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PRIMITIVE IDEMPOTENTS OF THE GROUP
ALGEBRA CSL(3,9)

ERHAN GUZEL

Introduction.

Let GL(3, g) denote the group of all nonsingular 3 x 3 matrices over the Galois
field GF(q) of g elements(q = p°, pisa prime, s = 1is an integer) and C be the field
of all complex numbers. Drobotenko [3] obtained the primitive idempotents of
the group algebra CGL(3, q). For this, he used the following properties:

PRrOPERTY 1. Let G be a finite group of order n and let K be an algebraically
closed field with characteristic not dividing n. If £ is an irreducible KG-character
affording the orthogonal central idempotent e, of KG, then

ee=¢Mn~ Y L™ N,

9eG

where £(1) is the degree of &.

PROPERTY 2. Let H be a subgroup of G and let y be a KH-character of degree
1,n an irreducible KG-character. Assume that the multiplicity of n in the induced
KG-character Y€ is 1. If n and  afford the orthogonal central idempotents e, and e,
respectively, then e, e, is a primitive idempotent of KG which corresponds to .

ProoF. Let M be a KH-module and N be an irreducible KG-module which
afford the characters y and n respectively. From Wedderburn theorem [2,
Theorem 2.9], it is easy to see that KHe, = M and e,M® = N. By definition of
the induced KG-module M¢ we obtain M® = KGe,. Then we have
N = KGeye,. Moreover, it is well known that e is a primitive idempotent of KG if
and only if KGe is an irreducible KG-module.

ReEMARK. Using these properties, all irreducible K-representations of G are
obtained.
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We have used these properties in [4] to obtain the primitive idempotents of
CSL(3, p). In this paper we will use again these properties and the some results of
[3] to obtain the primitive idempotents of CSL(3, q) which correspond to the
irreducible CSL(3, g)-characters, where SL(3, q) is the group of 3 x 3 matrices
over GF(g) with determinant unity.

Method and Results.

If p is a generator of the multiplicative group GF(g)™ and if d is the greatest
common divisor of ¢ — 1 and 3, we write {p) = GF(q)* and d =(q — 1,3)
respectively. Let K = {ae GF(q)* |a = p* u=0(mod3}. If d =1, we have
GF(q)* = Kand ifd = 3, then

GF(q)* = KupKu p?K (disjoint).

Let 6 be a primitive element of the field GF(q). Consider the above elements of
S =SL(3,q):
1 0 &7 1 71 0 1 0
1 0 |,b= 1 0),c= 1
1 1

@=b=c=ILi=1,...,s)

a; =

0
9s—i
1

It follows directly that S has the following subgroups:

A={da)) x...x<asy; B=<b> x ... x<b; C=Leyd x ... x {es;
D =A x B;H=DC;

|4l = |B| = |C| = g; ID| = ¢% |H| = ¢°.

The irreducible CH-characters are given by table 1 [3]. It is easy to see that there
exist the following relations between the conjugacy classes of S which have
already been determined by Dickson [1] and the conjugacy classes of H:
The conjugacy classes of types A3, 44, 45 of H, ford = 1 or 3, areincluded in
110
the conjugacy class of canonical representative 1 0]ofS.
1
The conjugacy classes of type 45 of H, for d = 1, are included in the conjugacy
110
class of canonical representative 1 1|of S and for d = 3, we have the
1
following proposition:

PROPOSITION 1. For d = 3, (q — 1)*/3 conjugacy classes of type As of H are
included in the conjugacy classes of canonical representatives
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TABLE 1

Irreducible CH-characters

k=ki+kb+...+k&t=t,+t,0+...+t8 Sk,t,mn=0,..,p—1i=1,..5
(k.o k) £(0,...0), (ty,... 1) F(0,...,0), (hy,...,h) + O,...,0,, e + ;67 =1

Conjugacy | canonical number of | Number of
class representative | conjugacy elements of v
classes in the COIlj hy,....he my,.omgny,n,
class
(1 0 0]
4, 10 1 1 q 1
- 1_
1 K
4, 10 q-1 1 gekiha o ¥habe 1
L 1_
1 o
43 10 q—1 q 0 ghimi+ o Hhamy
L 1]
‘10 0]
A4 1 ¢ qg—1 q 0 ghm et tane
- 1_
(1 k 0]
4s 1 ¢ (q—1)? q 0 ghamut ot kama b tiny oty
- l_
11 0]t 1o0]f11 0]
11|, 1 p|, 1 p?
1 1] | 1]

of S if and only if the following conditions hold respectively:
X) k =t (modK)
Y) (k,t)eK x pK or (k,t)epK x p*K or (k,t)ep*K x K
Z) (k,t)eK x p?K or (k,t)e pK x K or (k,t)ep?*K x pK
Let G = GL(3,q). The irreducible CG-characters are as follows [6]:
& j=1,...,8z=1,...,h; hy=h,=hy=q -1,

hy = hs = (q — 1)@ — 2),hs = (g — 1)(q — 2)(q — 3)/6,

ey

h, = q(q — 1)*/2, hg = q(¢* — 1)/3;
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where j denotes the type of the character and z denotes the number of the
characters of the type j.
The irreducible CS-characters are as follows [5]:

’15-])9.]= l’-"all;r= 1’~"7f_‘i;fl =f2 =f4 = 19f3 =f5 = q_ 2a
03] fe=[g—1g—4+3—dl/6f,=4q(q—1)2
fa=(@+a+1-d3,fo =fio=fi1=d - 1)3/2

whered = (¢ — 1,3) = 1 or 3and j denotes the type of the character, r denotes the
number of the characters of the type j.

Let £9) be the restriction of £ to S. The relations between (1) and (2) are as
follows:

Ford=1,&) =#95j=1,....8z=1,...  hr=1,....f;

Zr|s
Ford—3£§,{’|s—n si=14L...8z=1..  hr=1,....f,
(3) 2
3= e, S0 =, T a0 =,

where ¢ are conveniently chosen CG-characters. Using the character tables
which are given in [5] and [6] we can chose easily the character &Y.
Moreover, from the table of the irreducible CG-characters which is given in [6]
and the table 1, it is easy to obtain the multiplicity of ¢ iny& . .
Then we have [3]:

M-F-

hj hs
gl ..... ms;0,...0 = Wg,...o;n,,... Z U) + 2 Z 6(25) +
z=1

2z=1 =

i

(@ +3 z £ + z &

j »
gl,...,m.;m,...n, = Z 2 ﬁ(zj)

j=4z=1
(mi’ni =0ap_ 1a1= 1,...,S;(m1,...,ms)4:(0,...,0);("1,...,"5)4:(0,...,0))
Let nﬂ;{ = Y. The values #' are given by table 2. Let

(lllﬂu ..... MgiNy,..., n,’ r’r )

denote the multiplicity of #¢ in 3, .. . By the tables 1 and 2, the
proposition 1 and the Frobenius theorem, it is easy to see that, for every
re{0,1,2}, (W3,...mgo....00 1) @nd (U5, _oi,....ns 1) is constant. Moreover,
from (3) and (4), we have
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Y 40| e .
=" r0=44
Yy=4d MW
¢/0 —b— | /0 —-b—| €/ —b— B ]
— %ob — Yob — b 1 - I 0 0 1 0 Tl 1 sy
L0 ¥ T
- .
¢/1—-b—|g/a—-b—| ¢+by) |G-b-— - 1+bt b 0 I+b b T{l? 1 4
[0 0 1]
- .
¢a0-b—|eg/1-b—| ¢ +by) |G-b- - 1+bt b 0 1+b b 1]jo 1 ty
0 ¥ 1]
- .
¢a-b-|g1-b—-| ¢a+by |[G-b- - 1+bt b 0 I+b b 11lo 1 y
11 0 1]
¢1+b) | ¢fa+b |e¢/a+b+,p)| (1+D) [G+b+ DG +b+ ;D) 1 ]
X1 =b)| x,(1—b) x(1+b) |x(@-=b| x(G—b | x(0+b) |[(G+b+ | b |[1+b+ | (1+HP| T [0 I 'y
L0 0 T
ank onk @ @ W ol oh wl @k @l (l| sexdar | ssep
‘uour) |'uo)

H uo s1910e1eyd~(b ‘g)TSD 9]qIONPaLIl 9Y) JO SIN[EA

[ACULLAP
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2
('l/ ..... M30,...,0 Z "(9)) = (!//g ,,,,, O;ny,..., Z (9)
It follows directly that:
(5) ('\Iliu ..... mg;0,..., 0; ":'9)) = ('/lg. O;ny,...,ne '7:9)) = 1
r=0,12)

Finally, by the tables 1 and 2, (5) and the Frobenius theorem, we obtain the
following relation:

S S e & j & 5
mi,...,ms0,...,0 — ¥0,..,0n,...ns = Z Z ”9) + 2 Z rlf' ) +
r=1

j=2r=1

6
© 6 7 d—1 2 9
R e R

r= =

r=

(mi’ni= 03"')p" 1:l= 1,...,8;("11,...,1'11,)*(O,...,0);("1,...,n,)#(o,...,());
d=1,3)

If (k, t) satisfies the condition X (or Y or Z), we write (k,t)e X (or (k,t)eY or
(k,t) e Z). It follows from the tables 1 and 2, (4) and the Frobenius theorem that:

Wms,...mginsnes 1) = [(q3 - 93+ (@d0—(@—1/3)q Y &+

(k,t)eX

+@0,—(@—13)q ¥ & +(@d2—(@q—1/3)q ¥ 8’] =

(k,t)eY (k,t)eZ
™ =lor0.
Lr=
Or£h
t=t,+t0+...+tF a=km +... +km,+t;n, +... +t;ng;m
n=0,...,p—Li=1,...,5(my,...,m) *(0,...,0), (ny,...,n) ¥ (,...0),
(ks .. k) £(0,...,0), (t1,...,) £ (0,...,0)

Using (7), we then obtain the following result, which follows from the solution of
a simple system of linear equations:

(j=9,10,11;r=0,1,2;5,,,-—{ ,s:{:ls—lk ky + ka0 + ...+ ko,

PROPOSITION 2. Let x= Y &, y= 3 &, z= 3 ¢ in(7). One of the
(k.0)eX (kDY (k1)eZ
X, ¥,z is equal to (2q + 1)/3 and each of the others is equal to (1 — q)/3.

We now prove the following basic result:
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PROPOSITION 3. Forj=9,10,11,

. (mi’ ni)exa r= 0;
(‘//;sm ..... MgiNy,..., n,; 'T(r’)) = 1’ (mi’ ni)EZ’ r= 19
(m,n)eY, r=2.

mun;=0,....,p—1;m=0< n=0i=1,...,55(my,...,m) £(0,...0),
ny,...,n) £(0,...0)
PrOOF. Setn; =m; (i =1,...,s)in (7). Then we have:
Woms...oomsimi...mss 16)) = 47 °[(@* — q)/3 + ax + by + bz] = 1 or 0;

a=(q—(@—-1/3)qb=—(q—1q/3,j=9,10,11.

Since the elements k;, t; (i = 1,...,s) obtained for (k,t)eY are the same for
(t, k) € Z, proposition 2 implies that x = (2g + 1)/3and y = z = (1 — ¢)/3. Hence,
we have:

®) Wan.....mmumes 18) = 4 °[(@> — @)/3 + ax + by + bz] = 1,j=9,10,11.
For all elements m of {0,...,p — 1} n pK, we have the following relations:
(k,)eX = (kmt)eY,
(k,t)eY = (k,mt)eZ,
(k,0)eZ = (k,mt)eX.
Putting § = mk, + ... + mky + mmyt; + ... + mmgt, and
B =mki+..mki+mt, +..mt;ti=mt;i=1,...,s,

U=t +t,0+... + 1,657

We obtain:
Y =Y =y Y =Y f=2z ) =Y L=x
(kiex (k.YeY (kDY (eZ (k.Dez (k.)eX

After putting mm; = n; (i = 1,...,s), we obtain:

Wrs,.minsms M3) = a7 0@ — @)/3 + by + bz + ax] = 1
m=0< n=0(m,n)eY; i=1,...,s,j=9,10,11)

©®

We note that we pass from (8) to (9) with the permutation (xzy) afforded by Y ¢”.
Moreover, for all elements m of {0,...,p — 1} n pK, we have:

(k,t)eX = (mk,t)eZ, (k,t)eY = (mk,t)eX, (k,t)eZ = (mk,t)eY
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It follows that Zs’; y=mmk, + ...+ mmgk, + mt, + ... + mgt, affords the
permutation (xyz). Hence, we obtain:

(10) ('/’m ..... MgiRL, e g? ;nP) =1
m=0< n=0(m,n)eZ;i=1,...,5j=0910,11)
For all elements m of {0,...,p — 1} n p2K, we have:
(k,t)eX = (mk,t)eY and (k,mt)eZ
(k,t)eY = (mk,t)eZ and (k,mt)eX
(k,t)eZ = (mk,t)eX and (k,mt)eY

It follows directly that ) ¢’ and ) & afford the permutation (xzy) and (xyz)
respectively. Hence, we obtain:

(./lml ..... Menq,..., ngd ”2 ) - 1 (mu nl)eY
(11) ('/’nu ..... meiny,...,ne ’71 ) =1 (mn n)eZz,
m=0<«n=0i=1,...,5j=910,11)

In the same way, for all elements m of {0,...,p ™'} N K, Y ¢” afford the identity

permutation. Hence, we obtain:
('/’ml ..... me;ny,..., Ngd 'Io ) = 1
(12)
m=0< n=0m,n)eX;i=1,...,5j=9,10,11)

This completes the proof of proposition.
Finally, by the tables 1 and 2, (9), (10), (11), (12) and the Frobenius theorem, we
obtain the following relations:

h

<

8 d— 11
2ovminen = 2, 210+ (451) 3 i mampex
j=4r=1 i=9
s 8 hy . d—1 11
(13) miy,..., Mainy,e. iy — Z "y) +< 2 ) Z ”(ii); (mi, ng)GZ,
j=4r=1 j=9
8 hy 11
5:, ..... MMy, ny — Z ’7? ( ) z ("h' n,-)GY,
j=4r=1 i=9

m,n;=0,....p—1;m=0 < n=0i=1,...,5(myg,...,m) +(0,...,0),
(nla'“’ns) +(0;’0))

To summarize, using (3), (4), (6), (13) and property 2, we have established the
following theorem:
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THEOREM. If € and Cm,.....m n,....n,are the orthogonal central idempotents af-
forded by the irreducible CSL(3, q)-character n’ and the irreducible CH-character
Ym,,...myny....n, T€Spectively, then the primitive idempotents of the group algebra
CSL(3, q) which correspond to n9 are as follows:

Forj = 2, 39 4’ 9’ e?) eml....,m,;O,...,O’ ey) eO,.‘..O;n,....,n,

Forj = 4’ 5a 6a 7’ 8; e(rj) em.....,m,;nl,...,n,
(mun;=0,...,p—1;i=1,...,5,(my,...,m) £ (0,...,0), (ny,...,n) +£(0,...,0)
Forj = 9’ 101 11’ e((')i) eml,....m,;nl,...,n,; (mi, ni)eX,

m,;n,,....n,; (mis ”i) € Za

e‘ii) em,,...,m,;nl....,n,; (mi’ n,-)eY.
mn;=0,...,p—1,m=0< n=0i=1,...,5,(my,...,m) £ (,...,0),

- ..,n) £(0,...,0)
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