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DOMINATED AND UNIFORMLY DOMINATED
FAMILIES OF LOEB-MEASURES

DIETER LANDERS and LOTHAR ROGGE

Abstract.

It is shown in this paper that each dominated family of Loeb-measures, derived from an
internal family of probability contents, is uniformly dominated. As a corollary we obtain some
surprising “nonstandard equivalences” for uniform domination in the standard world. An
essential tool is an extension of a well-known theorem of Halmos and Savage which is proven
by nonstandard methods in a rather direct way.

1. Notations.

Let P and Q be probability contents (p-contents) on an algebra €. Then

Q weakly dominates P iff Ce ¢ and Q(C) = 0 imply P(C) = 0;
(O dominates P iff for each ¢ > 0 there exists § > 0 such that C € ¢ and
Q(C) < 6 imply P(C) <.

If P,Q are p-measures on a o-algebra then both concepts coincide.

Let 2 be a family of p-contents on 4. Then £ is (weakly) dominated iff
there exists a p-content Q, which (weakly) dominates £ that is Q (weakly)
dominates each P e 2.

# is uniformly dominated iff there exists a p-content Q, which uniformly
dominates 2 i.e. for each ¢ > 0 there exists 0 > 0 such that Ce% and
Q(C) < 6 imply P(C) < ¢ for all Pe 2.

We assume in this paper that we have a structure containing the real
numbers R, and a polysaturated nonstandard model of this structure.

Let # be an internal algebra, and Q:# — *[0, 1] be an internal p-content.
Then Q,(B) := °(Q(B)), Be 4, defines a p-measure on # and the system
L(Q) of all sets C with

sup{Q.(B):C > Be#} = inf{Q.(B):C c Be #)
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is the o-algebra of all Carathéodory-measurable sets with respect to Q,|%.
The common value of the above expressions defines the unique extension of
Q.|% to a measure on the complete g-algebra L(Q). This extension is also
denoted by Q;;Q; is the Loeb-measure associated with Q. The described
construction was given in [3], [4]. Put

L(#) = () {L(Q): Q internal p-content on A4}.

If 4 is a family of internal p-contents on A4, let 4,|4 = {Q,|#:Q e ¥%}.

2. The results.

The following Theorem of Halmos and Savage (see [1]) is an important
tool in mathematical statistics and especially in the theory of sufficiency.
We give a short and transparent proof using nonstandard techniques.

If P is a p-content on an algebra .o/, put N(P) := | J{*N:N e .o/, P(N) =0].
As our model is polysaturated, Theorem 1 of [2] implies that N(P)e L,(*.«/)
and *P, (N(P)) = 0.

The following Lemma will be used several times in the proofs of our results.

1. LEMMA. Let Q be an internal p-content on an internal algebra 4.

(1) If Q,|# is weakly dominated by a p-content v|A, then it is dominated by
v|A.

(2) If P|4# is an internal p-content such that P, dominates Q, on A4, then it
dominates Q, on L,(#).

(3) Let P and Q be p-contents on an algebra /. Then P|.o/ dominates
Q|.« iff *P|L,(o/) dominates *Q|L,(.«/).

ProoF. (1) As 4 is an internal algebra, v|#4 is a p-measure and can be
extended to a unique p-measure on a(#4). It suffices to show that v|o(#4)
weakly dominates Q,|o(#). Let C ea(#) with v(C) = 0. Assume indirectly
that Q,(C) > 0. Then there exists Be # with B = C and Q,(B) > 0, contra-
dicting v(B) = 0.

(2) Let CeL,(#) with P, (C)=0. If Q,(C)> 0, we obtain a contra-
diction as in (1).

(3) By transfer it can be seen that P|.o/ dominates Q|.o/ iff *P,|*./ domi-
nates *Q,|*.o/. Now by (2), applied to P|B = *P,|*</ and Q|B = *Q,|* ¢/,
we obtain (3).

2. THEOREM. Let .# be a dominated family of p-measures on a G-algebra <.
Then there exists P,e #, neN, such that ), \27"P, dominates 2.
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Proor. Let 2 be dominated by a p-content u. Let {P,:neN} < 2 be
such that

(1) *pL(ﬂ N(P,,)> = inf{*uL< N N(P)) Py P countable}.

eN Pe?,

By (1) we have for each Q € 2 that

N := ﬂNN(P..) = N(@©Q) *uglL,(*of )-ace.

As *Q,|L,(*«/) is dominated by *p;|L,(*«/) according to Lemma 1, we
obtain N = N(Q) *Q,-a.e. Put

1
Py = =i Pn
° nezN 2
and let A€o/ with Py(4) = 0. Then *4 = N(P;) < (),enN(P,) = N. Hence
Q(A) = *Q(*A) =0 for all Qe 2.

Using once more nonstandard techniques, we obtain the following general-
ization of the Theorem of Halmos-Savage.

3. CorROLLARY. Let 2 be a dominated family of p-contents on an algebra .«/.
Then there exist P,€ 2, neN, such that ), .y2~"P, dominates 2.

Proor. Let 2 be dominated by a p-content u. By Lemma 1 we have that
{*P,: Pe 2} is dominated by *u, on o(*.«), the c-algebra generated by *.o/.
According to Theorem 2 there exist P,e %, neN, such that Y, 27 "(*P,),
dominates {*P,:Pe 2} on a(*</). Hence ), .2~ "P, dominates 2.

Now we prove a result for certain families of Loeb-measures which is
obviously false for general families of measures.

4. THEOREM. Let 9 be an internal algebra and let % be an internal family
of p-contents on B. If 4,|# is weakly dominated, then there exists an internal
p-content v|98 such that v |9 uniformly dominates % |%.

Proor. According to Lemma 1, %,|# is dominated. Hence there exist
0.€%, neN, such that ), \27"(Q,), dominates %, |# (use Corollary 3).
Since % is an internal set, and since our model is polysaturated, there exists
an internal extension (Qy)ycww = % of (Q,),en- Put

1
V= Z iﬁQH

He*N

Then v|# is an internal p-content. Furthermore, v, |# dominates ¥,|#4.
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If Be# and v, (B) =0, then Q,(B) ~ 0 for all neN and hence Q,(B) =0
for all Q € % therefore ¢4, is dominated by v, according to Lemma 1.
Let e R, be fixed and put for each 6eR,

4s .= {Qe¥%| (VBeB)v(B) < é = Q(B) < ¢)}.

As v, |# dominates ¥,|#, we obtain ¥ = | J;.p, %5 As ¢ and ¥,, 0eR,,
are internal sets and since our model is polysaturated, there exists deR,
such that 4 = 4;. Consequently 4,|4 is uniformly dominated by v,|%.

S. THEOREM. Let o/ be an algebra, and let % be an internal family of
p-contents on *.o/. If for each Q € 4 there exists a p-content P|<f such that
*P|*.o/ dominates Q,|*.o/, then there exists a p-content p|f such that *pu, |* o
uniformly dominates 4, |*.</.

ProoOF. Let £,0€R,, P|l.o/ be a p-content and put

Gps.:=0€%| (VAe*A)*P(A) < 6= Q(A) < ¢)}.

By assumption we obtain for each ¢eR, that ¥ =(){%,,.:0€R,,
P|.«/ p-content].

Since ¥ and ¥, ;, are internal and since our model is polysaturated there
exists p-contents Pj,...P;, on .o/ and o(¢)eR, such that for all
Ae*o/ and all Qe ¥9:

*PYA) < 8(e) fori=1,...n(e) = Q(4) <e.

Let P,, neN, be a denumeration of {P::v = n(e), ¢ = I/m, meN] and put
f=3,en2""P, Then *u,|*o/ uniformly dominates % |*.o/.

6. COROLLARY. Let # be a family of p-contents on an algebra .of. Then
the following four conditions are equiralent :

(1) .o/ is uniformly dominated ;

(i)  *2, |*of is weakly dominated ;

(i)  *2, |*.of is uniformly dominated ;

(iv) for each Qe*# there exists a p-content P|l.o/ such that *P,|*.</
dominates Q|*.o/.

PrOOEF. (i) = (iv) by transfer ; (iv) = (iii) by Theorem 5; (iii) = (ii) is trivial.
(ii) = (i): If (ii) holds, then by Theorem 4 there exists an internal p-content
v|*.o/ such that v, |*.«/ uniformly dominates *#,|*.«/. Hence .#|./ is uniformly
dominated by the p-content P|.</, given by P(A4) := v (*4) for A€.«/.
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