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MEROMORPHIC SOLUTIONS OF HIGHER ORDER
SYSTEM OF ALGEBRAIC DIFFERENTIAL EQUATIONS

LI KAM SHUN and CHAN WAI LEUNG

1. Introduction.

In [1], [2] the first author has employed Nevanlinna’s meromorphic function
theory to study the existence of meromorphic solutions to the first order system
of algebraic differential equations:

Pt(VVt,9 W2,> u/b Wz,Z) = ﬁ(m)’ t= 19 23

where P, is a differential polynomial in W, and W,, with rational functions in z as
coeflicients, and has obtained Wittich and Malmquist type theorems, (see [3],
[4D).

Over the years, Yang, [5], Laine, [6], Bank, and Kaufman, [7], Yosida, [8],
Gackstatter, and Laine, [9], He Yuzan and Xiao Xiuzhi, [10], [11], [12], have
worked on the question of the existence of algebroid and meromorphic solutions
to scalar algebraic differential equations having meromorphic functions in z as
coefficients. However, they have not dealt with the case of systems. This paper
addresses such a situation and extends results obtained in [ 1], [2] to higher order
cases. If only meromorphic solutions are considered, the result obtained by He
Yuzan, [10] is a special case of ours.

Here, we will mainly discuss the following two types of higher order system of
algebraic differential equations

(1.1) QW W) = £i[Qu(W,,2)), t=1,2
(1.2) QW W,) = 0u(W1,2)Q,,(Wa,2), t=1,2
where Q,(W,, W,) is a differential polynomial and
QW Wa) = T Aule) Wi ... [W oYt Wieo . [WkaJieoa,

Qts(VVs’ Z) = Ptsl(u/s5 Z)/stz(Ws,Z) = Zatsj(z)w/sj/zbtsj(z)vvsj
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(t,s = 1,2), and the highest degree of W, in Q,(W,, z) is q,,; the coefficients A4,(z),
a,5i(z) and b,;(z) are meromorphic functions in z; and f(w,) is a transcendental
meromorphic function in w,, unless otherwise stated.

To end this section, we give the following definitions;

DEerFINITION 1. For the general term
A"-(Z)Wf‘“’. . [Wl(ktl)]itlknwzitzo . [Wz(kzz)]i.zm
in the differential polynomial Q,(W;, W,), let

(13) A’ts(i) =0 + iy + ...+ itsktsa

(1.4) Mes(i) = B0 + 20y + ..+ (ks + Digge,,, 5= 1,2,
(1.5) Asmax {A(i)}

(1.6) Hes = m?x {uts(i)}'

DEFINITION 2. Let {A;(z)} be a (finite) family of meromorphic functions and
W(z) is a nonconstant meromorphic function. Suppose that S(r, W) is a positive
real function in r satisfying

(1.7) S(r, W) = o{ T(r, W)}

except possibly for a sequence of intervals 4, (on the r-axis) with finite total
length. If

(18) z T(r’ At) = S(r’ W)a
then W(z) is said to be admissible with respect to the family of meromorphic
functions {A4;(z)}.

DEFINITION 3. Suppose that $(r, W) is a positive real function in r and satisfies
(1.9) S(r, W) = O{T(r, W)}

except possibly for a sequence of intervals 4, (on the r-axis) with finite total
length. And W(z) and {A,(z)} are as defined in Def. 2. If

(1.10) Y T(r, A;) = S(r, W),
then W(z) is said to be weakly admissible with respect to the family of meromor-
phic functions {A4,(z)}.

DEFINITION 4. Suppose that W,(z), W,(z) is a pair of solutions for the system of
equations (1.1) ((1.2)) and each of them is a nonconstant meromorphic function
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such that Q,(W,, z) and f,(Q.(W,, 2)) (Q,s(W,, z)) are (is) nonconstant meromorphic
functions (function). Then

(i) if Wi(z) and W,(z) are (weakly) admissible with respect to the family of the
coefficients {A4,(2), au(z), buj(2)} ({Aul(2), a,j(z), bisj(2)}), then they are called
a (weakly) admissible solution of class I,

(ii) if only W1(z) is admissible with respect to the family of the coefficients
{A(2), auj(2), buj(z)} ({An(2), aisj(z), bysj(2)}), then they are called an admissible
solution of class 11

(iii) if only W,(z) is admissible with respect to the family of the coefficients
{A:(2), auj(2), buj(2)} ({Au(2), aisj(z), bisj(2)}), then they are called an admissible
solution of class 11,;

(iv) if only Wj(z) is weakly admissible with respect to the family of the
coefficients {4,i(z), auj(z), buj(z)} ({Au(2), a,sj(2), bisj(2)}), and W,(z) is not admiss-
ible with respect to the same family, then they are called a weakly admissible
solution of class 11;

(v) if only W,(z) is weakly admissible with respect to the family of the coef-
ficients {A,i(2), auj(2), buj(2)} ({Au(2), aisj(2), bisj(2)}), and Wy(z) is not admissible
with respect to the same family, then they are called a weakly admissible solution of
class 11,.

2. Lemmas.
To prove the main theorems given in Section 3, we need the following lemmas:
LEMMA 1. Given the differential polynomial
QWL W) = ¥ AW [WE Wi [,
where the coefficients A{z) are meromorphic functions in z. If W, (i = 1,2) is
anonconstant meromorphic function and Wy is admissible with respect to the family

of the coefficients { Ai(z)}, then for any fixed n > 0, the following inequality holds,
except possibly for a sequence of intervals A, (on the r-axis) with a finite total length,

Q1) T, QW W) < (n + p)T(r, W) + (n + u2) T(r, Wa) + S(r, Wh)

where  pg = max (),

pe(i) = igo + 2igy + ... + (kg + Vig,, s=12
S(r,Wy) = Z T(r, A;) = o(T(r, Wy)).

PROOF. Suppose |z| = 1 is divided into the following subsets,



108 LI KAM SHUN AND CHAN WAI LEUNG

E, ={z|lzl = 1, W) 2 1,i= 12},
E.y={zllzl = L, |Wi(2) = 1 and [W,(2)| < 1},

E.;={zllzl = 1,|W(2)] < 1 and |W;(2)| = 1},
E_={z|lzZ =1,|W()| < 1,i=1,2).

Hence for zeE .,
|Q(W,, W))| < Z {14 Wy 1O Wy W T WD W e

X | Wy |20 | Wy Wy |2 [ WSD Wy |2}
LAWY T ARNNUAIARS

X |Wa /Wyt WD W, |2},
where A((i) = iso + iy + ... + i, (s = 1,2), 4, = max (4,(i)). Therefore, the fol-

lowing inequality holds,

22 (1/2m) fln* Wy, W,)ldep < i [(/%/21!) Jll’ﬁ [W;ld¢
s=1
E+ E

+ i (ise/27) jlf W/ W d¢:|

E+

X 2(1/271:) jln* |14,(2) d¢ + 0(1)
' E+

(23) (1/2n) J In™ |QW,, W) dé < (4,/2m) J In* |W;|d¢
E+y E.q

+ i §(ist/2n) Jhﬁ |WO/W,| do
Eiy

s=1t=1

+3.(1/2m) j In* |4(2) d¢ + O(1)
Eyy
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24) (1/2n) J In* |QW,, W,)| d¢ < (1,/2n) f W2l d¢
E;; Ei>

s=1t=1

2 ks
+ 2 X (ig/2m) jlrﬁ W/ W,l do

Eiz

+ Z(I/Zn) j In* |Ai(z)|d¢ + O(1)

2 ks

2.5 (1/2m) Jln+|Q(WI’W2)'d¢ S Y X (ig/2m) janWs‘”/WJ do

s=1t=1
E- E-

+2(1/20) Jln+ |4:(2)| dp + O(1).
E_

Note that W, is admissible with respect to the family of the coefficients {4;(z)},
and in view of (2.2)-(2.5) and a basic lemma of logarithmic derivative of meromor-
phic functions:

m(r, WOIW,) = O{In[rT(r, W))1}

holds except possibly a for sequence of intervals 4, (on the r-axis) with a finite
total length (see [4]). It is not difficult to deduce that

2n
(2.6) m(r,QW;, W) = (1/2m) Y In ™ |QW;, W,)| d
0

=(1/27t){f + J + j + J}lnﬂﬂ(Wb W) do

E, E+q E.:> E_
2
< Aymlr, Wy) + Zom(r, Wo) + 3 nT(r, W,) + S(r, Wy)
s=1
where the total length of the sequence of intervals 4, of r depends on #. On the
other hand, a pole of Q(W,, W,) must also be a pole of some of its terms, and its
multiplicity is less than or equal to the highest order of these terms. By letting the
general term in Q(W,, W,) be
Fi(2) = AW [WP0)maWwie . [Wd] e,

then
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n(r’ Fl) é n(r’ Al) + ilOn(r9 VVI) + ...+ ilkln(r’ Wl(kl))
+ iyon(r, W) + ... + iy, n(r, W),
Note that n(r, W;®) < (t + )n(r, W;), hence (2.7) becomes

2

n(r’ Fl) é n(r’ Al) + Z .u's(i)n(r’ VVS)

s=1
Thus the following inequality holds

n(ra Q(Wl’ WIZ)) § Z n(r’ Al) + Z /‘sn(r’ VVS)
i =1

s

Therefore, we obtain
(2.8 N(r, QWy, W,)) < uy N(r, Wy) + uy N(r, W) + S(r, Wy).
From (2.6) and (2.8), we have
(2.9) T(r, AWy, Wy)) = m(r, QW,, W,)) + N(r, QqW,, Ws))
S+ p)T W) + (0 + ) T(r, W2) + S(r, Wy).
This completes the proof to lemma 1.

COROLLARY 1. If W, is admissible with respect to the family of the coefficients
{Ai(2)}, then

(2.10) T(r, QW, W2)) = (n + p)T(r, W) + (n + ) T(r, W2) + S(r, W)
where S(r, W,) =Y. T(r, A;) = o(T(r, Ws)).
COROLLARY 2. If W, is weakly admissible with respect to the family of the
coefficients { A(z)}, then
Q11)  T(r, AW, W2)) < (1 + p)T(r, Wi) + (1 + u2) T(r, Wa) + S(r, W)
where S(r, Wy) = Y. Tir, 4;) = O(T(r, W})).
The proofs to the above corollaries are similar to that of lemma 1, and we omit

the details.

LEMMA 2. Let f(w) be a transcendental meromorphic function in @ and w is
a nonconstant entire function in z. Then for any fixed m > 0, there exists ro > 0,
such that when r > rq, the inequality

(2.12) T(r, f(w) > (m/2)T(r, w) + O(1)
holds.
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This is a classical result due to Clunie, (see [12] and [13]).

LEMMA 3. Let

R(W,z) = P\(W,2)/PA(W,2) = Y a\(2)W"/ Y b(2)W’
h J

and the highest degree of W is y, {a4(z)} and {b/(z)} are meromorphic functions. If
W(z) is a nonconstant meromorphic function and is (weakly) admissible with respect
to the family of the coefficients {a,(z), bj(z)}, then

(2.13) Tr,R(W, 2)) = yT(r, W) + S(r, W)
where

o(T(r,W)). if W(z) is admissible;

Str, W) = L T, a) + 2Tlb) = {O(T(r, W), if W(z) is weakly admissible.

For the proofs of the lemma, one may consult [15], [16].

LEMMA 4. Let A, be a sequence of intervals of r which has a ( finite) total length p.
Let

(2.14) a = exp(4p).
Then for any 7€ [a, + o0) N 4,, there must exist

r,r'e(l, + o) — (1, + 0) N 4,

such that

(2.15) log7 = (1/2)[logr’ + logr"]
ie.

(2.16) F=rr"

Proor. Under the mapping x = logr theset(1 + c0) N 4, is mapped into set 4,
on the x-axis. Obviously, 4, is also a sequence of intervals with total length less
than u. For any fixed 7el[a, +0)n4,, we can construct an interval
[log7 — (1/2)loga,log7] on the x-axis with length (1/2)loga = 2u from (2.14).
Under the maping y = —x + 2log7 the set (on x-axis)

4, = [logr — (1/2)loga.log?] — 4, n [log# — (1/2)log a,log 7],

a sequence of intervals with total length greater than y, is mapped into a sequence
of intervals A5 on the x-axis. It is included in the interval [log 7, log7 + (1/2)loga]
and its total length is the same as 4,’s, i.e., greater than p. Thus, the total length of
the sequence of intervals
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A4 = A3 — Ay N [logF,logF + (1/2)loga]
is greater than 0. Hence, if we take y, € 4,4, then xo€ 4, but ¢ 4, and
2.17) Yo = —Xo + 2log7

since y, € 45 but ¢ 4,. By letting r = exp(x,) and r" = exp(y,), can be reduced to
(2.15) and r', r” satisfy the following conditions:

r = exp[logF — (1/2)loga] = exp[(1/2)loga] = exp(2u) > 1,
r" = exp(log7) = exp(loga) = exp(4u) > 1,and ¥, r" ¢(1, + o0) N 4,.
Therefore, this completes the proof to lemma 4.

LEMMA 5. Let A, and a be as in lemma 4, and T,(r), T,(r) be increasing functions in
r and convex functions in logr. If for r ¢ 4,, the inequality

(2.18) Ty(r) £ To(r)

holds, then for all re[a, + c0) where a is defined by (2.14), the following inequality
holds

(2.19) Ty(r) < T(r).

Proor. Ifre(l, + o) — (1, + o0) N 4,, (2.19) clearly holds. So, we only need to
consider the case when re[a, + o) N 4,.

Ifre[a, + o) N 4,, then by lemma 4, there exist ¥, 7" €(1, + o0) — (1, + ©) N 4,,
such thatlogr = (1/2)(logr + logr”)i.e. r? = r'r"(>r and r"). By the convexity of
T,(r), we have

T,() = Ty [exp(logr)] = T; {exp[(1/2)(logr’ + logr")]}
< (1/2){T; [exp(logr)] + Ty [exp(logr")1}
= (12[Ti(") + Tu(")]).
From (2.18), together with the fact that T(r) is increasing, it follows that
Ti() = (1/2[T(r) + T(")]
< (1[0 + T = Tr).

This completes the proof to lemma 5.

3. Main theorems.

We will now proceed to the theorems of the existence or nonexistence of meromor-
phic solutions to the higher order system of algebraic differential equations (1.1)
and (1.2).
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THEOREM 1. There does not exist any admissible solution and weakly admissible
solution to the system of equations (1.1).

PrOOF. We only give the proof to the non-existence of weakly admissible
solution of class II;, since other proofs are similar.

Suppose that W;, W, are weakly admissible solutions of class II; to the system of
equations (1.1). When we substitute them into (1.1), we have the following

Case 1. At least one of Q,(W,,z) is a non-entire meromorphic function, e.g.,
0:.1(W,, 2), hence f,[Q, (W, z)] will have an essential singularity at finite z but this
contradicts the assumption that f,[Q,,(W};,z)] is meromorphic. Thus, W;, W,
cannot be solutions of (1.1).

Case II. Q,(W,,z)is a nonconstant entire function. Therefore, by corollary 2 to
lemma 1, for any fixed n > 0, there exists a sequence of intervals 4, (on r-axis) with
a finite total length, such that for any r ¢ 4,, the following inequality holds

(KRY) Sr, Wi) + (1 + ) Tr, Wh) + (1 + p2) > T(r, Q(Wa, W)

where t = 1,2. By lemma 2 and 3, for any fixed m > 0, the following inequality
holds

(3.2) T(r, i[Qu(W,, 2)]) > (m/2)T(r, Qu(W, 2)) + O(1)
> (¢um/2)Tr, W) + Str, W1)
where t = 1,2. Combining (1.1), (3.1) and (3.2) we have
(3-3) S, Wh) + (1 + p12) T, W) > [(@11m/2) — 1 — pa 1T, W)

and

S, Wy) + (n + P2 T(r, W) > [(q22m)2) — 1 — p22]1T(r, W3).
Now (3.3) and (3.4) imply

Str, Wh) + (n + p2)(n + p2) T Wh) > [(g1am/2) — 1 — pyq]
x [(q22m/2) — n — pa2JT(r, Wy).
Dividing both sides of the above inequality by T(r, W;) and then taking limit as
r— oo, re¢ 4, we get
0(1) + (n + 1) + p21) 2 [(@1:1m/2) — 0 — p111[@22m/2) — 1 — pa2].

But as m can be taken to be sufficiently large, and 5 can be taken to be sufficiently
small, whereas all other terms are constants, so that the above inequality cannot
hold thus arriving at a contradiction. This completes the proof to theorem 1.

THEOREM 2. In the system of equations (1.1), if f2[Q2:(W;,2)] =0, and there
exists one term in the differential polynomial Q,(W,, W), e.g., the hth term, such that
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(3.5 2hy20 > fizz + Uaa(h)

where h,, is the power of W, in this term, p,,(h) is defined by (1.4) with i = h, and
fi25 = max(u,,(i)), then the system of equations (1.1) has at most admissible solution
or weakly admissible solution of class 11,.

Proor. It is sufficient to prove that if W;, W, are meromorphic solutions of (1.1)
that makes Q,,(W,,z) a entire function, then W, is neither admissible nor weakly
admissible with respect to the family of coefficients { 4,(z), a,;(z), {b,;(z)}. Since the
steps involved in the proof are similar, we only prove that W, is not weakly
admissible here.

Now, suppose W, is weakly admissible, then from (3.5) it follows that there exists
an > 0, such that

(3.6) 2h330 > fizz + paa(h) + 1.

Thus, we can deduce (3.3) for t = 1 as in theorem 1. On the other hand, we rewrite
the second equation in (1.1), i.e., Q,(W;, W,) = 0, as

{QZ(VVls VVZ) _ AZh(Z)[,Vlhzm . [VVl(kz’)]hz""‘ thzzo . [Wz(kzz)]hzzku}
/{ _AZh(Z)Wlhzlo . [Wl(kzx)]hukz,[u/z/]hzzl L [u/z(kzz)]hzzhz} = Wha2o,

Applying corollary 2 of lemma 1 to the above equation, and after rearrangement
(using also (2.13)) we obtain

Str, Wa) + (1 + p20) T, Wa) + [z + taa(h) + 1 — haao]T(r, Wa) > hazo T(r, W),
Le.,
BT S W) + (1 + p20) Tl Wa) > [2haz0 — flaz — paa(h) — n1T(r, W).
Comparing (3.7) and (3.3) (t = 1), we get
St W) + (1 + pa2)n + p2) T Wh) > [q11m/2) — 0 — ps]
X [2h220 — floz — paa(h) — n]T(r, Wy).
From this it follows that
0(1) + (n + p12) 2 [(@1am/2) — n — p111[2h220 — Aoz — pa2(h) — 1]

But for m sufficiently large, the above inequality cannot hold. This completes the proof
to theorem 2.

THEOREM 3. In the system of equations (1.1), if £,[Qn(W,.2)] =0 (t = 1,2) and there
exists one term in the differential polynomial Q(Wy, W,) (t = 1,2), e.g., the gth term in
Q(Wy, W,) and the hth term in Q,(W,, W;), such that
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(38) 2g110 > firr + pi1(9)
(3.5 2h3320 > flog + Ha2(h)
39 [29110 — 1y — u11(@1[2h220 — fl2z — H22(W)] > py2pny

where gy is the power of W, in the gth term of Q (W}, W,), uy1(g) is defined by (1.4) with

i =g, fiy; = max [uy,(i)]; and all the other notations are the same as in theorem 2, then
i*g
there exist at most weekly admissible solutions to (1.1).

Proor. It is sufficient to prove that for the meromorphic solutions Wy, W, of (1.1),
either W, or W, cannot be admissible with respect to the family of coefficients { 4,(z)}.
Let us prove the above statement for W,.

Now, suppose that W, is admissible. After we have chosen a small enough# > 0,s0
that

(3.10) 29110 > firn + p119) + 1,
2hy20 > fizz + Ma2(h) + 1
and
[29110 — Ay — p11(9) — MI[2h220 — fiaz — p2a(h) — 1] > (1 + p12)n + p21),
then we can deduce the following, similar to the case of (3.7) in theorem 2,
G118t Wo) + (n + )T W2) > 29110 — finr — paa(9) — 11T Wh)
(12) S, Wo) + (n + ) T(r, Wh) > [2haz0 — f2z — pa2(h) — n]T(r, Wy).
Comparing (3.11) and (3.12) we have
S(r, Wa) + (1 + p12)n + pa)) T(r, Wa) > [29110 — fax — pa1(9) — 1]
X [2hy20 — flaa — paa(h) — n]T(r, W2).
and hence
0 + w120 + p21) 2 [28110 — fur — 119) — M1[2h220 — fiaz — paa(h) — 7).
But this contradicts (3.10). Therefore, this completes the proof.

THEOREM 4. Suppose that fi[R(W;, W)] and f,(W,. W,) replace fi(W)) and f1(W)
respectively in the system of equations (1.1), where f1(u) is a transcendental meromorphic
Sunction inu; R(W,, W) is a rational function in Wy and W,, in which the coefficients of W,
and W, are meromorphic functions in z and the degree of Wy and Wy arep > Oand q > 0
respectively: f,(W,, W) is a meromorphic function in W, W, and their derivatives (it may
also include z). That is,
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(3.13) Q(W, W) = ilRW. W7)],
(3.14) (W, W) = fo(W, W)

Then (i) if it has admissible solutions W, W, of class 1, then each of W, and W, is not
admissible with respect to each other;

(i) if it has admissible solutions Wy, W, of class 11,, then W, is not admissible with
respect to Wy,

(iii) if it has admissible solutions Wy, W, of class 11,, then W, is not admissible with
respect to W;.

Proor. Without loss of generality, we only prove case (i) with R(W;, W,) being an
entire function in z.
Now, suppose that W, is admissible with respect to W,, i.e.

(3.15) T(r,W,) = S(r, W})
Then, by lemma 3, we have
(3.16) T(r, RW, W) = pT(r, W) + S(r, W), réA,.

On the other hand, by applying lemma 1,2 to equation (3.13), we can deduce the
following inequality, as in the proof of theorem 1,

37 S W) + (1 + )T Wh) + (0 + pi2) T, Wa) > (m/2)T(r, RW;, W)
= (mp/2)T(r, W)).
Combining (3.15), (3.16) and (3.17) we get
S(r, W) > [(mp/2) — pyy — n]T(r, Wy).

Thus, O = (mp/2) — uy; — 1. But this can not hold when m is sufficiently large. This
completes the proof to theorem 4.

COROLLARY. If R(Wy, W) = A(z)WFWJ where A(z) is a meromorphic function in z,
and Wy, W, are some class of admissible solutions to equations (3.13) and (3.14), then W,
and W, have the same order and type.

Proor. Withoutloss of generality, we just consider the case for admissible solutions
of class II;. Note that

Str, W) + Tir, W5) + T(r, WEWS) 2 T(r, W),
and by lemma 3, we get
S, W) + qT(r, Wy) + T(r, WYWJ) 2 pT(r, Wy).

Thus together (3.17) for any arbitrary small # > 0 and r ¢ 4,, leads to the following
inequality
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S, W) + i T W) + (2 + mT0r, Wa) > (m/)[pT(r, Wy) — qT(r, Wa)]

ie.
(3.19 [mp/2) + pyy + n]1T(r, Wy) > [(mq/2) — p12 — n1T(r, Ws).
Let M = min{[(mp/2) — py; — n)/[(mq/2) + w12 + 11,

[(mq/2) — p12 — 1)/ [mp/2) + pay + 11},

itis clear that when m is sufficiently large, then O < M < 1. Now, (3.18) and (3.19) can
be rewritten as

(3.20) T, W) > MT(r, W;)

(3.21) T(r, W) > MT(r, W,).
Since T(r, W;) possesses the increasing property and convexity, (see [13]), as stated in
lemma 5, so that, for all sufficiently large r, the following inequalities hold

T(?, Wy) > MT(r, W)
and T, W) > MT(r, W,).

Therefore, W, and W, have the same order. Also, when they are of finite order, for all
sufficiently large r, (3.20) and (3.21) hold, thus, they are of the same type.

The above four theorems and the corollary are the Rellich-Wittich type theorems,
(see [3], [4]). In the system of equations (1.1), if the dervatives of W, and W, are just of
first order, the coefficientes of Q,(W;, W,), and A,(z), are polynomials in z and
0.(W,,z) = W, R(W,, W,) = W4, then, they reduce to theorems 1-4 and ther corollary
in [1]; and if we just consider meromorphic solutions, together with the additional
assumption that Q,(W,, W,) = W, — W, and f,[Q,,(W,,z)] = 0, then theorem 2 here
is theorem 4 of the [10].

In the following, we will give the Malmquist type theorem to the system of equations

(1.2), (see [4], [8]).
THEOREM 5. In the system of equations (1.2), suppose that

(322 qi11 > H11, 22 > Haas

where i is defined by (1.4) and (1.6); q, is the highest degree of W, in Q,(W,,z). Then
a necessary condition for having admissible solutions Wy, W, of class 1 is

(3.23) 11 — 1122 — H22) £ (@12 + H12)@21 + H21).

ProOF. Choose an arbitrary n > 0, so that

q11 > p1g +nand qup > pay +1,

and rewrite the system of equations (1.2) into
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Qi (W, W2)/01:(W3,2) = Q11(Wh,2),

Qo (W1, W2)/Q21(W1, 2) = Q22(W), 2).
Then by lemmas 1 and 3, the following inequalities can be obtained,

(3.24) S, W) + (@12 + paz + MTW2) > @1y — paa — )T, WY),
(325 S(r, W1) + (q21 + p21 + MTEW1) > (22 — p22 — N)T(r, Wa).
Comparing (3.24) and (3.25), we get
S, Wi + (@12 + pa2 + 1921 + pa1 + DT W)
> (@11 — 11 — MG22 — B2z — MT(r, WY).

Dividing the above relation by T(r, W;) and then taking the limit as r — co, r ¢ 4,, we
have

(@12 + 12 + MG21 + p21 + 1) 2 (@1 — p11 — 1G22 — M2z — 1)

Since the above relation holds for all # > 0. Thus, by taking the limit as n — ;0, (3.23)
follows. This completes the proof.

CoROLLARY 1. Under the condition (3.22), the transcendental and admissible solutions
W,, W, of class 1 to the system of equations (1.2) must be of the same order and type.

ProOF. In view of (3.24) and (3.25), for large enough r ¢ 4,, we have
2Aq12 + w12 + MTE,W2) > (@ — oy — 0T WY),
2Aq21 + p21 + T, W) > (G22 — pa2 — MTI, W)

Moreover,

(3.26) T, W) > MT(r, W})

(327 T(r, W1) > MT(r, Wy)

where M = (1/2)min{(qy; — p11 — MNG12 + 12 + 1),

(22 — M2z — M)/G21 + H21 + 1)}

and O < M < 1(since(3.23) holds). Since T(r, W;)is increasing and convex as stated in
lemma 5, thus from (3.26) and (3.27), it follows that for all sufficiently large r, the
following inequalities hold,

T(r*, Wp) > MT(r, W),
TG, W) > MT(r, W,).

Therefore W, and W, are of the same order.
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If they are of finite order, then, for sufficiently large r, (3.26) and (3.27) must hold.
Hence, they are also of the same type.

COROLLARY 2. Ifqy; > Uy, and g,1 > U,y then a necessary condition for the system
of equations (1.2) to have admissible solutions W, and W, of class 1 is

(912 — H12)G21 — H21) S 11 + B2z + B22)-
Moreover, W, and W, which are transcendental are of the same order and type.
COROLLARY 3. Ifqll > Uyq and qi12 > U120V 4zy > Uny and qz2 > Uzz hold, then the

transcendental and admissible solutions Wy, W, of class 1 to the system of equations (1.2)
must be of the same order and type.

Proofs of the above two corrollaries are similar to those of theorem 5 and corollary
1

Special examples to theorem 5 are theorems 1-3 in [2] but the conditions given here
are weaker.

4. Remarks.

1. Without basic changes, the theorems and corollaries stated in the previous sections
can be extended to the case when Q,(W,, W,)is a quotient of differential polynomials in
Wi, W,.

2. The corollary to theorem 4 still holds when R(W;, W,) = A(z)W} + B(z)W3
(where A(z) and B(z) are meromorphic functions in z and p, g are positive integers).

3. The results in this paper can also be extended to algebraic system of differential
equations having n = 3 unknown functions Wy, W,, W;, ..., and W,.

) Wiy Wo, Wiy W) = F1QuW 2},
@2) QWi W W, W) = [] QulWo2h 1= 1,201
s=1

But this concerns the problem of suitably solving the following linear system of
inequalities involving S(r, W;) and T (r, W),

g(n VVI) + Z aijT(r’ VV]) > I)tl(m)T(ra VVI)’ t= 1,2,...,’1.
A

where a;; are positive constants; P, (m) are at most polynomials in m of the first degree

and the coefficient of the term of the first degree is positive.

For example, by using mathematical induction, it is not difficult to solve
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S, Wh) + (aom™™ ' + aym" 2 + ... + a,_)T(r, W})
> (bom" + bym" ™! + ... + b,)T(r, W),
where ag, by > 0. Thus, we can extend theorem 1 to the system of equations(4.1), that is

THEOREM 6. There does not exist any kind of admissible and weakly admissible
solutions to the system of equations (4.1).

It is also not difficult to prove that

THEOREM 7. In the system of equations (4.1), if f,[Q.(W,2)] =0 (t=2,...,n) and
there exists one term in Q(Wy, W, ..., W,) (t = 2,...,n), e.g., the h®th term, such that

2 > [0 + palh?) =23,

Then for the meromorphic solutions Wy, W,, ..., W, to the system of equations (4.1), W, is
neither admissible nor a weakly admissible with respect to the family of the coefficients
{A(2)}, auj(2)}, buj(z)} where h®, h%, and {2 are the counterparts of h, hy, and iy, in
theorem 2.

4. The existence of other kinds of (weakly) admissible solution to system (1.2) may
be considered similarly.
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