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UNIVERSALLY WEAKLY INNER ONE-PARAMETER
AUTOMORPHISM GROUPS
OF SEPARABLE C*-ALGEBRAS, II

LAWRENCE G. BROWN AND GEORGE A. ELLIOTT

Abstract.

A universally weakly inner one-parameter automorphism group of a
quotient of a separable C*-algebra is lifted to an automorphism group
which is again of this type. (This answers a question in [2].) The
characterization of universally weakly inner one-parameter automorphism
groups of a separable C*-algebra given in [2] is shown to hold without the
assumption ofiseparability.

1. Introduction.

In [2], a characterization was given of universally weakly inner one-
parameter automorphism groups of a separable C*-algebra. This was used
to show that a universally weakly inner one-parameter automorphism
group of a quotient of a:separable C*-algebra can be lifted to a strongly
continuous one-parameter automorphism group of the C*-algebra.

The main purpose of the present paper is to show that such a lifting can
- be chosen to be universally weakly inner. This is done in Section 3.

We also point out, in Section 2, that as far as the characterization of
universally weakly inner one-parameter automorphism groups is con-
cerned, the assumption made in [ 2] that the C*-algebra is separable may be
dropped. Note that it is still only in the separable case, however, that we are
able to apply this characterization to lift such a group from a quotient.

Finally, we correct some errors in [2].

2. Approximation by inner automorphism groups.

THEOREM 2.1 (cf. 2.1 of [2]).' Let A be a C*-algebra, and let o be a one-
pardmeter automorphism group of A. Then a is universally weakly inner if and
only if there éxists d net (h,) of selfadjoint elements of A with the following
properties:
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(i) lle,(a) —exXp(ith,)aexp(—ith;) | > 0 for each ac A, uniformly for t in
each compact subset of R;

(i) the net ((h,+i)~*) is Cauchy in the *-ultrastrong topology on A < A**,
and its limit in A** has kernel equal to 0.

Proor. Modify the proof of Theorem 2.1 of [2] as follows. Let a be -
universally weakly inner. For each fixed finite subset F of smooth elements
of A, construct a net (h, ) = (h,y,r) as in 2.4 of [2] but with the sequence
(a,) on page 141 of [2] replaced by the finite set F. Order the indices as

follows: '

mV,F)s@,V,F)<nsn, VoV, FcF.
The net (h,) = (h,,y,r) verifies (i) and (ii).

3. Alifting theorem.
THEOREM 3.1 (cf. 3.1, 3.2 of [2]). Let A be a separable C*-algebra, let I be
a closed two-sided ideal of A, and let o be a universally weakly inner one-
- parameter automorphism group of the quotient C*-algebra A/I. Then there
- exists a universally weakly inner one-parameter automorphism group of A
“inducing o in the quotient A/I.

Proor. Denote the generator of « by 4. Choose a dense sequence (a,) in
the domain of . By 2.5 of [2], as revised in 4.5 below, with A/I in place of
A, there exists a sequence (h,) of selfadjoint elements of A4/I such that

@) [ihwa,] - (), - p=12,...,
(i) [hm,h,]—0 - (as myn » o),
(iii) o(a)—exp (ith,)Jaexp(—ith,)—0, teR,aeA/l.
Passing to a subsequence we may suppose that

G N[hps,— hua,) <2 p=1,...,n,
) I [hwe g h]l <277,

Choose an approximate unit (i;) for I which is a central sequence for A4
(that is, [u;,b]— 0 for all be A), and such that, in addition, each u; is -
positive of norm one, and for each i=1,2,..., 4;,,4; =u;. Such an
approximate unit is constructed in [3; page 129, lines 5 to 12].

Since the quotient map A — A/I is open there is a dense sequence (b,) in
A such that :

a,=b,+1, p=1,2,....
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~

Choose a sequence (g,) of selfadjoint elements of 4 such that
g.+I=h, n=12,....
Set g, = k,. In view of (i)’ and (ii)’ for n =1, choose i, large enough that
201 —u;, b0 gy — g | 4+ 1 (1 — ;) [g;, — g1,6] A — )l <271
with b = b, and b = k,, and set
ki + Q1 —u,)(g,—g)1—u,) = k,.

Then lI [k, — ky,b]ll < 27! withb = b, and b = k,, thatis, (i) and (i) hold
for n =1 with b, in place of a,, and k, in place of h,. Continuing in this
way, we obtain a sequence (k,) of selfadjoint elements of 4 such that (i) and
(ii) hold with b, in place of a, and k, in place of h,.

Hence by [4, Lemma 5], applied to k, and k,, ;, the sequence

(exp (itk,)bexp (—itk,))

is Cauchy in norm, firstforb = b,, p = 1,2, ..., and therefore forany be 4,
uniformly for ¢ in any compact subset of R.

The limit defines a strongly continuous one-parameter automorphism
group f of A which leaves any closed two-sided ideal of 4 invariant, and by
(iii) above induces a in the quotient A/I (recall that k, + I = h,).

We shall now show that B is universally weakly inner. Note that the
construction above differs from that of [2] only in the more specific choice
of the approximate unit (4;). Actually, to show that fis universally weakly
inner, we shall have to reinforce this specific choice of (4;) by passing to a
subsequence.

A universal representation of A is of the form 7 @ =, on a Hilbert space
H @ H,, where =|] is a universal representation of I and r, is a universal
representation of A/I (pulled back to A). Since § induces « on A/I and a is
given to be universally weakly inner, it is enough to show that f is weakly
inner relative to n. We shall write a¢ instead of n(a) for ae A, (€ H. It is
sufficient to show that the sequence (k,£) is convergent for ¢ in a dense
subset of H, and the bounded sequences ((k, + i)~ !) converge strongly. For
then if ve I** denotes the *-strong limit of (k,+ i)~ !, both v and v* have
dense image. (To see that the image of v, for example, is dense, note that if
(k,+ i) = n, then & = (k,+ i)~ (k, + i) = vn, so £ = vn.) Hence by the
Trotter-Kato theorem ([1; Theorem 3.1.26]), there exists a selfadjoint
operator k affiliated with I** such that k, converges to k in the strong
resolvent sense, and therefore such that exp (itk,) converges strongly to
exp (itk), teR.
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The sequence (k,&)is eventually constant for each vector ¢ in the range of
u;. (In fact it is constant at least from the point j+ 1 on.) It follows on the
one hand that the sequence (k,£) converges for each £ in a dense subset of
H, namely, the union of the images of the operators u;. It follows on the
other hand, as we shall show, that ((k, 4 i)~ '), constructed with respect to a
suitable subsequence of (u;), converges strongly on this Hilbert space. On
each vector in theimage of (k;, ; + i)u;, the sequence ((k, + i)~ ')is constant
from the pointj + 1 on (as (kj4 ; + i)u; = (Kj+ 14, +)u;, p=1,2,...),50t0
show that the bounded sequence ((k,=+i)"!) converges strongly it is
enough to show that the union of the images of (k;,; +i)u;,j =1,2,...,is
dense.

In other words, it is enough to show that if k denotes the limit of the
sequence (k,) defined on the domain D consisting of the images of the u;,
then (k +i)D, the image of k + i on this domain, is dense. This in turn is
equivalent to the essential selfadjointness of the symmetric operator k on
the domain D. By Nelson’s theorem (see [1; 3.1.21]), this would hold if D
were invariant under k and contained a dense set of analytic vectors for k.
While this stronger property need not hold for k itself, we shall show that
provided that the construction of the sequence (k,) is based on a suitable
subsequence of (u;), this stronger property holds for a bounded
perturbation of k, i.e. for some symmetric operator k' on D such that k' — k
is bounded. Then by Nelson’s theorem k' is essentially selfadjoint on D;
hence also k is essentially selfadjoint on D as desired.

We obtain such a perturbation k’ of k as follows. We first change g, to a
selfadjoint element x, of 4, within distance 2~ ! of g, , such that when (u;) is
ireplaced by a suitable subsequence,

Py) (1—“j+1)x1uj=0a]'§1-
To do this, note that for each j the element
81,i= 81— (1—u, 1)81“1— “jg1(1 - uj+l)
is selfadjoint, is close to g, if j is large, and satisfies
1- Ujy 2)81,,‘“1— 1=0,
and hence also.

(1 - uj+2+p)g1’juj._l_q = 0, p,q = 0;1,2, ceee
Here we use that (u;) is a central sequence of selfadjoint elements of 4 such
that for all j, u;, ;u; = u;. Now, with j, < j, <...,repeat this construction
successively, first with g, ;, in place of g, and with j = j, to get g, ; ;,, then
with g, ; ; in place of g, and with j = j; to get g, ; ; ., and so on. If (j,)
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increases sufficiently rapidly, then the sequence (g, Juegdr=1,2,... CONVErges
to an element x, of A4, within distance 27! of g,. The preceding equality
persists after these substitutions, and in the limit yields

(A=t 424 p)%1Uj-1-4=0, p,g=0,1,2,...,r =1,2,....
In particular, passing to a subsequence of (j,), we have
(1 - Uj’_"_l)xlu_ir = 0, r= 1,2,... ,

which, after a change of notation, is just (P;). We note that the property
(P;), because of the condition u;, ;u; = u;, still holds after passage to a
subsequence.

Continuing with the construction of k', we pass again to a subsequence of
(u;), but without changing u, , and, as above for g,, we change g, — g, toan
element x, of A, within distance 272 of g, — g, so that

(P2) (l_uj+1)x2uj=0a jz2.

We then pass again to a subsequence of (u;), with now both u; and u,
unchanged, and change g5 — g, to an element x; of 4, within distance 273
of g3 — g,, so that

(P3) 1- j+1)x3“j=0,f§3-

Continuing in this way, we pass to a single subsequence of (1;) and obtain a
sequence (x,) of selfadjoint elements of A such that, for all n, ll (g, — g, ;)
—x,ll £27", where g, = 0, and

(Pn) (I —ujpq)xau;= 0,j=n.

Changing each g, —g,—; by an element of norm at most 27" in the
construction of k (which is defined as the sum £§ (1 — 4, )(g,,+ 1 — &,)(1 — u,))
on the domain D, where uy = g, = 0) results in changing k by an element
k' —k of A of norm at most T¥2~ "+ < c0. Of course, the k that is being
changed is constructed with respect to a subsequence of the original
approximate unit (u;). Note that the properties (P,) imply that the operator

k' = 280 (1 - uin)xn+ 1 (1 - uin

defined on the domain D, where we set u; = 0, leaves D (the union of the
images of the u;) invariant.

To ensure that D consists of analytic vectors for k', we must again pass to
a subsequence of (u;) before the construction of k. We shall pass to a
subsequence (u;,) of (u;) such that with

k'=Z§(1—u;)xp+1(1—u,) on D,



286 LAWRENCE G. BROWN AND GEORGE A. ELLIOTT

with (u; ) any subsequence of (u;,), constructed as above, and where (x,) is
viewed as a given sequence of selfadjoint elements of A with the properties
(P,), we have for each (e D,

N@wyel = om!).

Then each £eD is analytic for k' (see [1; Definition 3.1.17]; we have
&)l |z"/n! < o whenever |z| < 1).
Set

(1 - ui..-x)xn(l - ui,‘_ 1) = Yn-
Then with
K=y, +y,+...onD,

k'—k is bounded, where k is defined as above with respect to the
subsequence (u; ) of (u;,). Provided j, > n, we have

. (1 —uj41)ynu; = 0 for all j;
if j = n this holds by (P,), and if j £ n—1 then j<j,_; <i,-, and so
(I —wuy,_,)u; = 0. Thus, if ¢ e imageu;, then, for any n,
ynéekernel (1 —u;,,) < imageu;,,.
Moreover, if { eimageu;, then y,{ = 0 when j, > j, so
KE= 1+ ...+ )¢
where g is such that j . ; > j. Then also
KYS=(1+...+y)¢
for 1 £r <j,+1—J. Similarly,
K)o =D = (pr+ A Yt Qi+ -+ y e
for1 <7 <j,+2—Jjg+1. Furthermore,
(k) 0esr=DHTE = (y14 oo 4 Yau oy D1+ oo+ Ygupo g YorrTiare=i
B (R SO 0 0 LS

for 1 <7 < jg+p+1—Jg+p- It follows that if the sequence (j,) is chosen so
that j,+, —jn is sufficiently large for all n, then for any ¢ belonging to
image u; for some j,

Nk yel = om).
It is not difficult to see that this holds if, for example,
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jn+1—jn g "x’l " +...+ ||x,,+'1".

(This property will persist to subsequences.)

4. Corrigenda. '
4.1. Theorem 2.1 of [2] should be corrected as follows: Condition 2.1 (ii)
of [2] should be expanded to coincide with Condition 2.1 (i) above.

4.2. The proof of Lemma 2.2 of [2] should be corrected as follows: in
place of the last line of the proof, put “valid for k = ¢h.”

4.3. The proof of Lemma 2.3 of [2] should read as follows: “We may
suppose that f; ..., f, 2 0,and that [ k[l < 1. We shall show that in this case
the net (k;) may be chosen in the unit ball of 4. By Dini's theorem, the set of
selfadjoint elements of the unit ball of A** verifying this strengthened
conclusion in place of k is monotone closed. Hence by work of Kadison and
Pedersen (see, for example, [4; page 956, lines 2 to 10]), this is the set of all
selfadjoint elements of the unit ball of 4**.”

4.4, The justification of the step taken in the first paragraph of 2.4 of [2]
is the Trotter-Kato theorem, [ 3, Theorem 3.1.26] (not the result referred to

in [2]).

4.5. The conclusion of Theorem 2.5 of [2] should be strengthened as
follows (for the application of this theorem to the lifting theorems both of
[2] and of the present paper): Add to the properties 2.5 (i) and 2.5 (ii) of [2]
the property

(i) o,(a) —exp (ith,)aexp(—ith,) >0, teR,aec A.
Add to the proof of Theorem 2.5 of [2] the sentence
“As above, 2.5 (iii) follows from (a) and (c).”

4.6. The following corrections should be made to the proof of Theorem
3.1 of [2]. On page 143, line —5 add “and 2.5 (iii)”. On page 143, replace
line —3 by “@iy I [An+1,ha] | <27"”. On page 144, line 14, replace a, by
b,. On page 144, omit lines 13 to 15, omit the last two lines of Section 3.1,
insert “by 2.5 (iii)” after “and” in the preceding line, and add a period at the
end of the line.

4.7. Condition (i) on the sequence (h,) in Problem 3.3 of [2] should be
replaced by the following condition:

(i) [ih,,a] = b <> aedomain é and d(a) = b.
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