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A REMARK ON THE CRITERIA FOR 3
TO BE A NINTH POWER (MOD p)

KEN-ICHI SATO

1. Introduction.

For a prime p = 1 (mod 3), it is well-known that 3 is a cube (mod p) if
and only if M = 0(mod 3), where M is one of the exactly two solutions
(L, M) of

4p = I +27M?* L = 1(mod 3).

In [2], K. S. Williams proved the following

THeOREM 1. If p = 1 (mod 9) is a prime such that 3 is a cube (mod p), 3 is
a ninth power (mod p) if and only if x,—x3+x¢=0(mod3), where
(x1, X2, X3, X4, X5, Xx6) #F (L,0,0,0,0, = M) is one of the exactly six-type integral
solutions with x; = 1 (mod 3) of the diophantine system of quadratic equations

(1.1) 8p = 2x2 4+ 18x% + 18x3 +27x2 +27x2 4 54x2,

(1.2) 9x2 —9x2 4+4x,x3 —6x, X4 + 2%, X5+ 12X,%3 4 6X,x4 + 6x,X5 +
+24X2X6 —6X3X4 +6X3X5 + 12X3X6 + 18X4x6 + 18X5x6 = 0,

(1.3) ZXIXZ —3X1X4 —X1Xs +6x2x4+6x2x5 +6xe6 —6X3X4 +6X3X5 +
+ 12X3x6+9X4x6 —'9x5X6 = 0.

In this note, we give another four criterions which 3 is a ninth power (mod p).

We note if p # 1 (mod9), 3 is always a ninth power (mod p) (used Euler’s
criterion).

2. The main result.

LEMMA 1. x; = —2(mod9).

Received June 24, 1985; in revised form September 3, 1985.



A REMARK ON THE CRITERIA FOR 3 TO BE A NINTH POWER (MOD p) 149

Proor. Byreducing (1.1) (mod 9)and x; = 1 (mod 3),we getx; = —2 (mod9).
Now let g be a fixed primitive root of p. Let p—1 = 9f. Then

X2+x+1 = (x—g*)(x—g°) (mod p).
Taking x = 1 in the above equation we obtain

(2.1 3=(1-¢%)1-9¢%)(mod p).

By the same method used in [2] we obtain

8

(2.2) ind3= ) w{w,3)o+W,6)} =

w=1

=1—-N+dy+d;(mod9), where M = 3N.

THEOREM 2. 3 is a ninth power (mod p) if and only if N = 2x, (mod9) or
N = —2x, (mod 9).

Proor. 3 is a ninth power (mod p) if and only if
(2.3) 2ind,3 = 2—2N +2d,+2d; = 0 (mod 9).

By (3.4) in [2] we know that dy = wy, d3 = w3 or dy = wo—3ws, d3 = —w,.
Substituting d, = wy, d3 = wyin (2.3)and 2w, = x; + 3x,, w3 = X4 (see (3.17)
in [2]),

14+ 5x; —2x¢ = N (mod 9).

Since x; = —2(mod9), we obtain N = —2x, (mod 9).
Next substituting d, = wy —3w;, d3 = —w,, similarly we obtain

N = 2xq (mod9).
This proves Theorem 2.

By using the following Lemma 2, we get three criterions which are a slight
modification of Williams’s criterion.

LeEMMaA 2. X;+x3 = 0(mod 3).
Proor. Reducing (1.3) and (3.2), (3.3) in [2] (mod 3) and w, = — 1 (mod 3)

we get

(2.4) w; = w, (mod 3).
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Reducing (1.3) mod 3 we obtain x5 = 2x, (mod 3) and substituting (3.17) of
[2] in (2.4), it holds

X3 +.\'3 =0 (mOd 3)

Here it is obvious that x,+x; = 0(mod 3) does not depend on the choice
of the solutions of (1.1)-(1.3). This completes the proof of Lemma 2.
Therefore as the criterion which 3 to be a ninth power (mod p), instead of
Williams’s criterion; x, —x3+x, = 0(mod 3), we can take any one of
X, = X4 (mod 3), x3+x, = 0(mod 3)., or x5+x, = 0(mod 3).
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