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A REMARK ON THE RETRACTING OF A BALL ONTO
A SPHERE IN AN INFINITE DIMENSIONAL
HILBERT SPACE

TOMASZ KOMOROWSKI and JACEK WOSKO

1. Introduction.

Let (H, ||*||) be an infinite dimensional Hilbert space. In this paper we consider
the problem of the existence of a lipschitzian retraction of a unit ball onto an unit
sphere in H. Let us formulate it more precisely. Let B = (x€ H: || x|| £ 1) ne the
closed unit ball and S = (xe€ H: ||x|| = 1) be the unit sphere.

The mapping R: B — § is said to be a lipschitzian retraction B onto S if:

(1) R satisfies the Lipschitz conditioni.e. |Rx — Ry| £ k| x — y| forall x,ye B,
(2) Rx = x for xe8.

The problem of the existence of such a retraction in any normed space was
considered in papers [N], [B-S] and a construction of one was given there.
However it is fairly complicated. Below we present the much simpler construc-
tion of a Lipschitz retraction in any Hilbert space.

2. Construction.

To make our consideration clear we divide it into two steps.

The first step. We will construct a certain regular retraction of the B onto the
S in L2[0, 1]-space, however it will not be a lipschitzian one. Let pe(0,1). We
define

f? _1~||fl|}

t(f)==sup{te[O,l]:J‘“f”2 =1,
]

forevery f €B, f 0.
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Let R:B — S be given in the following way:

u|§|u =)
if 1z then =1

T <=t
if I/lSp then Rf= -

p 14

It is easy to observe two facts: R is well defined and R is the retraction of B onto
S.

For || f1, gl < pwehave |[|flI/p+ 1 —IfI/plI> Z IIf*/p* + (1 = I fI/p)* 2
1/2 and elementary arguments prove that in this case |Rf — Rg| <

@V2/p)If — gl X I£ 1, llgl Z p and t(g) Z 1(f) then:

1) tg)

@ IR - Ral’ f (ulfiu ulglu) J (W-%) ’
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2 t(g) 5 2
f g )
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b~
I gl
On the other hand from definitions of #(f), t(g) we obtain:

t(g) 1
i) [ [ [ (i)
@ J (IIfII2+IIg||’ = I!fll’ TR AN A
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2 _ g9 _fll9g f 2 _
r—p M g"*(ﬂngu lIflI“lIgll+l|f|ll§1—p"f gl +

o -l « vl 27 v -2l =il
ol AT el ™ AT = 1= g~ A1

g ” If =gl
lgl ~ 1A = min(I 1, 1gh”

from (1), (2) and the above remark we obtain:

It is known that in a Hilbert space Thus

&) IRf — Rgll2< T If =gl +

IS —al.

The second step. We construct the Lipschitz retraction basing on the mapping

[ 1
R. Wefixanyce (0,

;p>anddenotetheset(feB:l —e2|flZzp+¢byP.

By the separability of the LZ[O, 1] there exists a sequence (g;); » ; of elements of
P satisfying the following conditions:
(i) foreveryisj:llgi—g;l2e
(i) for every x € P there exists index i such that ||x — g;|| S e.
Let us denote D, = [gy,95,...}, Do =(f: IfIl £p,and D=D,uD,US.
The set D has the following property:
(iii) for every f € B there exists ge D such that | f — g|| < e

We define Ry: D — S by Ry = R|p. After applying (3) we get

1 4\
RoS — Rogll = ( AT )> If =gl

ifeither f,ge D, and f # gor feD, and geD,uSor feS and ge D, (because
If — gll = e). If either f, ge D, or f, geS we obtain

[Rof — Rogll = \/-Ilf gl

Hence the Lipschitz constant of R is equal to

1/2
L= maxli—zﬁé,(lz—————4 ) ]
p \p” p(l —pk
By the Kirszbraun-Valentine theorem [O] there exists a Lipschitz extension of
R, (also designated by R,) on the whole B with the same Lipschitz constant. We
have R,: B — I2[0, 1]. For every f € B (by (iii)) it is possible to find g € 0 such that
"f - g" =S¢ 80
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IRof 1l 2 IRogll — IRof — Rogll 21 — LIl f —gll 21— Le.

_Rof

If we put R, f = ||Rofl|

then R,: B — S is the Lipschitz retraction B onto

S wih a constant

L

Li=1—1e

REMARK 1. If we accept for instance ¢ = g, p = 1 then L, ~ 64,44 ...

REMARK 2. L2[0,1] is the separable Hilbert space, so it may be treated as
a subspace K of infinite dimensional Hilbert space H. Letting P be the orthog-
onal projection of H onto K it is easy to see that if we define T = — Ro P then T'is
a Lipschitz map from the unit ball B of H to itself such that there exists k > 0 and
|Ix — Tx|| > k. By the standard construction (see [G], [S-L]) it is possible to
obtain a traction of the unit ball onto the unit sphere in every Hilbert space H.
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