ®ey)

D} =Y (e ®&)® (o1 ®e) A
(h®e)— (e ®8)Q(,®e) A
(fi-1®e;) —(e2®8) A
(fi-1®e) A (h®e) +
€:08)®(fi®e)A(f-1®e)
2 o (€asy @ m) ® (-1 ® €u2) A
(fo ® esi3) — (ess1) ® Em) ®
(fn ® esz) A (ﬂv-l ® eu))

UQ® U*C® A2U* ® SV

281 + 51 - 35;1
2e, — 20,

281 bt 5,—-1 - 6;1

26, 4 8y — Op_y — 28,

(nz3)

i @L)®(i®e) A (h®e)
=Y (i®H® U, ®e) A
fi®e)—nYi, (i®f)®
(i®e) A (i ®er)

v% =Zf=1«f:®ﬂ.—1)®(j;®el) A
(fi®e) - (fi® )@ (i®er) A
(ﬂ-—:@et))
(fl@ﬂl)@(.ﬂ—l@el) A (]::@el)'“
(i ® fi-)®(fi®e) A (@ e1)
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Table 4 (cont.)
gl(m) @ gl(n}-module Highest weight (1) Highest vector
UQU*CRSU*Q@A*V | &1 +e,+8; — 641 — 20, | (L®F)O(Fr-1®es) A (fi®e,) —
(i ®L)®(a®e) A (fa-1 ®es)
&1 +6—26,(n23) v} =Y (i@ /) ®(i®er) A
(h®e) - (i@ ®(a®el) A
(i®e2)
& + 8 — 0y —0,(n23) v,%:zg:l((fi@ﬁn)@(ﬂ@el)/\
(-1®@e) = (@)@ (fi®ey) A
(]::—1 ®ey) — (ﬁ@f:—l)®
(i®e) A (fi®e) + (i ®F-1)®
(i®e) A (f®ey)
&+ &3+ 0y ~0py — Y2 o1 ® fin-2)®
Op1 — Oy (ix'!(n-l)@eﬂ A (]:!(n)®ez) -
(1 ® fin-2) ® (fusn-1, ® €2) A
(]k’/(u)®el))
nz4
C® A2U*R SV 2¢, — 26, V=mYr,e®é
+mY @B (L ®e) A
(ﬂu®e1)
CQ®SU*® A%V &+ 8 —0,_1— 0, B=0m)r,e®:é
+ m2?=1f.-®ﬁ)®((ﬂ.—x ®@ey) A
(i®er) —(h®e)) A (fo-1 ®e2))
Table 5
gl(m) @ gl(n)-module Highest weight (1) Highest vector
AU*RUHR(E* YY) 3¢, — 35, (F®e)®(h®@e) A (h®e)
28y + & — 35, (i®e)®(i®e) A (a®ey) -
(h®e)®(,®e)®(®ey)
3gy — 0p—y — 26, (ﬂ‘l®e1)®(ﬂ®el)®(ﬂ®el)—'

26 + & — 0, — 26,

(h®e)@(fo-1 ®e))®(f,®ey)
l=(®e)®(fi-1 ®ey) A
(h®e)— (h®e)® (-1 ®e) A
(i®ey) ‘(]:u—x ®Re)®
(h®e) A (®er) +
(ﬂ—1®82)®(ﬁl®el) A (]::@ex)




€+ &+ €3 — 0py — 20,
(m23)

261+ 6 — Op-2 — Oy — Oy
(nz23)

&+ &3+ 63— 0py—
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Table 5 (cont.)
gl(m) @ gl(n)-module Highest weight (1) Highest vector
(SU*Q@ UM UV V) | 265+ 8, — 8,1 — 26, =/ ®e)® (-1 ®e)) A

h®e) = (@)@ (fo-1®e2) A
(h®ey)
Z}=o((ﬁu®esim)®(ﬂ-— 1 ®eyz) A
(]»'- ® eg3) — (]; ® eq1)) ®
(fa ® euz) A (fa- 1 ® e3)

Z}lﬂo((ﬂl(n—2j®el)®(il’/(n~l) ®Rez) A
(il’f(n) ®ey) — (]l'J(n—Z) ®Re)®
(fr,J(n— n®ep) A (iz’l(n) ®e;))

Yoo (Forn-2 ® 4i1)) ®

Op—1 — Oy (ﬂi(n— H®eyz) A (.i:-'(n) ® ewqy) —
(myn23) (Frrtn-2) ® e511) ® (frim @ €siga)) A

(Frn-1) ® €ai))
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