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HERMITIAN NATURAL TENSORS

A. FERRANDEZ AND V. MIQUEL
Abstract.

We define natural tensors for almost hermitian manifolds, study the space of oco-jets of almost
hermitian structures (g, F) on a disk in R", obtain the classification theorem for regular hermitian
natural tensors and determine all homogeneous regular hermitian natural connections on almost
hermitian manifolds.

§0. Introduction

In [7] Epstein introduces the concept of natural tensor fields on Riemannian
manifolds. This concept is in the line of the invariants introduced by Gilkey in [8]
and elucidated in [2]. In later papers ([9], [6]) the analogous concept of
hermitian invariant is defined for hermitian manifolds and an approach to a good
definition for almost hermitian manifolds is given in [11]. These hermitian
invariants are also used in [13]. In this paper we give the notion of hermitian
natural tensor for almost hermitian manifolds. We do it following the scheme of
[7]. After giving some definitions in §2, we study, in §3, the co-jet of an almost
hermitian structure (g, F): we get the compatibility conditions between the co-jets
of g and F necessary for (g, F) to be an almost-hermitian structure, then we show
that a hermitian natural tensor depends only on the co-jet of (g, F) and give the set
of these co-jets in a more convenient form. In §4 we obtain the classification
theorem for regular hermitian natural tensors by using the real representation of
U(n) and the Iwahori’s version ([12]) of the Weyl’s theorem for U(n). Here we can
notice that when we restrict our attention to hermitian manifolds, the space of
hermitian invariants in [6] is the complexified of the space of regular hermitian
natural functions (tensors of type (0,0)) in our definition. This fact follows from
4.4, the Theorem of §3 in [6] and the well-known expression relating the torsion
and the curvature of the canonical hermitian connection with the Riemannian
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curvature and the covariant derivatives of the Kaehler form (cfr. [13]). Finally, in
§5 we define the natural hermitian connections and determine all the homogene-
ous regular hermitian natural connections and those such that Dg = 0 and
DJ = 0.

It is also possible to study the C® case, but both the result (a C* hermitian
natural tensor of type (p, q) which is homogeneous of weigth w and nonzero is
aregular hermitian natural tensor) and the method of proof follow closely those
used by Epstein, [7], in the Riemannian case.

The homogeneous regular almost complex (without depending on a metric)
natural tensors have been studied in [1]. The results there are very different from
ours; for example, there is no homogeneous regular almost complex natural
connection.

In a later paper ([4]), we have considered hermitian natural differential
operators. ’

We wish to thank A. Montesinos and specially to F. J. Carreras for several
helpful talks.

§1. Notation.

In order to simplify the formulas below we shall adopt the following conven-
tions of notation:

1.1. Capital latin letters I, J, K, L will mean finite sequences of numbers, i.e.
I=(i,...,i,) with 1 £ i, £2n,1 £ 5 < r for some integers r and n, and |I| will
denote the number of elements of the sequence (|I| = r in the above example).

Given x = (x!,...,x*")e R?", the expresion x! will mean

x!=xt . xb
For example, the Taylor expansion of a function f: R*" - R

r 2n

fRO=fO+ Y Y ¥ figx...x"

r21 k=1 ix=1
will be written as
f)=fO0)+ Y fix"
izt

1.2. J will be employed also to denote an almost-complex structure on
a manifold, though this should not be misleading.

1.3. Let (M, g,J) be an almost-hermitian manifold of real dimension 2n. If
A% is a number depending on indices i, j, I, with respect to a J-orthonormal basis
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{er,..emenry =Jey,...,e3,, = Jey,} of T,M, then
A will denote Ai*"if 1 <i<nand —Ay™ifn+1<i<2n
In a similar way should be understood the * in the indices of Aj.,, Aijr-
1.4. IfoeS,,u <r,l=(,...i,),and A¥ is a number as in 1.3, we define

ij — AiJ
Io(a,b) — Ai,,(a,‘..l',,“,)’

wherer>2b>a=2l,andb—a—-1=u<r.
1.5. Greek letters a, 8,. .. will denote multi-indices

o= (0y,...,0,) B=(f,....0) aj,B;€Z%, 1 <j<2n,

|a orrtetan

= ,and — =
la| oy + + %2y, AN Ox® (axl)a, . (0x2n)az,.

1.6. We shall use the Einstein convention of sumation for repeated indices,
even if one of them is affected by *.

1.7. If {Q,}ea is a family of 2-contravariant tensors and A = (ay,..., o) is
a finite sequence of elements of A, we shall denote

I _ Oiii2 i2s - 125
Q= Q.. Qpi

1.8. If g is a 2-covariant tensor, I = (iy,...,iy), 6€S,, J = (j1,..,j)), 0 S r =
s < m,s —r = q, we shall denote

9iotr,5)9 = Gigmir *** insria:

1.9. If o' are 1-forms and e; vectors in T,M, I = (iy,...,i,), J = (j,...,j,), we
shall denote

0'=0"®..Q0" e=¢ ®..Q®e¢.

§2. The definition of a hermitian natural tensor.

DEFINITION 2.1. A hermitian natural tensor is a map ¢ which associates to each
almost-hermitian manifold (M, g, J) a section ¢t , 5, of the tensor algebra over
M which is natural in the following sense: ‘if y: (M, g,J) = (M, g, J’) is a holo-
morphic(J' -y, = ¥, - J)isometry of M onto an open set of M’, then ¥ .t ps , 5 =
L g, (M)

t is said of type (p,q) if t(y, (m) is a p-times contravariant and g-times
covariant tensor, at each point m of M.

t is said to be homogeneous of weight w if

— W
tM.czg.0) = C M g0 (ceR,c > 0).

To introduce the regularity condition H. Donnelly, [6], uses a system of
holomorphic coordinates on a hermitian manifold; thus, in a general almost
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hermitian manifold, we need the following:

DEFINITION 2.2. Let (M, g, J) be an almost hermitian manifold of real dimen-
sion 2n and x a point of M. A coordinate system (x!, ..., x2") centred at x will be
called a J-coordinate system if (3/0x" */)(x) = J(8/0x")(x). A J-coordinate system
which is normal with respect to the Levi-Civita connection and the vectors §/0x’
are orthonormal at the origin x will be called a J-normal coordinte system.

DEFINITION 2.3. Let ¢ be a hermitian natural tensor of type (p,q). We shall
say that ¢ is regular if for each almost hermitian manifold (M, g,J), any point
x in M and every J-coordinate system centered at x, the components
tx(I = (iy,...,i,), K = (jy,...,j,)) of t are universal polynomials in the variables

olel o'el
kl
9ij»9 > Frs’ﬁgiﬁw Frs’

where a, § are multi-indices and F is defined, as usually, by F(X, Y) = g(JX, Y).
Remark. The expression ‘universal polynomial’ means that this polynomial
expression allows to compute tk in all J-coordinate systems.

As in the riemannian case ([2], [7], [8]) a hermitian natural tensor is clearly
locally defined and the following is equivalent to Definition 2.1.

DEFINITION 2.4. A hermitian natural tensor is a map which associates to each
disk D(r) in R2" with centre at 0 and radius r and each almost hermitian structure
(9,J) on D(r) a C* tensor field t , 5 on D(r) such that if y:(D(r),g,J) -
(D(s), g, J') is a holomorphic isometry onto an open set of D(s), then ¥/ .t p,) 4. 5y =

tis).g .0y vy

§3. The set of co-jets of g and F.
In the following we use Definition 2.4.
THEOREM 3.1. t,p,, 4. (0) depends only on the co-jets of g and F (or J) at 0.

Proor. Let (g,, F,) and (g,, F,) be two almost hermitian structures on a disk
D such that g, and g, have the same oco-jet at 0 and F; and F, have the same
oo-jet at 0. Let V; ={x in D:x; > 2n|xj|, for 2 <i<2n} and V, = {x in
D: —x; > 2n|x;, for 2 <i <2n}. Then V; nV, = {0}. Take an orthonormal
basis {e,...,e,,€,41,-..,€5,} of ToD (with respect to g,(0) = g,(0)) such that
e,+: = J1(0)e; (recall that J,(0) = J,(0)). Take an extension of {e,} to a g;-or-
thonormal frame {E}}, such that E} , ; = J,Ei, i = 1,2 (here we don’t use Einstein
convention). Then we have C® functions a defined on an open disk D(s) = D by
E; = ai 0/0x’. The standard procedure to get a local orthonormal frame of the

form E,,...,E,, JE,,...,JE, gives us the a/ as C®-functions in the variables
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gjk,g"" and F,,. Then, because of the coincidence of oo-jets at 0, the functions
al’ and a}’ have the same co-jet at 0. By Withney’s extension theorem (applied as
in [7]), there are C* functions a} on a disk D(r) = D such that det (a) # 0 on D(r)
and a{lpyy~v, = alpmnv,, i = 1,2. Then we define E, = aj /0x’ on D(r); JE; =
E,,i,JE,.;= —Efor1 £i<ng(E,E;)=06;forl <ij<2nand F(X,Y)=
g(JX, Y),for tangent vectors fields X, Y on D(r). This defines an almost-hermitian
structure (g, F) on D(r) which coincides with (g;, F;) on D(r)n V,. Thus, if t is
a hermitian natural tensor, we have

0.9 F0(0) = toir).6,.Fa(0) = iy g, Fol Dy v, (0) = Lipry.g.;7(0).  Q.E.D.

We can compute ¢t p,),.5(0) in any J-coordinate system and, in partiular, in
a J-normal coordinate system centered at 0. By using these coordinates we have,
for g;j(x) and F;;(x) the Taylor series:

3.1 9i(x) = 0+ Y g,
11> 1

(3.2) Fif(x) = 0p; + Z Fi.ilx"
11z1

In [7] it is proved that the coefficients g;;, in (3.1) satisfy the following
conditions:

(3.G.1) They are symmetric in the first two indices,
(3.G.2) They are symmetric in the last r indices.

(3.G.3) Y Yire.r+1) = 0. In particular, g;;; = 0.

TESy 41

In order to obtain the conditions satisfied by F;;; we first consider the Taylor
series of the entries g¥ of the matrix (¢”) inverse of (g;;):

(3.3) gix) =i+ Y gix!
1 >1

From the conditions g'g;, = &}, it follows that g/ are functions of g;;, given by
the recurrent formulae

r—2
(3.G.4.r) r! gllj + r! gijl + Z Z gikla(l.s)g’;{r(s*'l,r) =0 fOI‘ all r g 2.

6eS,s=2

In particular, for r = 2 and 3,
(3.G.4.2) g, + gij,i, = 0.
(3.G.4.3) g/, + guji,iyi, = 0.

If (g, F) defines an almost hermitian structure on D(r), the tensor J defined
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by g(JX,Y) = F(X,Y) verifies J> = —id, which is equivalent to g(JX,JY) =
g(X, Y), since F is skewsymmetric. From g(JX, Y) = F(X, Y)we have Jig,; = F;;,
then J¥ = F;¢’*, and J> = —id is so equivalent to Fyg"F,,g™ = — 4/, which
using the series (3.2) and (3.3) gives

j 1 1.J I.,.J K
—-61' + Z Aiﬂx + Z B,-j“x X" + Z CileKX X" X
z1 1,121 [, 171, 1K] 2 1

+ Y Dyjyxx"x" x¥xt =0,
1,\1J1L 1KLL 2 1

where

Al]l = Fpjr — Fu‘l g9 — g;~.,

Bijiy = Foudy + Fuagh? + glkaJ.l F.kng + FuqFiys + 97%957,

Cijisk = Fur Fas 98 + Faa 95 Fijx + 97 Fus 93 + Fua 95 9%,

DijrskL = Fitr95 Firnk 977,

andg¥ =0 if |I| = 1.

From this polynomial equation, the skewsymmetry of F and the equality of
cross derivatives, we obtain the conditions that the coefficients F;;; have to satisfy:

(3.F.1) They are skewsymmetric in the first two indices;

(3.F.2) They are symmetric in the last r indices;
(3.F.3) They verify the equalities:

r-1
(3.F.3.r) rt A + Z {Z Bijtat,sps06s+1,m T

oeS, (s=1
r-3 r-1
Z Z Ctjla(l s}.la(s+ll)l(a(l+1r)+
s=1t=s+1

r=5 r-3 r-2
Z z Z Dijla(l,s).la(s+ 1,t)Ka(t+ 1,u)La(u+1,r) = 0
s=1t=s+2u=t+1

In particular, for r = 1,2 we have
(3.F.3.1) Fuj, — Fipiy, = 0.
(3.F.3.2) ‘29.,;2 - 29:11.2 + Fk” ka + Fklz ka, + 2mez - 2Fiju’,i2 =0.

Asitis pointed out in [ 7], each coefficient g;;;, |I| = r, defines a (0,r + 2)-tensor
g, at 0 by the formula

grleieje,....e;) = gji,. i, where e, = 9/0x*(0).

Similarly, since different J-normal coordinate systems are related by an el-
ement of U(n), each Fj;;, |I| = r, defines a (0,r + 2)-tensor f, at 0 by

(3.4) fr(ei’ej’ei,’“wei,) = Fiji,...i,’
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and for these tensors we have

Fuji, .= filJeej e ,....€;).
Let V denote the tangent space at 0. Let M be the set of sequences (g,, f,) in
r+2 r+2
I1 <® V*x ® V*) satisfying the conditions (3.G.1) to (3.G.3) and (3.F.1) to

rz21

(3.F.3). From (3.1) and (3.2) M can be considered as the set of co-jets at 0 of the
almost-hermitian structures (g, F) on D(s). For any (g, F), j(g, F) will denote the
corresponding element of M. Then we have the following.

DEerINITION 3.2. For every hermitian natural tensor of type (p,q) we define
amap J from Mto @V ®®7V* as 7 (jg, F)) = t,.r(0).

DEFINITION 3.3. Given A in U(n), we define the action of 4 on the structures
(g, F) on D(s) as follows: let (x*,.. ., x*") be a J-normal coordinate system centred
at0. Let (y',..., y*") be the J-normal coordinate system at 0 such that 6/dy/(0) =

~1((8/0x%)(0)). Then we define A4,g, on a neighborhood of 0, by

o 0 o 0
(A*g)(;g,ﬁ)(ph (8 - )(p)

Indeed, A,g is essentially the same tensor g as viewed in the new J-normal
coordinate system. Similar definition is given for A,F, and
A, (g, F) = (A,9, A F), which is also an almost hermitian structure.

Notice that this definition is necessary in order that the action of 4 be defined
on the tangent space of each point of a neighbourhood of 0, and not only on V.

REMARK. The above definitions yield
J(A,(g, F))0) = A,j(g, F),
where the action of 4 on a tensor fin ®" V ® ®° V* is defined as usually by
(A B (@, 0" X,,..., X,) = f(A*0?,..., A%, A" X,,..., A" X)).
The following proposition shows the invariance of 7

PROPOSITION 3.4. If t is a hermitian natural tensor of type (p,q) then J is
invariant by U(n), i.e., for any A in U(n), A, T (j(g, F)) = T (A, j(g, F)).

PROOF. Since t is natural,
Aty r) = ta,q.r)» and then,
AT (j(g, F) = Aytiy.ry = tae.r = 7 ((A,(9, F)) = T (4,9, F)).

The next theorem is an extension to the almost hermitian situation of a well
known result in riemannian geometry. A practical interest of it is in the study of
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the linear dependence of a system of generators of a certain space of homogene-
ous regular natural hermitian tensors, as we do in 5.2 and 5.3 Without it, it would
be necessary to compute the tensors on concrete examples (see, for example,

(1.

THEOREM 3.5. If (g,, f,),>1 is in M then there is an almost hermitian structure
(g, F) on a neighborhood of 0 whose Taylor series expansion gives us the elements

(gr’ .fr)r; 1

PROOF. Let (g,, f,),>1 € M and take V = R?" = C". Then we have the coeffi-
cients g;;;, Fi;; € R. Let g; = gj; and Fj; = — F}; be C*-functions with derivatives
at the origin given by

5Illg;_ 1 g
J o
ot = Mun g =

and satisfying g;,(0) = ;;, F{;(0) = ;. Then, the pair (g', F’) defines an almost

J
hermitian structure at the origin, i.e.:

Fi g™ Fl,,g™(0) = -4},
and, in a neighborhood of 0,

’ rkl v mj aj
Fog™ Fipg™ = —4i

where 4 = (4} is a matrix of positive determinant which represents a g'-sym-
metric endomorphism 4. In fact, A = —J'?, where J' is the tensor defined by
gU'X,Y)= F(X,Y) and, since Fj is skewsymmetric, gJ?X,Y) =

—g(J'X,J'Y)= g(X,J'?Y), ie, J'? is a g'-symmetric endomorphism. Then,
there is a matrix u = pf of positive determinant which represents a g’-symmetric

endomorphism p, such that u* = A. Moreover, since — A(0) = —id (id = identity
matrix), we have u(0) = id. Now, we define
(3.5) F;j=Fj lil; 9ij = g:'k/",;-

Then, we have F;;(0) = F;;(0), g;,(0) = ¢;;(0). Let
p=ol+ Y px!
z1

be the Taylor series of the u!. The equations (3.F.1) to (3.F.3) are equivalent to

mo P _ ' _
b (THO) = — =7 (i sl i) 0) for every I = (i, ..., i)

and these are equivalent to
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(a.u » u?‘IX’><5£+ » u'k,xf)
1 Jiz1
<5I"+ Y ui';<><"><5f;.+ Y u{;.LxL>= 1

Kl 21 ILI2 1
whence we get the following conditions:
dpdi =02 4pd  + B =0, srl4pl L+ B, =0;. ..
where S, is a polynomial in the ui;, 1 < |I| £ r — 1. That implies u}, = 0for every
1,i.e., (0" uf/dx")(0) = 0. Then, from (3.5), we have

6'”F,-j 3 M. @lllg‘_j

(}m g'. ,
L (0) and +
ox! ox! (0 an ox!

0y =—= 70,

©)

and F, "' F,,g™ = — 6! in a neighborhood of 0. Thus (g, F) defines an almost
hermitian structure on a disk centred at 0, whose Taylor series has the coefficients
g:jr and F;;;. However the coordinates may not be normal, but it is shown in [7]
that if we change to normal coordinates for g, then the co-jet of the change of
coordinates is the identity at 0, so that in a J-normal coordinate system the oo-jet
of (g, F) is the sequence (g,, f,),> ;.

The next theorem provides a new description of the set M.

THEOREM 3.6. Let V be the tangent space at 0 endowed with an almost hermitian
structure (g,J) and let W = { fe V* A V*:. f(JX,JY) = —f(X,Y)}. Then there is

a U(n)-invariant bijection from M to the vector subspace [] (Y, x (W ® ©" V*))of

rz1

the vector space [[ (®"*2V* x ® "2 V*), where © means symmetric tensor

r21
product and Y, is an irreducible GL (V)-submodule with Young diagram having

r squares in the first row and 2 squares in the second row, except that if r = 1,
Y, = {0},
PRrOOF. It is shown in [7] that the set of sequences (g,),», (g, belongs to
®"*2 V*)isin 0(2n)-invariant bijection with the vector space [ | Y,. On the other
rz2

hand, the map from V* A V*®@ ©"V*to W ® O" VV*,denoted by ~, defined by

3.6 2~f(X,Y,2,,...2,)=f(X,Y.Z,,....2,)— f,(UX,JY,Z,,....Z,)
is U(n)-invariant. The equation (3.F.3.r) is equivalent to

f,(e,-,ej,ejl,...,ejr) + f;(]ei,Jej,ejl,...,ejr) = Fijl + Fl""j*l =

= Ajp; — Fopr + gi" — 91’ + Fiojoy =
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1 r—1 r-3 r-1
= - Z Bti‘la(l s)Ja(s+1,r) + Z Z Cu'lo(l s)Ja(s+ 1,)Ko(t+1,r)
oeS,

r! s=1 s=11=s+1

r-5 r-3 r—2
i*j
+ ) Z Z Dijtagt )00+ 1.0Ko + 1wLou+ 1, r)} +gi" — gl

s=1t=s+2u=t+1

Then the sequences (g,, f,),> satisfy (3.F.3) if and only if
37 X vZ,..,Z)+ fJUX,JYV,Z,,..,.2)=0a/X,Y,2Z,,...,2Z,)

for every r, where «, is a tensor given by

(e e;, e, ejr) =
1 r—1 r-3 r-1

= - _| Z Bxi‘la(l s)Jao(s+1,r) + Z Z Cu*lc(l s)Ja(s+ 1,0)Ka(t+1,r)
r oeS, (s=1 s=1t=s+1

r-5 r-3 r—2

T
+ Z Z Z Dij*la(l.s)]a(s+1.1)KU(!+1,u)La(u+l.r)} +9; — 91

s=1t=s+2u=t+1

Observe that from (3.G.4.r) and the definitions of B, C, D it follows that
the Bjjus(1.5sais+ 1., IN the above expressions of «, are functions of f, g,_,,
g Sr-s With 1 Ss=r—1; the Ciuga gias+1.okae+1.n are functions of
Jo Jiess Gr—ts Joots i Sr—ts 9o With 1 S5 <7 —3, s+ 1St <r+1; the
Dijtor.sp1a(s + 1.0Kot+ 1.wLow+ 1, aT€ functions of f, g_t o Ju-1r9r—uw With
1<s<r—55+25t<r—3t+1<u=<r—2andg¥ — g}’ depends only
ong,, 2 < s <r. Then a, depends only on g,,...,9,, fi>--» fr—1-

If we restrict the map ~ to M we have, from (3.6) and (3.7), the 2 ~f, = 2f, — a,.
Then on M there exists an inverse map of ~ given by 2f, = 27f, + a, and this
completes the proof.

As a consequence of this theorem,
[T(Y, x(W® O V*)
rz1

can also be considered as the space of co-jets of the almost hermitian structures
(g, F)on D(s). Moreover, if t is a natural tensor, the map  of the definition 3.2 can
be viewed as a map from the above space to ®”V @ ®?V* given by

(3.8) T(" g, ~f;‘)r§ 1) = 7((gr’fr)r; 1)
We also have the following reformulation of the proposition 3.4.

PROPOSITION 3.7. If t is a hermitian natural tensor of type (p,q), then 7,
considered as in (3.8), is U(n)-invariant.
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PrOOF. Let A be in U(n). Since ~ is U(n)-invariant, we have

Ay("gn S = A9 ) = T A9 1)
By the Proposition 3.4

AT (90 1) = T A9, 1)
Then, using (3.8), we have

T AL G L) =T C 4,00, =T C "A09,. 1) = T A9, 1) =
= AT Y f) = AT (g, fo)

§4. The classification theorem for regular hermitian natural tensors.

LEMMA 4.1 (Weyl’s Theorem for a real representation of U(n), [12]; see also
[14]). Let V = R?" = C" endowed with the canonical hermitian structure (g, F).
Then the R-module Homy,,(®" V* R) of U(n)-invariant R-linear maps from
®" V* to R vanishes for r odd, and when r is even,r = 2s, it is spanned by elementary
contractions of the type

Yo' ®... @ o) = Q, ("W, 0°?)...Q, (71,07 ®).

where o is a permutation of {1,...,r}, 1 L ay,..., 0, £2,Q, =g and Q, = F-, g~
and F- being the metric and the Kaehler form induced on V* by g and F ,

respectively, through the canonical isomorphism between V and V* given by the
metric g.

LEMMA 4.2. The R-module Homy,,(®" V*, @7V @ ®1V*) of U(n)-invariant
R-linear homomorphisms is zero if r + p + q is odd and, if r + p q = 2s, it is
spanned by the elements of the form

0

A Iry — Ol - - J
Ya(wp dx'™) = Q411 G1oe+p+1r+p+as Oxlor+ Lt p) ® dx’,

where I, = (iy,...,i,), 1 = (iy,...,i5), A = (&1,..., %), J = (j1,...,],), 0 is a permu-
tation of {1,...,2s}, 1 S oy,...,00 S 2.

PROOF. Let a bein E = Hom(®"*? V* ® ®? V, R) and denote by g its image in
B =Hom(®" V*, ®" V ®®? V*)under the canonical isomorphism. It is easy to
see that a is U(n)-invariant if and only if & is. On the other hand, the canonical
isomorphism between E and C = Hom(®""?*?V* R) induced by the metric
preserves the U(n)-invariant elements. Then we can obtain a system of generators
of By,) = Hom,, (®" V* ®”V ®®“ V*) by taking such a system in C,,, and
their images by the above isomorphisms. The generators of Cy, are given in
lemma 4.1. They can be written as:

0
A _ Ol
djd - 'QA axlu(l.Zs) >
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with 2s = p + q + r. Their images in_B under the isomorphisms given above are
0

A _ ol _ J
Vo =QuG10e+p+1,25 axloLrtp ® dx’,

and their action on the r-covariant tensor w = w,dx" gives just the required
elements. Q.E.D.

THEOREM 4.3. Let t be a regular hermitian natural tensor of type (p, q). Then t is
a sum of tensors whose components have the form

N N
F'o.Fg ..g Q..MU f )@ 9. ). a0,
N e N ] F=1 N Nt P D N [ —

2b 2b r+2 r+2 ‘r+2 r+24 q
e nY

N N
where 0 < 2b§2(2 h‘,‘),25= K+p+q k=3 (r+2)(he+ h');N,hiand
r=1 r=2

hY are natural numbers, and the following contractions are taken:

a) The first index of each F- with the first index of each of the first 2b g ’s;

b) Take b of the f,’s, then the second index of each F - is contracted with one of the
first two indices of these f.’s;

c) The first indices of the last q g ’s, the rest of indices of f,’s, the second index of
each of the first 2b g ’s and all the indices of the g,’s are contracted with k + q
indices of the Q; ,...,8; . There remain p upper and q lower non-contracted indices.

PROOF. t is regular if and only if 7:M - ®@” V @ ®?V* is a polynomial in
a finite subsequene (f},9,, f2,.--,9n, f) of (g, f;),>,. This holds if and only if
T Y, x (W O"V*) > @V @@ V* is the composition of the projec-

r21

N
tion my onto a finite product [] (Y, x (W ® ©"V*)) followed by a poly-

r=1
nomial map P; i.e., 7 = P-ny. Then, by (3.7), we have A (P ny("g,, " f,) =
AT (g0~ f) = T AL 9, f) = PriyAy(" g, 1) = PA ("4, ~f;) and Pis
U(n)-invariant. We can write P as a sum of U(n)-invariant homogeneous poly-
nomial of degrees h%, h%, 3, ..., hy, h% in the variables f;,9g,, f3, - .-, fx, gn- r€Spect-
ively, where f,isin W ® ©" V* = g,and g, is in Y,. By a polarization process (see,
for example, [2] or [5]) each homogeneous polynomial (wich we continue
denoting by P) can be considered as induced by a U(n)-invariant multilinear map

Ay X e, Xa; XYy X .. X Yy X o X Yy X e X Yy XayX ... Xay— VIV
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and this is induced by a U(n)-invariant linear map

") () %) (h)

@i RU DY, ®. @ Y3 ® . ® Yy ® .. @ Yy @y ...ty = RV @R V*,
Since Y, is a GL (2n, R)-direct summand of ®"*2V* and q, is a U(n)-direct
summand of ®"* 2 V*, the last map can be viewed as induced by a U(n)-invariant
linear map P: ®, V* - @V @ ®? V*. Then, if we also denote 7 the summand

of J = P-my which corresponds to the homogeneous polynomial P, from
Lemma 4.2 we have

y((grﬁf;)rgl) = E9.((~gr, ~f;)r.>;l) = P((~gr’ Nfr)lérgN) =

*%) (h3) (%) (hw)

=P(fi®® i ® G ®0® g2 ®.cc.® "Gy @0 ® "GN ® fy ® e ® ~f)

— 0ol ~ ~ ~ ~
—QA flla(l.3)"' 9216308 + 1,30 +4) - -+ lerr(lc—n-l.K) Jlak +p+1.x+p+q)J
0
s J
OxlokF Tk p) ® dx’,

where 2s =k + p + g, 4 = (1y,... %y).
Now the theorem follows from this expression, the formulae giving the bijec-
tion ~ of theorem 3.6

(" g)ijuur = Gt — Gt — G)jkir — 90 jwir (see [7]),

Chijr = (1/2)((.fr)ijl - (fr)i'j'l) (see (3.6)),
and the formulae (at the point 0)

(fr)i*j‘l = (fr)kll‘]:"‘li' = (fr)kugqu"kgquvl-

COROLLARY 4.4. Let t be a regular hermitian natural tensor. Then t is of one of
the following forms:

a) The metric g_ with values in ®*T*M or its image g, by the canonical
isomorphism given by the metric, with values in ®>TM.

b) The Riemann curvature tensor R and its covariant derivatives V*R.

c) The Kaehler form F_and its derivatives V*F.

d) The tensor product of tensors of type a), b) or c).

€) The tensors obtained by contractions of upper and lower indices in the above
tensors.

f) All linear combinations of tensors of the above types.

PrOOF. It follows from Theorem 4.3 and the Taylor series expansions of
a tensor in normal coordinates given in [10].

REMARK. It is interesting to remark that the tensors given by Corollary 4.4
include all those obtained from types a), b), ¢), d) or €) by permuting arguments,
because those can also be obtained by contractions with g and g



246 A. FERRANDEZ AND V. MIQUEL

COROLLARY 4.5. Let t be a non identically zero homogeneous regular hermitian
natural tensor of weight w and type (p, q). If we define the degree d of t as the number
of derivatives of g and F appearing in the expression of t when we use a J-normal
coordinate system,thenw = —d — p + q. Consequently,wisevenandq — p = w.

PrROOF. The same arguments as in §5.3 of [7] show the following: let ¢ be
a constant and g = c?g (then F = g(J o,8) = ¢*F). If (x!,...,x*") is a J-normal
coordinate system for (g, F) and (y!,...,y*") a J-normal coordinate system for
(g, F), then, if |I| = r,

gir=c¢ "giinFi = CArFijl;dyi = cdx’; 5/ayi =c~1o/ox",

Fj;=Fy; 8;=4 FY =FY gi=4"
A monomial of those given in Theorem 4.3 has degree
d=h%+2h%+ ...+ Nh% + 2h% + ... + NhY,

and weight

w=—h} —2h% —...— Nh% —2h} — ... — Nh}, — p + q,
which proves that w = —d — p + ¢. On the other hand, Theorem 4.3 says that

N
k+p+gqisevenift+0,andk + p+q+w=x+29—d=2q9+2h} + )

r=2
2(h? + hY) is even, then w is even.

Corollary 4.5 implies that the concepts of weight ([2] or [7]) and degree in the
partial derivatives ([8,9] or [11]) are quivalent.

§5. Hermitian natural connections.

Analogously to tensors, we can give the following definition:

DEFINITION 5.1. A hermitian natural connection is a map which associates to
each almost hermitian manifold (M, g, J) a linear connection D9 on TM such
thatif f:(M,g,J) = (M',¢’,J') is a holomorphic isometry of M onto an open set of
M’, then

DMeDY = D‘}f}"""’f*Y for every X, YeZ(M).

We shall say that a hermitian natural connection D is regular if, for every point
x in M and every J-coordinate system centred at x, the Christoffel symbols

a 0
of D are universal polynomials in the variables

olel oA
ijo kl’ F s A a Jijs A B F ’
gu g rs axa gu 6x;3 rs
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The concept of weight of a homogeneous hermitian natural connection can
also be defined as for hermitian natural tensors. Evidently, the Levi-Civita
connection V is regular hermitian natural and homogeneous of weight zero. All
connection D as before has the form V + B, where B is a (1, 2)-tensor. Then,
a hermitian natural connection which is homogeneous must be of weight zero.

THEOREM 5.2. Let D be a homogeneous (of weight zero) regular hermitian
natural connection. For hermitian manifolds of real dimension 2n = 6, the difference

tensor B of the connections D and V is in the vector space B with basis {By,..., B,4},

where

B, = VJ, By(X,Y)=B,(Y,X),  ¢(By(X,Y).Z) = g(B,(Z,X),Y),
By=—J-VJ, Bs(X,Y) = B,(Y, X), 9(Be(X, Y), Z) = g(B4(Z, X), Y),
B;(X,Y) = —JV,x()Y,  Bg(X,Y)= B,(Y,X), 9(Bo(X,Y), Z) = g(B+(Z, X), Y),
Bo(X, Y) = V()Y B (X,Y) = Byo(Y,X),  ¢(By,(X,Y)Z)=g(B,o(Z,X),Y),
B3 =g®dJ, B,, = ® 0F, B,s =0F ®]|,

B¢ =9g®JdJ, B, =1®J6F-J, Bg =0F-J®]I,

By =F®4J, B,y =J ® OF, B,, =0F®J,

B,, = F®JdJ, B, =J®JF-J, B,y =0F-J®J,

where l is the identity automorphism, SF is the coderivative of F and 8J is defined by
g(0J, X) = 6F(X).

For dimension 4, we have the relations B, — B, + By — B; — By + Bg =0
and —B, + Bs — B — B,o + By, — By, = 0,then {B,,..., B, Bg, Bo, By,, B, 5,
Bis,..., By4} is a basis of B. For dimension 2, B = {0}.

PrROOF. Obviously, B is a homogeneous hermitian natural tensor of weight
zero and type (1,2). Them, from Corollary 4.5, Bhasdegreed = —1 + 2 = 1.In
a J-normal coordinate system g,;(0) = 0; thus the components of B are poly-
nomials of degree one in f;j, = F;j = Vg,a.(F)(0/0x", 3/0x7)(0). Then, from The-
orem 4.3, the members of a system of generators of B are obtained from
Q- QQF g g orfrom F-QQQF gg g bycontracting all the indices ex-
cept one upper and two lower ones. The only possibilities are (up to a constant)
those listed above. Then {B,,i = 1,...,24} is a system of generators of the vector
space B. Next we study their linear dependence.

First we consider the dimension 2n = 6. A linear combination of By,..., B,,
gives (by applying it to the vectors /dx", §/0x?, d/6x> at 0) a linear combination
of Fayy, Fy32, Fia3, Fasey, Fiaea, Figes, Fagugw, Fugegw, Figese, Fage, Fiipe and
F,34,. From theorem 3.5 and the conditions (3.F.1), (3.F.2) and (3.F.3.1), given

arbitrary values for these F;,, there is an almost hermitian structure (g, F) on D(r)
such that

(5.0) OF,;/0x*(0) = V3,0u(F)(8/0x', 8/0x))(0) = F;;

for i,j,k in the set {1,2,3,1* 2% 3*} (notice that 1*=n+1, 2*=n+ 2,
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3* = n + 3). Then a linear combination of these Fy; is zero if and only if all the
coeflicients are zero; thus, the coefficients of B, ,..., B, vanish. In order to get
the coefficients B, 3, ..., B,, to be zero take a linear combination of these tensors
and evaluate it on the vectors d/x’, d/x’ and d/x* at the point 0 and take i = j,
i=j*i=k i=k*j=k andj= k* successively. (Note that, as above, given
arbitrary values & to Z,; Fy;, it follows from theorem 3.5, (3.F.1), (3.F.2) and
(3.F.3.1) that there is an almost hermitian structure (g, F) on D(r) such that the F;
satisfy (5.0) and X, Fy;; = & ).

In dimension 4 the only F;; which can take arbitrary values are F,,,, F,,;.,
Fi32, Fiaax, Figegs Fiasge, Fiasa, Fiaae So, given a linear combination X 4;B;
and applying it to all possible arguments among 8/dx', 8/0x?, 9/0x> = 8/0x",
8/0x* = 9/0x*", and equalizing to zero we get

(5.1) /:1 = ;\.3 = —/‘».7 = )"8 e _;»2 = _Aﬂ,g,
(5.2) by =rte=rAyo=Ayp= —As = —4y;.
In dimension 2 all B; vanish, since VJ = 0.

COROLLARY 5.3. Let D = V + B be a homogeneous hermitian natural connnec-
tion. Then:

a) If D is metric (i.e. Dg = 0) and the dimension is 2n = 6, B lies in the space with
basis

B = {Bl’BZ - B3,B4,Bs — Bg, B4, Bg — Bg,onaBu — By,
By3 — By4,Bi6 + By, B19 — Byo, By1, By, + By3, By

if the dimension is 4, B lies in the space with basis # — {B,}.
b) If DJ =0, B is of the form

B = (1/2)B4 + 4,(B, + Bg) + As(Bs — By) + A¢(Bs — By3) + 43(B; + By) +
A13(Bi3 + By3) + A14(B1s — By3) + A1sBys + A16(Bis — Byo) +
A17(B17 + Byo) + A1gBig + 421Byy + A24Bys,  Ai€R.

¢) If DJ =0 = Dg, B is of the form

B =(1/2)B, + {(Bs — B¢ — By; + By;) + {3(B, + Bg — By — By) +
{3(By3 + By; — Bys + By3) + {4(B1g — Bio + By7 + Byo) +
{sBy; + {s¢By4, (i€R.

PRrROOF: c¢) follows from a) and b). First we prove a). Dg = 0 if and only if
9(B(X,Y),Y)=0, for any X,Y in &(M). Writing B = X;A;B; and using the
Theorem 5.2, g(B(X, Y), Y) = 0 if and only if

(5.3) (A2 + A3) Vy(F)xy + (A5 + 46) Vy(F)xyy + (A + 49) Vyy(Flxsy +
(411 + A212) Viy(F)xy + (A1 + A14)9(X, Y)OF(Y) + A;59(Y, Y) 6F(X) +
(=416 + 417)9g(X, Y)OF(JY) + A,59(X, Y)OF(JX) +
(Ayo + A20) F(X, Y)OF(Y) + (=25, + A,3) F(X,Y)6F(JY) = 0.
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Taking X = d/x' and Y = 9/0x* and evaluating (5.3) at the origin of
a J-normal coordinate system, the same arguments as those in proof of Theorem

5.2 show that the formula (5.3) implies (for dimension 2n 2 4) 4, = — 45,45 =
—AgyAg = —Agand A, = —4,,. The same arguments as those in proof of 5.2 to
get the coefficients of B 5,..., By tobezerogive 4,3 = —A,4,4,5 = 0,4, = 4,1,

Als = 0,119 = —120, 122 = 123. ThiS pl‘OVCS a).
In order to prove b) we first note that DJ = 0 if and only if

(5.4) 0 =Vyx(J))Y + B(X,JY) — JB(X,Y) = o(X, Y), for any X, Y in Z(M).

Taking B = X, A; B; and computing g(«(d/0x", 8/6x?), 0/0x>) at the origin in
a J-normal coordinate system, we obtain, following the same method as in a), in
dimension 2n = 6, that

(5.5) A =0,1—=244=04;=4A;o=04, = Ag,is = A1y, A3 = g,
Ao = A12,h13 = Ayashie = —Aigshia = — Az, hyg = Ago,

which proves b). Since B, and B,, do not appear in the formula of b), that also
holds for dimension 4.

The characteristic, second and Levi-Civita connections, and also the Weyl
connection (so called in [15]), are examples of homogeneous regular hermitian
natural connections. For Kaehler manifolds, the unique homogeneous regular
hermitian natural connection is the Levi-Civita connection.
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