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BASE CHANGE, TRANSITIVITY AND KUNNETH
FORMULAS FOR THE QUILLEN DECOMPOSITION
OF HOCHSCHILD HOMOLOGY

CHRISTIAN KASSEL and ARNE B. SLETSJIOE

Let A be any commutative algebra over a commutative ring k and let M be any
symmetric A-bimodule. In [Q], §8, Quillen proved that the Hochschild groups

H,(4, M) = Tor®4(M, 4)

have a natural decomposition, called the Quillen decomposition,

H(A,M)~ @ DP(A/k, M)
ptq=n
under the hypothesis that A4 is flat over k, containing the field Q of rational
numbers. The right-hand side is defined in terms of exterior powers of the
cotangent complex of A over k. For p = 1, the groups D{(4/k, M) are isomorphic
to the André-Quillen homology groups D, (A/k, M).

The purpose of this note is to prove base change, transitivity and Kiinneth
formulas for all D¥)(A/k, M) - and hence for Hochschild homology in characteris-
tic zero — extending analogous formulas established by André [A] and Quillen
[Q] for D, (A/k, M).

Lately M. Ronco [R] proved that the Quillen decomposition coincides with
a decomposition introduced by combinatorial methods on the level of Hoch-
schild standard complex by Gerstenhaber-Schack [GS]. The latter decomposi-
tion coincides with another one due to Feigin-Tsygan [FT] and Bur-
ghelea-Vigué [BV] [V]. In the notation of [L], M. Ronco’s result can be written
as follows (for all p and n)

D) (A/k, M) ~ H\"(4, M)

We assume all rings to be commutative with unit.
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1. Definition of D'¥(A/k, M).

For any map of rings u: k > A and any nonnegative integer p, we define the
simplicial A-module

Lﬁ/k = Qf'/k ®pA

where P is a simplicial cofibrant k-algebra resolution of 4 in the sense of [Q]. By
[Q], the simplicial A-module L%, is independent, up to homotopy equivalence,
of the choice of P. In Quillen’s notation

Lf{/k = AﬁL;/k
where L}, is the cotangent complex. Thus we define
D®(A/k,M) = H (L%, ®4M) and D}, (A/k, M) = H*(Hom 4(L%,, M))
for any A-module M.
REMARK 1.1. a) If p = 0, then L%, ~ 4 and

M ifn=0

DY A/k, M) = {o otherwise.

b) If p = 1, D{(4/k, M) = D,(A/k, M) where the right-hand side was defined
by André [A] and Quillen [Q]. These groups coincide with the Harrison groups
[H] in characteristic zero.

We derive now some properties of the group D¥)(A/k, M) which are immediate
consequences of Quillen’s formalism.

LemMA 1.2. LY, is a free simplicial A-module.
Proor. This follows from the fact that if P is free over k, say P = S;(V), then
Q@ pA = (A(V) Rk P)R@pA = A (V) ® A
COROLLARY 1.3. For any exact sequence of A-modules
0-M->-M->M -0
there are long exact sequences
...— D"Y(A/k, M) - D¥(A/k, M) = D'*Y(A/k, M") - D® ,(A/k,M') > ...
and
... = D%, (A/k, M") > D, (A/k, M) — D, (A/k, M") = D} {(A/k, M') — ...

The module L%, has the following vanishing property.
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PROPOSITION 1.4. If A is a free k-algebra, then L, has the homotopy type of
Q% - Consequently, for any A-modulus M

DP(A/k, M) = Di,(A/k,M) =0 if nx1
and
DY(A/k,M) =25, ®,M and D{,(A/k, M) = Hom 4(2%,, M)
Proor. Take P = A.

2. Base change and Kuiinneth formulas.
The following result states how L? behaves under tensor products.

THEOREM2.1. If A and B are k-algebras such that Tork(A, B) = 0 for q > 0, then
we have the following isomorphisms
a) Base change

LY ®.84 = A @i Ljy
b) Kiinneth-type formula
o> @ (L% ®x L;D/k)
qtr=p

Proor. Under the hypothesis of theorem, if P (resp. Q) is a cofibrant
k-resolution of A (resp. of B), then A ®, Q (resp. P ®, Q) is a cofibrant resolution
of A ®, B over A (resp. over k). Now

Qi ®iQ/k ® A®uQ(A @ B) = (A ®x Q’é/k) ®A ®kQ(A ®x B)
~ A @ (Q2h) ®o B)
For the Kiinneth formula, we have

Qf’@kQ/k ®P®kQ(A ®B)= @ ((qu’/k ®r %/k) ®P®kQ(A ®«B)

q+r=p

~ @D ((Q‘}I‘/k ®pA) @, (QQ/k ®o B))

qtr=p

COROLLARY 2.2. Under the same hypotheses as Theorem 2.1, and for any
A ®, B-module M, we have the following isomorphisms of graded modules

DP*(A ®, B/A, M) ~ DP(B/k, M)
and
DP(A ®,B/k,M)~ @& DP(A/k,M)®,D(B/k, M)

g+r=p
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In characteristic zero the corresponding isomorphism for HH?(4 ®, B) and
for the cyclic groups HC?(A4 ® B) are also proved in [K].

3. Transitivity.

Suppose we have maps k %4 45 B of commutative rings. We start by defining
a filtration of Qf,. Let F(25,) be the sub-A-module of Q}, generated by
bodb; ...db, where at least i elements among b,,...,b, lic in 4. We have the
following sequence of inclusions of A-modules,

Qpy=F{>Fi>...>Fj=Q, ®B
LEMMA 3.1. If B is A-free and A is k-free, then the map
yi Qf{/k R4 Q’b/:qi - Fy/Fit!
given by
Y(aoda, ...da; ® bodb;, , ...db,) = agboda, ...da; db;,, ...db,
is an isomorphism.

Proor. First check that y; is well-defined without any hypothesis on A and B.
IfA=S8(V)and B= S, (A ® W) = S;(V) ® S;, (W) = S;(V ® W) one computes
easily both source and target of ;.

THEOREM 3.2. Let k> A > B be maps of commutative rings and let M be
a B-module. Then there is a spectral sequence (E",d") converging to D¥(B/k, M).
The k-module E} ; have the following properties:

a) Elj=0fori>00ri< —p.

b) Ej ; = DY(B/A,M)and E, ; = D'? (A/k, M).

c¢) Fix any p. For every i there is a first quadrant spectral sequence (°E', d')
converging to EX, ;, , such that

OEZ | = DAk, DP~(B/A, M))
REMARK 3.3. a) The edge homomorphisms
DY(B/k, M) — E ; = DB/ A, M)
and
EY, ,+; = DP(A/k, M) — D'P\(B/k, M)

are the natural homomorphisms. For p = 1, the first spectral sequence reduces to
two columns, so that one recovers the well-known long exact sequence

... = Dj(AJk, M) - D,(B/k, M) > D{B/A, M) - D;_(A/k, M) > ...
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b) Applying Theorem 3.2 to the map of rings k - A - A ®, B, one sees that
the spectral sequences degenerate and one recovers the Kiinneth formula of
Corollary 2.2.

Proor oF THEOREM 3.2. Let P be a simplicial cofibrant k-resolution of 4.
Consider the composite map P - A — B and choose a simplicial cofibrant
P-resolution Q of B. Let us consider the following commutative diagram

A/e,q/ﬂ
A }A/

Then it follows from [Q] that A ® » Q is a simplicial cofibrant A-resolution of B.

We apply the construction of Lemma 3.1 to the map of rings k -+ P — Q. Then
we get a filtration of Qf, ®p,M such that the associated graded is
Qb ®p 258 ®o M. This yields the first spectral sequence with

Eij= Hi\ [Qp) ®p (25 ®o M)

converging to H; . (25, ® o M) which is D) ) (B/k, M) because Q is also a sim-
plicial cofibrant k-resolution of B.

To compute the homology of €5, ®p 257 ®o M we use the fact that it has
a double simplicial structure. Therefore it gives rise to a spectral sequence with
E?-term of the form

@OFZ, = H(Qpx ®p HI(QQ/P ®o M)
= D{(A/k, H(Q%7 @ M))

Now we use the base change formula of Theorem 2.1 to get the following
isomorphism of P-modules

D{P~Y(B/A, M) = H(245". 04 ® 4,0 M)
= H(Q§:" ®o M)

4. Applications.
The following is an extension of Quillen’s Theorem 5.4 [Q].

PROPOSITION 4.1. Assume that k > Q and QY is A-flat.
i) If Spec A — Speck is étale, then LY, is acyclic for p 2 1.
ii) If Spec A — Speck is smooth, then L%, ~ Q% ,.
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ProoF. i) Let P be asimplicial cofibrant k-resolution of A. By [Q], if 4 is étale
over k, then Qp, ®p A = LY, is acyclic. Hence
Li/k = AﬁL,luk

which is a direct summand (in characteristic zero) of (L} ;) ®r js acyclic.
ii) We have the following isomorphisms

Loy = A53Q}0, ®p A~ A5Q4, ® 4 A ~ Q5
in the derived category of 4-modules.

COROLLARY 4.2. Under the hypothesis of Proposition 4.1 and if A is smooth over
k, then for all p

Qi/k®AM if n=0

DiPXAfk, M) = {0 otherwise

SPECIAL CASES 4.3. Let k - A — B be maps of rings such that k o Q and let
M be a B-module.

a) If A is smooth over k, then by Theorem 3.2 and Corollary 4.2 the spectral
sequence converging to D¥)(B/k, M) has E'-term given by

El—i,i+j = Qil/k ®AD3P—0(B/A, M)

b) If A/k is étale, we get: D'P(B/k, M) = D'P(B/A, M) from Theorem 3.2 and
Prop. 4.1. i. The resulting isomorphism for Hochschild homology

H,(B/k, M) ~ H,(B/A; M)

was proved by Gerstenhaber-Schack [GES].
¢) If B is smooth over A, then the E'-terms are given by

El—i,i+j = D_(il)(A/k, Q(Bp/;i) ®B M)

If moreover Bis étale over 4, then Qf,, = Ofor p > 0. From Theorem 3.2 we get
the following isomorphism:

D'PX(B/k, M) ~ DP(A/k, M)

If the B-module M is extended from A, i.e. is of the form B ® , N where N is an
A-module, then we have the following étale descent isomorphism

DP(B/k, M) ~ D'P(A/k,N) ® 4+ B
When N = A, we thus recover Theorem 0.1 of [WG] stating that
H,(B,B)~ H, (A, A)®4B
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