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THE RESTRICTION ALGEBRA A(I"') FOR CURVES I' = R"

ENJI SATO

Let E = R" be a compact set, A(R") = #L'(R") the Fourier algebra on
R", and A(E) = A(R")/I(E) with the norm |- || 4, Where I(E) is the ideal in
A(R") of all functions, vanishing on E. Also let y = (y,,...,¥,,) belong to
C*(R" R™), for n,éeR™, n-¢ denote Euclid inner product on R™ and
correspondingly 7-y(x) = Y™, ny;(x). Further let g| = (Y7 In;|*)"/? for
neR™

Now for n = 1 and a compact interval I < R, D. Miiller [3] investigated
the asymptotic behaviour of

Je(x)exp(2nin S (x))dx
asn = (1y,.... Mm) tends to infinity for 6 € C*(I, R) and supp < int I. Then he
obtained the following result.

TueoreM 1 (cf. [3, Corollary 1]). The following conditions are equivalent :

(i) For each compact interval J — intl, there are constants C; > 0, C, > 0
such that for all neR™ Cy(1+In)" < llexp(in w)llagy S Ca(1+ )2,

(i) ¥,,..., ¥, are linearly independent modulo affine linear functions on every
nonempty compact subinterval of int 1.

We shall give a generalization of the above result by the method of
Y. Domar [1],[2].

DerFINTION 2. Let I = R be a compact interval with int] # $. Then we
define a curve

ry={yx) = (x,g(x))|xel} = R"
with ge C*(I,R"" 1),

DerinmioN 3. For w = Wy, W), ¥y,..., ¥, are linearly independent
modulo affine linear functions on I, if

n-yx) = c1gi(x)+ ...+ ¢ 1Gn-1(X) X+
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on I, where neR™, g = (g94,...,9,-1), ¢;€R, j = 1,...,n+1 implies n = 0 and
¢;=0,j=1,..,n+1.

Remark 4. Under the notation of Definition 2, the next results are equivalent :

(i) y'(x),...,y"™(x) are linearly independent for all xeI.
(i) The torsion t(x) = det(¢g¥* (X)) j=1.... n-y # O for all xel.

THEOREM 5. Let I be a compact interval, and

ry={»x) = (x,9(x)xel},

where ge C*(I,R"™ 1), and g = (g1,...,gn—1).- Also we assume
T(x) = det(q(“ D(x)k =1

for all xel. Then for any y € C*(I';,R™) (i.e. each component of Yoy is a
C>-function on 1), there exists a constant C > 0 such that

llexp(in - Wllar,y < CA+)""* D for all neR™.

ProoF. Let ¢ be a positive number. Then we may assume that y is a
function on [ —¢, 1 +¢] and y([0, 1]) = I';. Also we define f, = n- y/|n|, and we
obtain exp(in - y) = exp(iln|f,). Then by the method of [1], we can prove the
above result. We omit the details.

THEOREM 6. In the notation of Theorem 5, we assume both the condition
©(x) # O for all xe I and that y,...,y,, are linearly independent modulo affine
function on I'; for all J < I, where I, is some subinterval of 1. Then there
exists a constant C > 0 such that

lexp(in - Wllar,y Z CAL+D""* Y for all neR™

Proor. We will use the method in the proof of [2, Theorem 2.1]. We define
hy(x) = n-yw(y(x))forneS" ! = {x eR"|x| = 1} and xel. By 7(x) # O for all
x €I and Definition 3,

g1(X), . gn-1(x), by (x)
Aylx)=det | .
g P(x), .. getP(x), byt D(x)

satisfies A4,(x,) # O for at least some xq€l, (cf. [2, Theorem 2.1]). Since-
A,(x) is a continuous function on $"~! x I, there exist two positive numbers ¢
and ¢ such that for an arbitrary n € "~ !, there exists an interval J,(|J,| = 2¢)
such that |4,(x)| 2 ¢ for all xe J,.



114 ENJI SATO

Now let ¢ be in C*(I, R) with supp¢ < (—¢,¢), ¢ 2 0and [¢ = 1. For any
neR™(# 0), we define n' = n/ln|. So we choose J,,, with the above property.
Also let ¢ be a translation of ¢ with supp @ = J,, and dp,(x,g(x)) = ¢(x)dx
in the Borel measures on R". By the definition of 4,

(l) 1 = J; exp(”’ W(xh”" x,,))exp(—in~ W(xh-"’ xn))d”n'(xl’”-v xn)

< llexp(in - ¥)llacr,)llexp(—in - ¥)dp, llpm@n)

where PM(R") is the space of pseudomeasures, with the norm defined as the
L* norm of the Fourier transform of its elements. Then it is sufficient to prove

) llexp(—in- ¥)du,llpmgs) = O(jn|~ Y+ 1),
Now we estimate
(3) = sup{| | exp(i(—=Inl- (1/In])- w(x,g)—ux —v- g)p(x)dx]|
lueR,v = (vy,...,0,_,)€R"'}.
Let 1 # 0 be fixed, s = |yl +ul+lvs| +... +|v,-4|, and

k() = —lnl/s-n" w(y(x)—u/s x—v/sg(x)

on J,.. Also k(x) be a translation of k(x) such that suppk < (—¢,¢). Then we
obtain

Iexp(isE(x))&(x)dx = jexp(isk(x))q)(x)dx.

On the other hand, since we get that

K' = —Inlfs by —ofs g koD = —ni/s-hg* D —ofs- g+,
we obtain
g1se oo Gn-1,hy —v,y/s k"
—Uz/s
_Un—l/s
gy, gt Rt ~Inl/s kD

Therefore it is easy that there exists an absolute constant C such that

[v3/s| + ...+ |va— /sl +In/s] S C{K"(X)| +...+ k" D(x)|}
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for all x € (—¢,¢). Moreover it is established that
K'Ql ...+ KDL S In/slGee y) )l ... +
+1W o))+ ful/s +1v/sl(1g' )l + ... + g™ D))
" for all x € (—¢, ¢). Hence there exist two positive numbers C, and C, such that
0<Cy <|KX)+...+ k" Vx) < C,

for all xe(—¢,¢), and C; (j = 1,2) are independent from #.
Then by a result of J. E. Bjork (cf. [2, Lemma 1.6]), there exists a positive
number C such that

JGXP(isk(x))fp(x)dx S C(1+|n|)~ Y+ b

for all n, and C is independent from #.
Hence we obtain

llexp(in - Wlllagr,) 2 C(1+ g+ D

for all ne R™.
By Theorems 5 and 6, we can clearly prove the following resuit.

CoRroLLARY 7. Under the conditions of Theorem S, the following two con-
ditions are equivalent

(i) Foraninterval J — int I there exist two positive numbers C, and C, such that

Ci(L+ )+ < Ylexp(in - ¥)llar,)
< Gyl + i e
Jor all neR™.

() y,,..., ¥, are linearly independent modulo affine linear functions on I,
for every closed interval J < int 1.
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