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Abstract
Let F be a left-invariant Randers metric on a simply connected nilpotent Lie group N , induced
by a left-invariant Riemannian metric â and a vector field X which is Iâ(M)-invariant. We show
that if the Ricci flow equation has a unique solution then, (N, F ) is a Ricci soliton if and only if
(N, F ) is a semialgebraic Ricci soliton.

1. Introduction

In 1982, R. S. Hamilton has shown that any compact Riemannian 3-manifold
with strictly positive Ricci curvature, admits a Riemannian metric of con-
stant positive curvature (see [12]). He has started with a Riemannian manifold
(M, â0) and evolved its metric by the following geometric evolution equation
which is named un-normalized Ricci flow

∂

∂t
âij = −2 ricij , (1.1)

where ricij denotes the Ricci curvature tensor of the Riemannian metric â. For
a compact Riemannian manifold, one can consider the following equation

∂

∂t
âij = 2

n
sc(â)âij − 2 ricij , (1.2)

where dimM = n and sc(â) is the average of scalar curvature [12]. The
last equation is called the normalized Ricci flow which is different from un-
normalized Ricci flow (1.1) by a change of scale in space and a change of
parametrization in time. In this case, the volume of the solution is constant
with respect to time (for more details see [12]). A Riemannian metric is a
fixed point of the equation (1.1) if and only if it is Ricci flat. For a compact
manifold, a Riemannian metric is a fixed point of the equation (1.2) if and only
if it is Einstein (see [7]). There is a larger class of solutions, called self-similar
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solutions or Ricci solitons, which is considered as a generalization of fixed
points. Let (M, â(t)) be a solution of the equation (1.1) on a time interval
(t1, t2) containing zero with â0 = â(0). Then â(t) is a self-similar solution if
there exist scalars τ(t) and diffeomorphisms φt such that â(t) = τ(t)φ∗

t â0. On
the other hand, a Riemannian manifold (M, â0) is named a Ricci soliton if

LXâ0 = 2(λâ0 − ric(â0)),

where LXâ denotes the Lie derivative of â with respect to a vector field X.
A Ricci soliton is called shrinking if λ > 0, steady if λ = 0 and expanding
if λ < 0. It can be shown that there exists a bijection between the family of
self-similar solutions and the family of Ricci solitons (see Lemma 2.4 of [7]).
This fact allows us to consider them as equivalent.

D. Bao, in [2], has used Akbar-Zadeh’s Ricci tensor [1], to generalize the
Ricci flow to Finsler geometry which is a natural extension of Riemannian
geometry. In [5], the concept of Ricci soliton is developed to Finsler geometry
by B. Bidabad and M. Yarahmadi.

In 1941 an important family of Finsler metrics, which are called Randers
metrics now, introduced by G. Randers for its application in general relativity
(see [17]). Also, they are the only Finsler metrics which are the solutions of the
navigation problem on a Riemannian manifold. In fact the perturbation of a
Riemannian metric â by a vector fieldW , with ‖W‖â < 1, generates a Randers
metric and conversely every Randers metric can be accomplished through the
perturbation of a Riemannian metric â by a vector fieldW satisfying ‖W‖â < 1
(see [4]). The importance of Randers spaces, among Finsler manifolds, leads
us to study Ricci solitons on them. In this work, we study the conditions under
which a left-invariant Randers metric on a simply connected nilpotent Lie
group N , is a Ricci soliton.

In [16], J. Lauret has shown that a Riemannian nilmanifold (N, â) is a Ricci
soliton if and only if its (1, 1) Ricci tensor satisfies the equation

Ricâ = cId + 1

2
(D + Dt ),

for some c ∈ R and some D ∈ Der(�), where N is a nilpotent Lie group with
Lie algebra �, â is a left-invariant Riemannian metric onN and Dt is the trans-
pose of D with respect to â. In the general case, a homogeneous Riemannian
manifold is called semi-algebraic if it satisfies the homogeneous space version
of the above equation (for more details see [14]). In this case, if D is symmetric
then the homogeneous Riemannian manifold is called algebraic Ricci soliton.
Recently, M. Jablonski has proved that every homogeneous Riemannian Ricci
soliton must be semi-algebraic [15]. He has completed his result in his next
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paper [14], by showing that every semi-algebraic Ricci soliton is algebraic.
This means that homogeneous Riemannian Ricci solitons are algebraic.

We say that a vector field X on a Riemannian manifold (M, â) is Iâ(M)-
invariant if for any φ ∈ Iâ(M) and x ∈ M we have φ∗(Xx) = Xφ(x). In this
article, we generalize the definition of semi-algebraic Ricci soliton to Finsler
spaces. We show that for a left-invariant Randers metric F induced by a left-
invariant Riemannian metric â and an Iâ(M)-invariant vector field X, on a
simply connected nilpotent Lie group N , the Finslerian nilmanifold (N, F ) is
a Ricci soliton if and only if (N, F ) is a semialgebraic Ricci soliton. This is a
generalization of Lauret’s result in [16] to Randers spaces.

2. Preliminaries

In this section we review some fundamental definitions and concepts of Finsler
geometry. For more details we refer the readers to [3] and [8].

Definition 2.1. A Finsler manifold (M,F ) is a smooth manifold M equ-
ipped with a map (which is called a Finsler metric) F : TM → [0,∞) such
that

(i) F be a smooth function on TM \ {0},
(ii) F(x, λy) = λF(x, y), for all λ > 0, and

(iii) the hessian matrix (gij ) =
(

1

2

∂2F 2

∂yi∂yj

)
is positive definite for all

(x, y) ∈ TM \ {0}.
An important special type of Finsler metrics is Randers metric. This metric

is of the form F(x, y) = √
â(y, y) + β(x, y), where â(y, y) = âij y

iyj and
β(x, y) = biy

i are a Riemannian metric and a 1−form on M , respectively,
such that ‖βx‖α = √

âij (x)bi(x)bj (x) < 1 ([6]). Using the induced inner
product by the Riemannian metric â on any cotangent space T ∗

x M , the 1-form
β corresponds to a vector field X on M such that

â(y,X(x)) = β(x, y).

Therefore we can consider the Randers metrics as follows

F(x, y) =
√

â(y, y)+ â(X(x), y). (2.1)

For any Finsler manifold (M,F ) we define

Cijk := 1

4

(
∂3F 2

∂yi∂yj ∂yk

)
.
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Suppose that (M,F ) is an arbitrary Finsler manifold and (x1, x2, . . . , xn)

is a local coordinate system on an open subsetU ofM . The fundamental tensor
and the Cartan tensor, are defined as follows, respectively

g(x,y)(u, v) = gij (x, y)u
ivj ,

C(x,y)(u, v,w) = Cijk(x, y)u
ivjwk,

for any (x, y) ∈ TM \ {0}, where u = ui ∂
∂xi

∣∣
x
, v = vi ∂

∂xi

∣∣
x

and w = wi ∂
∂xi

∣∣
x
.

We define Cijk := gisCsjk , where (gij ) denotes the inverse of the matrix (gij ).
Now we can have the Christoffel symbols of the second kind, on TU \ {0}, as
follows

γ ijk := 1

2
gis

(
∂gsj

∂xk
− ∂gjk

∂xs
+ ∂gks

∂xj

)
.

We also define the nonlinear connection Ni
j by the following equation

Ni
j := γ ijky

k − Cijkγ
k
rsy

rys,

where y = yi ∂
∂xi

. Now we have the following theorem.

Theorem 2.2 (see [3]). Suppose that (M,F ) is a Finsler manifold. The
pull-back bundle π∗TM admits a unique torsion free linear connection ∇,
called the Chern connection, which is almost g-compatible. The coefficients
of the connection are of the form


ijk = 1

2
gis

(
δgsj

δxk
− δgjk

δxs
+ δgks

δxj

)
,

where δ
δxj

:= ∂
∂xj

−Ni
j
∂
∂yi

.

The concept of sectional curvature in Riemannian geometry is generalized
to Finsler geometry where it is called flag curvature. The flag curvature is
defined by

K(P, (x, y)) = g(x,y)
(
R(x,y)(u), u

)
g(x,y)(y, y)g(x,y)(u, u)− g2

(x,y)(y, u)
,

where P = span{u, y} and R is the Riemann curvature tensor defined by
R(u, v)w = ∇u∇vw − ∇v∇uw − ∇[u,v]w (for more details see [3]).

Now for any (x, y) ∈ TM \{0} we define a linear transformation from TxM

to itself by R(x,y) := R(·, y)y.
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Then the Ricci curvature is defined as the trace of R(x,y). So we have

Ric(x, y) = F 2(x, y)

n−1∑
i=1

K(Pi, (x, y)),

where Pi := span{ei, y} and
{
e1, . . . , en−1,

y

F (x,y)

}
is a g(x,y)-orthonormal

basis of TxM .
Akbar-zadeh’s Ricci tensor of a Finsler metric F is defined as follows

(see [1])

(ricF )ij := 1

2

(
∂2 Ric(x, y)

∂yi∂yj

)
.

The following equation is considered by D. Bao, as the natural extension
of un-normalised Ricci flow in Finsler geometry (see [2]),

∂gt

∂t
= −2 ricFt , F (t = 0) = F0. (2.2)

The concept of Ricci soliton is generalized to Finsler geometry by B. Bidabad
and M. Yarahmadi as follows (see [5]).

Suppose thatV is a vector field on the manifoldM , such thatV = V i ∂
∂xi

, for
a local coordinate system. Then the complete lift ofV on TM, which is denoted
by V c, is a vector field on TM locally defined by V c = V i ∂

∂xi
+ yj ∂V

i

∂xj
∂
∂yi

.

Definition 2.3. A Finsler manifold (M,F ) is said to be a Finslerian Ricci
soliton if it satisfies the following equation,

ricF = cg + LV cg,

for some vector field V ∈ �(M), where V c denotes the complete lift of V on
TM and g is the Hessian related to F (see [5]).

In Theorem 3.4 of [5], the authors showed that if (M,F0) is a Finslerian
Ricci soliton on a compact manifold M , then there exists a solution (M,Ft )
in the form

F 2
t = τ(t)ϕ̃∗

t F
2
0 , (2.3)

to the Ricci flow equation (2.2). Conversely, ifFt , of the form (2.3), is a solution
to the Ricci flow equation (2.2), then there exists a vector field V on M such
that (M,F0) is a Finslerian Ricci soliton in the sense of definition 2.3.

Here we mention that, similar to the Riemannian case, a Finsler metric F
on a Lie group G is called left invariant if

F(x, y) = F(e, (lx−1)∗y), ∀x ∈ G, y ∈ TxG,
where e denotes the unit element of G.
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3. Main Results

Here we generalize the concept of homogeneous Riemannian nilmanifold to
Finsler spaces.

Definition 3.1. Let (M,F ) be a connected Finsler manifold with the Lie
group of isometries G = IF (M). M is said to be a homogeneous Finsler
nilmanifold if G contains a nilpotent Lie subgroup which acts transitively
on M .

Remark 3.2. Recall that for a Finsler manifold (M,F ), the group of iso-
metries of M is a Lie transformation group with respect to the compact-open
topology (see [8] and [9]).

The following proposition is a natural generalization of Theorem 2 of [19].

Proposition 3.3. Let (M,F ) be a Finsler manifold such that IF (M) ⊂
Iâ(M), for a Riemannian metric â on M , where Iâ(M) denotes the Lie group
of isometries of (M, â). Suppose that (M,F ) is a homogeneous Finsler nil-
manifold and H is a nilpotent Lie subgroup of IF (M) acting transitively on
M with N the connected component of the identity in H . Then,

(1) N acts simply transitively on M and N � G := Iâ(M),

(2) � = ���(�), where � and � denote the Lie algebra of N and G, respect-
ively and ���(�) denotes the nilradical of �,

(3) For any pointp0 ∈ M ,G is the semi-direct product ofN and the isotropy
subgroup Kp0 = {k ∈ G : kp0 = p0},

(4) N is the unique nilpotent subgroup ofG acting simply transitively onG.

Remark 3.4. Let F(x, y) = √
â(y, y)+ â(Xx, y) be a Randers metric on

a Lie groupG, arising from a left-invariant Riemannian metric â and a vector
fieldX. In [18, Proposition 3.6] , we have shown that, F is left invariant if and
only if X is left invariant.

Proposition 3.5. Let F(x, y) = √
â(y, y) + â(Xx, y) be a Randers met-

ric on an arbitrary connected manifold M . Suppose that IF (M) and Iâ(M)
denote the Lie groups of isometries of (M,F ) and (M, â), respectively. Then,
IF (M) = Iâ(M) if and only if X is an Iâ(M)-invariant vector field.

Proof. Proposition 1.3 of [10] shows that, for an arbitrary Randers metric
F , IF (M) ⊆ Iâ(M). Suppose that X is an Iâ(M)-invariant vector field of
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(M, â) and φ ∈ Iâ(M), so we have

F(φ(x), φ∗(y)) =
√

â(φ∗(y), φ∗(y))+ â(Xφ(x), φ∗(y))

=
√

â(φ∗(y), φ∗(y))+ â(φ∗(Xx), φ∗(y))

=
√

â(y, y)+ â(Xx, y) = F(x, y),

which shows that φ ∈ IF (M).
Conversely, suppose that IF (M) = Iâ(M). If φ ∈ IF (M) then

F(x, y) = F(φ(x), φ∗(y)) =
√

â(φ∗(y), φ∗(y))+ â(Xφ(x), φ∗(y)).

On the other hand, φ ∈ Iâ(M), so we have

F(x, y) =
√

â(φ∗(y), φ∗(y))+ â(φ∗(Xx), φ∗(y)).

Hence for any y ∈ TxM we have

â(φ∗(Xx)−Xφ(x), φ∗(y)) = 0.

So the proof is completed.

Example 3.6. Suppose that �5,6 is the five-dimensional real Lie algebra
defined by the following non-vanishing commutators (see [11] and [13])

[E1, E2] = aE3 + bE4 + cE5, [E1, E3] = dE4 + fE5,

[E1, E4] = gE5, [E2, E3] = hE5,

where a, b, c, d, f, g, h ∈ R with a, d, g, h �= 0 and b2 + f 2 �= 0. Easily,
we see that �5,6 is a four-step nilpotent Lie algebra. Assume that N5,6 is the
connected and simply connected nilpotent Lie group with Lie algebra �5,6 and
â is the left-invariant Riemannian metric on N5,6 such that {E1, . . . , E5} is an
orthonormal set. In [11], it is shown that Iâ(N5,6) = N5,6.

LetX be an arbitrary left-invariant vector field onN5,6 with ‖X‖â < 1, and
F be the Randers metric defined by â, X and equation (2.1). The vector field
X is left invariant, on the other hand Iâ(N5,6) = N5,6, so the vector field X is
Iâ(N5,6)-invariant. Using the Proposition 3.5, we see that IF (N5,6) = Iâ(N5,6).

Recently, we classified all Berwald and Douglas (α, β)-metrics defined by
a left-invariant Riemannian metric and a left-invariant vector field on simply
connected five-dimensional nilpotent Lie groups (see [13]). We see that if
X ∈ span{E3, E4, E5} then F is nether of Berwald type nor of Douglas type,
because, in this case, the vector field X is not orthogonal to the derived Lie
algebra (for more details see [13]).
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Example 3.7. With the notations of the previous example, consider the
three-step nilpotent Lie algebra �5,5 with the non-vanishing commutators
(see [11] and [13])

[E1, E2] = aE4 + bE5, [E1, E3] = cE5,

[E1, E4] = dE5, [E2, E3] = eE5,

where a, b, c, d, e ∈ R with a, d, e �= 0, b > 0 and c > 0. If X ∈
span{E4, E5} then F is a Randers metric which is not of Douglas type and
also we have IF (N5,5) = Iâ(N5,5) = N5,5.

Corollary 3.8. Suppose thatF(x, y) = √
â(y, y)+â(Xx, y) is a Randers

metric on an arbitrary connected manifold M such that X is an Iâ(M)-
invariant vector field. Then (M,F ) is a homogeneous Finsler nilmanifold if
and only if (M, â) is a homogeneous Riemannian nilmanifold.

Proposition 3.5 together with Theorem 2 of [19] lead to the following co-
rollary, which is very basic in this paper.

Corollary 3.9. Suppose that (M,F ) is a homogeneous Finsler nilmanifold
such that F is a Randers metric defined by F(x, y) = √

â(y, y) + â(Xx, y),
where X is Iâ(M)-invariant. Suppose that H is a nilpotent Lie subgroup of
IF (M) acting transitively onM withN the connected component of the identity
in H . Then

(1) N acts simply transitively on M and N � G := IF (M),

(2) � = ���(�),

(3) for any point p0 ∈ M ,G is the semi-direct product ofN and the isotropy
subgroup Kp0 ,

(4) N is the unique nilpotent subgroup ofG acting simply transitively onG.

Now we use the above results to study Randers Ricci soliton.

Definition 3.10. A Finslerian Ricci soliton (G, F ) is said to be semial-
gebraic if its (1, 1) Ricci tensor satisfies the equation,

RicF = cId + 1

2
(D + Dt ), (3.1)

for some c ∈ R and some D ∈ Der(�), whereG is a Lie group with Lie algebra
�, F is a left-invariant Finsler metric on G and for any y ∈ TeG, Dt denotes
the transpose of D with respect to g(e,y).

Theorem 3.11. Suppose that F(x, y) = √
âx(y, y) + âx(Xx, y) is a left-

invariant Randers metric on a simply connected nilpotent Lie group N , where
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â is a left-invariant Riemannian metric on N and X is an Iâ(M)-invariant
vector field. If the Ricci flow equation has a unique solution then, (N, F ) is a
Ricci soliton if and only if (N, F ) is a semialgebraic Ricci soliton.

Proof. Let F be a Ricci soliton. Then, there exists a one-parameter group
of diffeomorphisms ϕt onN such that gt = τ(t)ϕ̃∗

t g is the solution to the Ricci
flow

∂gt

∂t
= −2 ricFt ,

with g0 = g, where gt denotes the fundamental tensor of Ft and (see [2]
and [5]). The uniqueness of the solution shows that ϕ̃∗

t g is also left invariant
for any t . Similar to the Riemannian case, fix a point p ∈ N (see [15]). The
smooth curve ϕt (p) ⊂ N induces a smooth curve h(t) ⊂ G = IF (N) such
that

lh(t).p = ϕt (p) ⊂ N � G/Gp,

where Gp denotes the isotropy at p. Let ψt = lh(t)−1 ◦ φt . Since, for all t ,
gt = τ(t)ϕ̃∗

t g is left invariant, so gt = τ(t)ψ̃∗
t g is a solution to the Ricci flow.

Moreover, ψt fixes the point p. Suppose that σ ∈ IF (N) = G is an arbitrary
isometry, so we have,

∂

∂t
σ̃ ∗gt = σ̃ ∗ ∂

∂t
gt = −2σ̃ ∗ ricFt = −2 ricσ̃ ∗Ft .

Therefore σ̃ ∗gt is a solution of the Ricci flow,

∂

∂t
gt = −2 ricFt ,

with initial condition σ̃ ∗g0 = g. Again, the uniqueness of solutions shows that
σ̃ ∗gt = gt , for all t . In other words, IFt (N) = IF (N) = G.

Let σ ∈ IF (N) = G, so we have,

ψt ◦ σ ◦ ψ−1
t ∈ IFt (N) = IF (N) = G.

Hence, for any σ ∈ G we have a smooth family

�t(σ ) = ψt ◦ σ ◦ ψ−1
t ∈ Aut(G).

We can easily see that �t(Gp) = Gp. Now Corollary 3.9 shows that ψt = φt ,
where φt ∈ Diff(N) is the diffeomorphism defined by �t on N .

This means that there exists a one-parameter group ψt of automorphisms
of N such that ϕ̃∗

t g = ψ̃∗
t g, for all t . Now, let ψt = e−tD, where D ∈ Der(�).
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Then for any (x, y) ∈ TN and v,w ∈ π∗TN (x,y), we have

∂

∂t

∣∣∣∣
t=0

ψ̃∗
t g(x,y)(v, w) = g(x,y)(−(D + Dt )v, w).

On the other hand, we have

∂

∂t
gt

∣∣∣∣
t=0

= τ ′(0)g − g((D + Dt )·, ·).

Therefore
RicF = c Id +1

2
(D + Dt ),

where c = −τ ′(0)/2.

Remark 3.12. We can easily see every (non-necessarily nilpotent) Finsler
Lie group (G, F ), satisfying equation (3.1), is a Finslerian Ricci soliton. It is
sufficient to use the one-parameter group of automorphisms determined by D.

REFERENCES

1. Akbar-Zadeh, H., Generalized Einstein manifolds, J. Geom. Phys. 17 (1995), no. 4, 342–380.
2. Bao, D., On two curvature-driven problems in Riemann-Finsler geometry, in “Finsler geo-

metry, Sapporo 2005—in memory of Makoto Matsumoto”, Adv. Stud. Pure Math., vol. 48,
Math. Soc. Japan, Tokyo, 2007, pp. 19–71.

3. Bao, D., Chern, S.-S., and Shen, Z., An introduction to Riemann-Finsler geometry, Graduate
Texts in Mathematics, vol. 200, Springer-Verlag, New York, 2000.

4. Bao, D., Robles, C., and Shen, Z., Zermelo navigation on Riemannian manifolds, J. Differ-
ential Geom. 66 (2004), no. 3, 377–435.

5. Bidabad, B., and Yarahmadi, M., On quasi-Einstein Finsler spaces, Bull. Iranian Math. Soc.
40 (2014), no. 4, 921–930.

6. Chern, S.-S., and Shen, Z., Riemann-Finsler geometry, Nankai Tracts in Mathematics, vol. 6,
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.

7. Chow, B., and Knopf, D., The Ricci flow: an introduction, Mathematical Surveys and Mono-
graphs, vol. 110, American Mathematical Society, Providence, RI, 2004.

8. Deng, S., Homogeneous Finsler spaces, Springer Monographs in Mathematics, Springer,
New York, 2012.

9. Deng, S., and Hou, Z., The group of isometries of a Finsler space, Pacific J. Math. 207 (2002),
no. 1, 149–155.

10. Deng, S., and Hou, Z., Invariant Randers metrics on homogeneous Riemannian manifolds,
J. Phys. A 37 (2004), no. 15, 4353–4360.

11. Figula, A., and Nagy, P. T., Isometry classes of simply connected nilmanifolds, J. Geom. Phys.
132 (2018), 370–381.

12. Hamilton, R. S., Three-manifolds with positive Ricci curvature, J. Differential Geometry 17
(1982), no. 2, 255–306.

13. Hosseini, M., and Salimi Moghaddam, H. R., Classification of Douglas (α, β)-metrics on
five-dimensional nilpotent Lie groups, Int. J. Geom. Methods Mod. Phys. 17 (2020), no. 8,
2050112, 15 pp.



110 H. R. Salimi Moghaddam

14. Jablonski, M., Homogeneous Ricci solitons are algebraic, Geom. Topol. 18 (2014), no. 4,
2477–2486.

15. Jablonski, M., Homogeneous Ricci solitons, J. Reine Angew. Math. 699 (2015), 159–182.
16. Lauret, J., Ricci soliton homogeneous nilmanifolds, Math. Ann. 319 (2001), no. 4, 715–733.
17. Randers, G., On an asymmetrical metric in the fourspace of general relativity, Phys. Rev. (2)

59 (1941), 195–199.
18. Salimi Moghaddam, H. R., The relation between automorphism group and isometry group of

Randers Lie groups, Results Math. 61 (2012), no. 1-2, 137–142.
19. Wilson, E. N., Isometry groups on homogeneous nilmanifolds, Geom. Dedicata 12 (1982),

no. 3, 337–346.

DEPARTMENT OF PURE MATHEMATICS
FACULTY OF MATHEMATICS AND STATISTICS
UNIVERSITY OF ISFAHAN
ISFAHAN
81746-73441-IRAN
E-mail: hr.salimi@sci.ui.ac.ir

salimi.moghaddam@gmail.com


