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STABLE HOMOTOPY, 1-DIMENSIONAL NCCW
COMPLEXES, AND PROPERTY (H)

QINGNAN AN, GEORGE A. ELLIOTT, ZHICHAO LIU, and YUANHANG ZHANG

Abstract

In this paper, we show that the homomorphisms between two unital one-dimensional NCCW
complexes with the same KK-class are stably homotopic, that is, after adding on a common
homomorphism (with finite dimensional image), they are homotopic. As a consequence, any
one-dimensional NCCW complex has the Property (H).

1. Introduction

DerINITION 1.1. Let A, B be C*-algebras and v, ¥, be homomorphisms from
A to B. We say ¥, ¥, are stably homotopic, if there exists a homomorphism
n from A to M, (B) for some integer r such that

Y1 @n~p Y2 @,

i.e., Y1 ®n and ¥, @ n are homotopic as homomorphisms from A to M, (B).
In particular, stably homotopic homomorphisms induce the same KK-class.

Recall that the homotopy classes of homomorphisms from A to B @ J
form an abelian semigroup [A, B ® J/]. Note that there is a natural map
y:[A, B® H] — KK(A, B), which is not always injective. In fact, from
the construction of the Grothendieck group of [A, B ® J7], we know that, as
mentioned above, two homomorphisms, which are not homotopic with each
other but stably homotopic with each other, will induce the same KK-class. So
a reasonable question is, conversely, if two homomorphisms induce the same
KK-class, are they stably homotopic? Further, if they are stably homotopic but
not homotopic, what is the obstruction?

We will consider these questions in the class € of sub-homogeneous alge-
bras. Making such questions clear, on one hand, will be helpful for understand-
ing the structure of the KK-group which is significant for classification theory
of C*-algebras, and on the other hand, will lead to a proof about the Prop-
erty (H) (Theorem 4.8) which is quite important in the uniqueness theorem
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(see Lemma 7.5 of [2] as an application for a special case). (Property (H) was
introduced by Dadarlat in [4], and used in the classification of C*-algebras,
especially in uniqueness part; see [4] and [5].)

The following is the class of algebras we are concerned with:

DEeFINITION 1.2 (The class €). Let F; and F, be finite dimensional C*-
algebras and let g, ¢;: F| — F; be unital homomorphisms. Set
A = A(Fy, F2, 9o, ¢1)
={(f,a) € C(0, 1], ) & F1 : f(0) =¢o(a) and f(1) = ¢i(a) }.
Denote by € the class of all unital such C*-algebras.

The C*-algebras constructed in this way have been studied by Elliott and
Thomsen [9] (see also [8] and [12]), and are sometimes called Elliott-Thomsen
algebras or one-dimensional non-commutative finite CW complexes (NCCW).

We begin with three examples with different types of obstructions, which
exist for homomorphisms but vanish in the stable sense.

ExampLE 1.3. Let A = A(F, F, ¢, ¢1), where F] = Co Cp C, F, =
M>(C), and

@0(a@b@0)=<a C), (Pl(a@b@c)=(b C>.

Define three homomorphisms 4;, §,, and §3: A — C:

Si(f,a®@b®c)=a, (f,a®dbdc)eA,
H(f,a®@b®c)=b, (f,a®b®c)ecA,

and
B(f,a®b®c)=c, (f,a®bdc) € A.

Note that we have Hom(A, C) = {0, §1, &3, 63} (all the homomorphisms from

A to C€). Suppose that
81 ~n 62,

and denote the homotopy path in Hom(A, C) by @y, 0 € [0, 1]. Then {®y(g) |
6 € [0, 1]}, is a connected subset of C, for any g € A. But with

go=<<t 0>,0691€B0>6A,

we have {®Py(gp) | 0 € [0, 1]} = {0, 1}, which is a contradiction.

So
81 »~p 62, but 8 @63 ~p 5, D 3.
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The stable homotopy path can be chosen as Hy (f, a®b®c) = f(0),0 € [0, 1].

In particular,
KK (8;) = KK(6,).

ExamMpLE 1.4. Let Fi =C, F, =C® C,andgpy=¢1: F12a+— ada €
F>. Set A = A(Fy, F2, 9o, ¢1) = C(X); in fact, X is the topological space
“figure 8” and B = Cm) = C(ShH.

Construct homomorphisms ¥y, ¥, from A to B,

fi(4n), if0<r<i,

f@r—1), ify<t<i,
Vi(fi @ f2,a) = . 5

NG =4, if3<r=<q,

L@t =3), ifd<r<l,

and

f(20), if0<t<3,
Vo(f1 @ fr.a) = .

f@i—1), ifl<r<l.

Note that the fundamental group of X is the free group [F, with two generators
{x, y}. By the Gelfand transform, the homomorphisms ¥, ¥, induce two
continuous maps /|, ¥} from S' to X and

[Y1=xyx"'y and [y}] =y

By the Gelfand transform, we know that i, ~;, 1. But we have vy & § ~,
Yo @ 6, where
3(f1® f2,a) =a.

(A concrete path can be obtained by applying the trick in Remark 4.2 to the

points %, 1, and 3.) In particular, KK (/1) = KK(¥).

EXAMPLE 1.5. Set A = M,(C), B = M,(C(S")) = A(M,(C), M»(C),
id, id) € ¢, and
U= (Z 1) e U(B).

Consider the natural embedding map ¢ from A to B, t(a) = a. Set ¢y} = ¢ and
Yo = u - - u*. We point out that

KK () = KK(¥,) = 1 € Z = KK(A, B).
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Note that if the winding number corresponding to a unitary U in B is 2n,
then there exists a unitary path H; in B with Hy = U and

=" o)
Z

U-t-U"~,H-t-H =t by H -t H.

such that

But we cannot apply the above trick to u, whose winding number is 1.

In fact, every unital homomorphism from A to B corresponds to a continu-
ous map from S' to Aut(M,(C)), and the fundamental group of the space of
homomorphisms is the same as the fundamental group of Aut(M;,(C)). As

T (Aut(Ma(0) =m (U /{h - 1 e C Al = 1}) = 2/2Z,

we have [] = 2Z and [y»] = 1 4 2Z.
However, we still have

[u@u™]=[1p & 1] € U(Ma2(B))/ Up(M2(B)),

i.e., there exists a unitary path V; in M, (B) with Vy = u®u*and V| = 1P 15.
Then V;(yr; @ 0)V,* gives

Vidw -0-u)=v¢; &0~ Yo ® " -0-u),

where 0 is the 0 homomorphism from A to B.

In fact, Example 1.3 shows we need more points to push the spectrum; and
Example 1.4 shows that we need more points to make the homotopy class of
homomorphisms become coarser (KK (C(X), C(S!)) is acommutative group,
while the fundamental group of X is F,); Example 1.5 shows that the fact
that the whole homotopy class of a unitary u does not commute with a given
homomorphism may form an obstruction, but it will vanish in the stable sense.
From the tips of these examples, we pass to the general sub-homogeneous
class € and state our main result:

THEOREM 1.6. Let A, B € € (Definition 1.2), and let yri, Yo be homo-
morphisms from A to B. Then | and v, are stably homotopic if, and only

i,
KK (1) = KK ().

In addition, the homomorphism n we add can be always chosen to be a homo-
morphism with finite dimensional image.
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This paper is organized as follows. In §2 below, we collect some basic no-
tions and tools which we will use later. In §3, we show that each homomorphism
between two Elliott-Thomsen algebras is homotopic to a homomorphism with
m-standard form for some positive integer m. In §4, we prove our main result,
and conclude with the consequence that every unital one-dimensional NCCW
complex has property (H).

2. Preliminaries

We first list some basic notions and tools we will use later, which also help us
to understand the examples more clearly.

2.1 ([10, §3]). For A = A(Fy, F>, ¢o, ¢1) € € with Ko(F;) = ZP and
Ko(F,) = Z*, consider the short exact sequence

0—>SF2L>AL>F1—>O,

where SF>, = Cp(0, 1) ® F; is the suspension of F>, ¢ is the embedding map,
and 7 (f,a) = a, (f,a) € A. Then one has the (degenerate) six-term exact
sequence

0— KQ(A) l) K()(F]) i) K()(Fz) L) K] (A) —> 0,

where d = o — 8, and «, B are the matrices (with entries «;;, B;; € N,i =
1,...,4,j=1,..., p)corresponding to the maps Ky (¢9), Ko(¢1): Ko(F;) —
Ko (F,), respectively. Hence,

Ko(A) =ker(a — B) € 27, Ki(A) = Z%/Im(a — B),

and
Kg (A) = ker(a — B) N Ky (Fy).

2.2. Throughout this paper, when talking about KK(A, B) with A, B € €,
we shall assume the notational convention that

A=A(FlaF25¢Oa¢1)v B=B(F]/a Fé?(p(/)?(p;)v
with » '
Fr =@ MO, F,=ED M (0,
i=1 j=1

and

v v
Fl =@ M, (©. F;= My, (©.
~

i'=1
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And we will use &, 8, «’, and B’ to denote the matrices induced by @os, @14,
¢, and ¢, respectively.

The following lemma comes from Remarks 2.1 and 2.2 in [1].

LEMMA 2.3. Let A, B € € and let ¢: A — B be a homomorphism. Then ¢
is homotopic to a new homomorphism r: A — B with Sp(w. o) C Sp(Fy),
where 7, is the natural map m,: B — F,.

2.4([1]). LetA, B € 4. Denote by C(A, B) the set of all the commutative
diagrams

0 —— Ko(A) = Ko(F)) <=5 K (SFy) = K, (A) 0
lo»«l )»ol Ml M*l
0 — Ko(B) —— Ko(F)) p Ki(SF;) — Ki(B) 0,

and by M (A, B) the subset of C(A, B) of all the commutative diagrams

0 —— Ko(A) = Ko(F)) <=5 K (SFy) = K, (A) 0
Ol ltol Mll Ol
O—)KO(B)T>K0(F1’)W>K1(SF2’) ; K;(B) 0

such that there exists 1 € Hom(K; (SF>), Ko(F/)) satisfying o = po(a—p),
n1 = (o' — B’) o . Since such a diagram is completely determined by w, and
so we may denote it by A,.

2.5. For two commutative diagrams A;, A;; € C(A, B),

0 — Ko(A) = Ko(F) <25 K, (SFy) — Ky (A) 0

0—— Ko(B) —— Ko(F]) —> Ki(SF}) —— Ki(B) 0,
and

0 — Ko(A) = Ko(F) 25 K, (SFy) — Ky (A) 0

)Lllo*l )\nol )»ml )Lm*l

O—>K0(B)T>K0(Ff)rﬁ?K1(SFz/) Ki(B) 0,

’
by
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define the sum of A; and A;; as

0 —— Ko(A) == Ko(F)) 2255 K, (SFy) — K, (A) — 0

)»10*+)»110*l Am-”nuol MH‘MH\L )»11*+)»111*l

0 —— Ko(B) —— Ko(F}) 7= Ki(SFy) —— Ki(B) — 0.

Note that A; +Xx;; € C(A, B). And we point out that there exist a zero element
and inverse elements for the addition as one would expect.
Then C(A, B) is an Abelian group, and M (A, B) is asubgroupof C(A, B).

THEOREM 2.6 (Theorem 2.13 of [1]). Let A, B € €. Then we have a natural
isomorphism of groups

KK(A, B) =C(A, B)/M(A, B).

LEmMA 2.7 (Lemma 2.5 of [1]). Let A, B € € be minimal. Let A be a
commutative diagram,

0 —— Ko(A) = Ko(F)) <=5 K, (SFy) — K, (A) — 0

N

where the map A is positive. Let

[/
=@ A— C(0. 1], F)

Jj'=1
be a homomorphism such that Sp(w, o t), Sp(mj o 1) C Sp(F) and
Ko(myot) =a'ory and Ko(rjot)= B0k,

where 1t and 1| are the point evaluations at 0 and 1, respectively. Then there
exists a unitary u € C([0, 1], F>) such that Adu o t gives a homomorphism
from A to B.

3. Perturbation and standard form

DErINITION 3.1. If A = A(F), F», 9o, ¢1) € €, we shall say that a homo-
morphism ¢: A — M, (C[0, 1]) has standard form if:
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(i) ¢ has the expression

f(s1(0)

f(s2(0))

o(f)=U@®)" U@, VfeA (%

f(si()

where U € M,(C[0,1]) and {s;(1)}*_, c C([0, 1], Sp(F1)) U C([0, 1],
Sp(SF,));

(i1) each of {s; (t)}f":1 has one of the following basic forms:
{917'--70p’(t9 1),,(t,£),(1 _t9 1)99(] _t9z)}9

where 6; is the jth point in Sp(F) and (¢, m) denotes the point ¢ on the mth
copy of the interval (0, 1) in Sp(SF>).

DEFINITION 3.2. Letn € Nt, A € € with Sp(A) = Sp(Fl)U|_|f:1(O, 1);.

Set 17 = (0,1].....00 =[5, 2], ... 7 = [=L0), fori = 1,2,
..., £. Then Sp(A) = Sp(F)ULJ'_, U'_, I’. We shall call this an n-partition
of Sp(A) and refer to I, ..., I7, ..., I} as dividing intervals.

DEFINITION 3.3. Let A, B € € and let ¢ be a homomorphism from A to B.
We shall say ¢ has n-standard form if after identifying each dividing interval
of Sp(B) with [0, 1], ¢ has standard form on each dividing interval.

ExAMPLE 3.4. Choose A as in Example 1.3. Define ¢: A — M3(C[0, 1])
as follows:

¢(f,a®bdc)

(a f(2t)>’ ifo<r<5

10 0 100
<0 0 1><fa”‘” b)(o 0 1), ifl<r<t.
01 0 0 1 0

Then ¢ has 2-standard form. Note that the relative unitary U (¢) is not continu-

ous at 1/2. 10 0
(0 0>, if0<r<3;

0 1

1
0
1 00
(0 0 1), if1<r<l.
1

0 0

U@t) =
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In fact, for any 2-standard form of ¢, the relative unitary V (¢) can’t be con-
tinuous at 1/2. Otherwise, we will have

ORORIOO)

where ¢_ = diag{a, f(1)} or diag{f(1),a} and ¢, = diag{b, f(0)} or
diag{ f (0), b}. This is impossible.

implies

The following result is essentially contained in Lemma 3.5 of [11].

LEMMA 3.5. Let A € 6, F C A be a finite subset, and § > 0. There exist a
finite subset G and ¢ > 0 such that if ¥, ¢: A — M, (C) are homomorphisms,
for some integer r, with

lv(g) —w(@ll <& Vgeg,

then there is a homomorphism ¢: A — M, (C[0, 1]) suchthat pog = ¥, p1 = @,

and
N () =¥ (NHII <8, VfeF, tel0,1]

Moreover, ¢ may be chosen to be homotopic to a homomorphism with 3-
standard form.

ProOF. Thefirstpartisincludedin[11, Lemma 3.5] and the homomorphism
¢ has the expression (x) (condition (i) in Definition 3.1) on [0, 1], [3, 3]
and [% 1]. For the second part, consider the interval [0, %] after identifying
[0, %] with [0, 1], for each k, we require that s; (¢) satisfy one of the following

conditions:

(1) sk @) € {61, ...,6p};

(2) Imsg(¢) C (0, 1);, for some iy € {1,2,...,4¢};

(3) sk(t) € (0,1);,,(0 <t <1)and s¢(1) = 0;, for some iy;

4) sk(t) € (0,1);,,(0 <t <1)and s¢(1) = 1;, for some iy;

(5) sk(t) € (0,1);,,(0 <t <1)and s4(0) = 0;, for some iy;

(6) sk(t) € (0,1);,, (0 <t <1)and s¢(0) = 1;, for some iy;

(7) sk(t) € (0,1);,, (0 <t < 1) and 5¢,(0) = s¢(1) = 0;, for some iy;

8) sk(t) € (0,1);,, (0 <t <1)and s¢(0) = s¢(1) = 1;, for some iy;

9) sk() € (0, 1);,, (0 <t <1)and s,(0) = 0;,, sx (1) = 1;, for some iy;
(10) sx(2) € (0, 1);,, (0 <t < 1) and 5¢,(0) = 1;,, sx (1) = O;, for some iy.
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Then we use the following basic techniques:

(a) if s (2) satisfies (2), (3), (5) or (7), then s (7) is homotopic to 5; () = 0;,;

(b) if s (¢) satisfies (4), (6) or (8), then s, (¢) is homotopic to 5 (r) = 1;,;

(c) if si(z) satisfies (9), then s;(7) is homotopic to 53 (¢) = (¢, iy);

(d) if s¢(¢) satisfies (10), then s;(r) is homotopic to 5; () = (1 — 1, ix).
Now we get a new homomorphism ¢¥ which has standard form on [0, 1].
Note that after the homotopy step on the interval [0, %] ¢ still has the
expression () on the interval [% %] Then for each k, s () still satisfies one
of the ten conditions above, so we repeat the same techniques for [% %] and

[3,1]. In this way, we obtain a homomorphism ¢ with 3-standard form.
This shows that ¢ is homotopic to a homomorphism of 3-standard form.

The following lemma is [3, Corollary 4.3].

LEMMA 3.6. Let A be a semiprojective C*-algebra generated by a finite or
countable set § = {x1, x2, ...} with lim;_,  ||x;|| = 0 if & is infinite. Then
there is a § > 0 such that, whenever B is a C*-algebra, and ¢y and ¢, are
homomorphisms from A to B with ||¢o(x;) —$1(x;) || < & forall j, then ¢y and
¢ are homotopic. (The number § depends on A and the set G of generators,
but not on B or the maps g, ¢1.)

THEOREM 3.7. Let A, B € €. Then any homomorphism from A to B is
homotopic to a homomorphism of m-standard form for some m.

PrROOF. Note that A is semiprojective and finitely generated by [6]. With ¢
a finite set generating A, and with § > 0 as in Lemma 3.6, apply Lemma 3.5
for A, 9, 8/2 and M (C), with k large enough that B C M (C[O0, 1]), to obtain
a finite subset G C A and ¢ > 0.

Let ¢: A — B be a homomorphism. By Lemma 2.3, we may assume that
Sp(r, o ¢) C Sp(Fy). Since G U ¥ is finite, then there exist n € NT and an
n-partition of Sp(B), such that for any x, y in the same dividing interval, we
have

, b
ldx(g) — &y (DI < mm{e, 5}, VgeGUY.

Consider each dividing interval I/ C Sp(B), and let x = (r/n,i), y =
((r +1)/n,i). By Lemma 3.5, there exists a homomorphism ¥[;;: A —
M (C(I])) such that

Yo/ni) = Oe/niys Y+ /ni) = PGr+1)/n.i)

and s
1V (g) — du/nin(@I < X Vege¥9, tell.
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The ¥|;; fit together to define a single homomorphism ¢: A — B and Sp(7, o

V) C Sp(F1).
It is clear that

el (&) — vy @Il <68, Vged,

and it follows that

l¢(e) —¥ (9l <38, Vge¥.

By the conclusion of Lemma 3.6, ¢ is homotopic to .

Consider the 3n-partition of Sp(B); v has the expression (x) on each
dividing interval J|', ..., J/, ..., Jg”. Beginning with J!, using the basic ho-
motopic techniques in Lemma 3.5, ¥ is homotopic to a homomorphism (!
which has standard form on J/'. Step by step, we can obtain that ¥ is homo-
topic to ¥ and ¥ has 3n-standard form on all the dividing intervals.
Then ¢ is homotopic to a homomorphism of 3n-standard form.

4. Stable homotopy

At the beginning of this section, we list one more example and write down
some homotopy paths, the idea of which also works for Example 1.4.

ExAMPLE 4.1. Suppose that A = C[0,1], B = C(S"), and ¥ is a 2-
standard form homomorphism from A to B:

fQ@o), if0<t<

1
W (f) = { , ?
f =21, if 1.

<t

IA

1
2
Denote by 7 the 1-standard form homomorphism from A to B defined by

n(f) = f().

Note that the homomorphism ¥ @ 1 is homotopic to a 3-standard form homo-

morphism p,
3t .
(f() ﬂD)’ ifo<r<1
in=1 (1" ). ==l

(f6_3” ﬂD)’ if2<r<1,
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which can also be written as

o) (f<3t) f(1)> ()", 0 <r <,

_ S « ~
p(f) = v(t)( f(l))v(t) , if

Wl—
IA
~
IA

W

v(?) (f(l) G 3;)) v(r)*, if3 <t <1,

where
(1 1), if0 <t <1,
Z.@r—1) sin(Z-Gr—1
o) = ( cos(2 (3t )) sm(2 (3t ))>’ if%fz‘f%,
—sin(Z-@r—1) cos(%-@Br—1)

From this we can see that p is homotopic to the 1-standard form homomorphism
IO/
/ f® ) N
= v(t)".
P (f) ()( Fa—1 Q)

The construction above can be generalized as follows:

REMARK 4.2. Supposethat A, B € €, ¥: A — B is ahomomorphism, and
¢’ is the natural embedding map from B to F; ® C[0, 1].

For 1y € (0, 1), denote by n,, the homomorphism from A to F;, ® C[0, 1]
defined by

N, () =¥ (f)t) € F, @ C[0,1], Vf € A.

Note that ¢’ o Y ~, p, where

¥ (f) Bty - 1), ifo<r <1,
p(f)(®) = § ¥ (), if i <r<3,
V(NG 1)t +319—2), if<r<1.

Also,
p®ny=V@)p' V),
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where
(Bt - 1)
(l/,f : 1ﬁ(f)(lo))’ 1f0§l§%,
! () (70) .
P = (w £t w(f)(to)) .
v (f) (1) .
( ‘/f(f)(3(1—to)t—|—3t0_2)>’ if£<r<l,
1 . 1
( ) ® lgecio if0<r<sy,
os(3-3t—1) sin(%-@r—1)
V) = —sm l (3t — 1)) COS(% (3t — 1)) il <y < %
® 1F2®C[0 115
(1 ) ® Lgecon- 1f§ <t<1

We also have p’ ~;, p”, where

" (L) )
r) = o .
" ()(0) ( )
That is, we have
¢ Dno~n V(O)p" V(D).

Furthermore, the homotopy path Hy with 8 € [0, 1], Hy = ¢ @ o and H, =
V()p"V(t)*, can be chosen to satisfy

e (WO
o © Hy () ‘( x/r(f)(m))

and

b — (VOO
o ) = v

where 1), 1 are the point evaluations of M,(F> ® C|0, 1]) at 0 and 1.
As the homomorphism 1, ® 15 has the form

u(@ 77,0>u*, for some u € C([0, 11, M, (F})),
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where r = Zle h’,, for the homomorphism

Vo, ®lp) =0 u)(lﬁ o nm)(lB ®u’),

we can apply the same construction to ¢ & " 1, by regarding the first copy
of n;, in the diagonal as n;,. We will then have a homotopy path from A to
M, (B).

The idea of the following lemma comes from Example 1.4, Example 4.1,
and Remark 4.2.

LEMMA 4.3. Let A, B € €. Given any m-standard form homomorphism
Y from A to B, there exists a homomorphism n from A to M, (B), for some
integer r, such that W @ n is homotopic to a homomorphism with 1-standard
form.

Proofr. Consider the homomorphism

-1

3

wk/m®133 A_>MF(B)v
1

=
Il
~
I

where r = (m — 1) Zle ), and Yy/m: A — F, is the point evaluation of
B at k/m composed with . Applying the trick we describe in Remark 4.2
m — 1 times to the points {k/ m}fz_ll, we obtain that ¢ @ 7 is homotopic to a
homomorphism of 1-standard form.

Recall that for an m-standard form, the unitary is just piecewise continuous
(Example 3.4). But when we consider the 1-standard form, the unitary is a
continuous element in F;, ® C[0, 1].

We list the basic homotopy lemma from functional calculus:

ProrosiTiON 4.4. Let D C M,,(C) be a sub C*-algebra. Let v be a unitary

in M,,(C) with
vdv* =d, forall d € D.

Then there exists a unitary path V;, t € [0, 1], in M,,(C), withVy = v, V| =1,

inducing the relation
V™~ lny

such that
VidV} =d, forall d e D and t € [0, 1].

PrOOF. The commutant of D in M,,(C) is a von Neumann algebra contain-
ing v and I,,, which is isomorphic to a direct sum of matrix algebras. We denote
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it by D’, and then we can pick the homotopy path V, € U(D") c U(M,,(Q)),
t € [0, 1], satisfying our goal.

Suggested by Example 1.5, we have

LEMMA 4.5. Let A, B € €, V1, Y, be two 1-standard form homomorphisms
from A to B, inducing the same A € C(A, B),

0 —— Ko(A) —= Ko(F)) ~=55 K, (SFy) = K, (A) — 0
AO*l )LOJ/ )Lll )\l*l
0 — Ko(B) —— Ko(F)) K (SF3) — Ki(B) — 0,

Then there is a homomorphism ¢ with finite dimensional image from A to
M, (B) such that
Vi~ 2 @&

PROOF. As the 1-standard form homomorphisms v, ¥, induce the same
diagram, we have that for each j’th block of B, the differences of the multi-
plicities of f;(¢) and f;(1 — ) in ¥, ¥, are the same, which is equal to the
(j', jHth entry of A. On one hand, from Example 4.1, we know that

P ~n W dn ~y &,

_ (O
=1 )

On the other hand, using the same trick as in Example 4.1 and Remark 4.2, we
have

where

Y~ Jl =u(t)yu(t)* forsome u(t) U(Fz/ ® C[0, 1])
and
Yo ~n Y = v()xv(t)*  for some v(r) € U(Fy ® C[0, 1]).

(Here, we can require both u(¢) x u(t)* and v(¢) x v(¢)* to have 1-standard form
with yx satisfying that at each j’th block of B, at least one of the multiplicities
of fj(¢) and f;(1 —1)is0.)

We hope that u(#)v(¢)* is a unitary in B. This is not always true, but we
claim that u(¢)v(¢)* is homotopic to a unitary in B. This is because there exist
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¢1, &t Fi — Fj such that we have the following commutative diagrams:

u(t)xu(t)* v(t)xv(t)*
\ / an \ /

As ¢y, ¢ induce the same map A between Ko (F;) and Ko(Fy), there exists a
unitary W € Fj such that

WoW* =g,
Po(W) (70 0 ¥2) o (W)™ = u(0)v(0)* (7w © ¥r2) ((0)v(0)")*, and
O{ (W) (1 0 Y2)@| (W)* = u(D)v(1)* (1 oY) (u(Dv(1)*)*.
Applying Proposition 4.4, we have

Po(W)* u(0)v(0)* ~; 15, by Vi, s €[0,1],

and ) ~
1 (W) u(Mv(1)* ~, 15, by Vi, s €[0,1].
Note that
u(t)v*(t) ~p w(t),
where

©o(W) - Vi_ap, if0<tr<
w(t) = §uBt — Huv*Gr — 1), if §
@1 (W) - Vi3i2), if2<r<
and this gives

U1 = @) YavOut)* ~y wt)gw ().

Using the trick from Example 1.5, we deduce that

(WO Yrw (1)) & (W) 0w(r)) ~ Y2 ® (w(t) Ow(r)).

Example 1.3 shows that two homomorphisms with the same KK-class may
induce different diagrams in C(A, B), and in that example we need to add
enough point evaluations and push the spectrum point from 0 to 1. Suggested
by this example, we will need:
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LEMMA 4.6. Let Yy, Y, two 1-standard form homomorphisms from A to
B inducing the same KK-class. Then there is a homomorphism ¢ with finite
dimensional image from A to M, (B), for some integer r such that

Y1 D~y Y B L.

PROOF. 1, ¥, are two 1-standard form homomorphisms inducing A1, A, €
C(A, B). If &1 = A,, then by Lemma 4.5, the proof is finished.

As KK(¥1) = KK(y), if A1 # A,, by Theorem 2.6, then there exists a
map w: K (SF>) — Ko(F|) inducing an element 1, € M (A, B) such that

A Ay = Ao

So, as suggested by Lemma 4.5, we wish to show that there exists a homo-
morphism 7, with finite dimensional image and inducing £ € C(A, B), such
that ¥r; @ n is homotopic to a 1-standard form homomorphism inducing the
diagram X, +£, which is also the diagram induced by ¥, @1. And we only need
to show that this is true when u is any matrix unit, since the stably homotopic
relation is an equivalence relation. (i is a finite sum of matrix units.)

We shall deal with the case . = eq1; the other cases are similar. Then,
Ay € M(A, B) is the diagram

0 —— Ko(A) = Ko(F)) 2255 K, (SFy) — K, (A) — 0

Ol 611(01*/3)1 (a/*ﬂ/)enl Ol

0—— Ko(B) — Ko(F)) poar Ki(SF)) — K;(B) — 0.
Let « be the following diagram in C (A, B):

0 —— Ko(A) —= Ko(F)) 2255 K, (SFy) = K, (A) —— 0

A

0 —— Ko(B) —— Ko(F}) 7= Ki(SF}) —— Ki(B) — 0,

where / /
k| koo K
ké ké ké
Ko =
AR

Recall that (&}, &), ..., k;) = [1p] is the class of unit in Ko (B).
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There exists a large enough integer ¢ (ck] > |le118]l, and the following
Aji = 0,forall j'=1,2,...,¢,i =1,2,..., p) that we have the following
1-standard form homomorphism 7y inducing cx + A,,.

Forany j' € {1,2, ..., ¢}, define a homomorphism from A to the algebra
M, (My,(C[0, 1)) (for some integer r):

A (fa) s gy € My(Myy, (CIO, 11))

with
gy (t) =diag{f(, 1), fz,1),..., f(z, 1}
@ diag{f(1—¢t, 1), fA—1,1),..., f(1 —1, 1)}
B
p
® P diag(a(6), a®), ..., a(6)},
i=1 A
where

Aji = (o' o (eri (e — B) + cko))jri — (e '05;/1 + Bji ',3;/1)-

Then, with v
o=De
j'=1

by Lemma 2.7 we have a unitary u such that no = u¢u™* is a homomorphism
from A to M, (B) inducing the commutative diagram cx + A ,.

Furthermore, we can choose the above u which satisfies that u H,u™ is also
a homomorphism for every s € [0, 1] with

4
Sp@r o H)N|_[©0, 1); =0, i'=2,3,....p, s €O,
j=l1

where H is a homotopy path of homomorphisms from A to M, (F>, ® C[0, 1]).
Write

p
Hy(f) = EP s

j=1

where b
A3 (f,a) = gy € M,(My,(C[O, 1]))
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with

gs.jo (1) = diag{f(st, 1), f(st, 1),..., f(st, D}

ary

@dmgfﬁ—sabhﬂl—subwn,fﬂ—snh}
Bjn

p
® @ diagla (). a(6). ..., a6:)}.

i=1

Ay
Then, u H;u* induces a homotopy

No ~n 1,

where n = uH u* is a homomorphism inducing the diagram cx with finite
dimensional image. (One can imagine for comparison the simple example that
the identity map from C[0, 1] to C[0, 1] is homotopic to the point evaluation
atl.)

Now we have
Y1 ®n ~n Y1 D no,

and 1 @ no induces A; + ck + Ay, = Ay + ck.
For the general uw = ey, we repeat the above construction

Zle lezl | i | times. The conclusion of the lemma follows with ¢ the sum
of Zle f:] | i j| such homomorphisms with finite dimensional images.
PrOOF OF THEOREM 1.6. We only need to show that two homomorphisms
Y1, Y2 inducing the same KK-class are stably homotopic. By Theorem 3.7,
we have the two homomorphisms /1, ¥, homotopic to ¥, ¥}, which are

of m- and m,-standard form, respectively. By Lemma 4.3, there exists a
homomorphism #7; such that the homomorphisms

Y ®n, e m

are homotopic to two 1-standard form homomorphisms v, ¥, respectively.
And at last, by Lemma 4.6, there exists a homomorphism 7, such that

Ui @~y Uy @ .

That is,
Y1 @ ©n ~p Y2 ®ni @2,

as desired.
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The property (H) of C*-algebras plays an important role in the classification
theory. We shall use stable homotopy to prove that any unital one-dimensional
NCCW complex has this property.

DerINITION 4.7 ([4]). A C*-algebra is said to have property (H) if, for any
finite F C A and ¢ > 0, there exist a homomorphism p: A — M,_;(A) and
a homomorphism u: A — M, (A) with finite dimensional image such that

If®p(f)—uHll <& VfeF.
THEOREM 4.8. Every unital one-dimensional NCCW complex has property
(H).

Proor. By Theorem 2.6, the map id: A — A induces the following com-
mutative diagram, A:

0 —— Ko(A) —= Ko(F)) L5 K (SFy) =2 K (A) —— 0

O

0 —— Ko(4) —— Ko(F1) — Ki(SF2) —— Ki(4) —> 0,

Lk

where Lo = Ixp, A1 = Ipxp.
Construct a commutative diagram A’ € C(A, A) as follows:

0 —— Ko(A) —= Ko(F1) 25 K (SFy) — K (A) 0

| 5| 4| |

0—— Ko(A) —— Ko(F1) > Ki(SF2) —— Ki(4) 0,
with ki ki - Ky
) ky ky - k )
M=L| . . . . |-k and A =-A,
ky k, - k,

where L € N is large enough. Consider the sum { = A + A

0 —— Ko(A) == Ko(F)) <255 K, (SFy) = K, (A) 0

)\.0*+A.6*l }\0+)Lz)l )\.1+A./Il )\1*+}\/]*‘L

0—— Ko(A) —— Ko(F1) ——p> Ki(SF2) Ki(A) 0,

Ly

Then we can construct a homomorphism ¢: A — M,,(A) of 1-standard
form inducing the diagram )’ for some m (just as in the construction in the
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proof of Lemma 4.6; see also [1, Lemma 3.6]) and a homomorphism v from
A to M,,+1(A) with finite dimensional image inducing the diagram ¢. Then

by Theorem 2.6,
KK(@d & ¢) = KK(¥).

Hence by Theorem 1.6, there exists a homomorphism n: A — M, (A) with
finite dimensional image such that

id®ddn~, ¥ .

Sets=m+n+1,0 =id€B¢€Bn,t=Zf:1h.,-,andf0ranyx € (0, 1),

set
t

Mx = @diag{a(x,j), O(x,j)s =+ U(x,j)}-
j=1

t

Then there exists a unitary u such that u - u, - u* gives a homomorphism from
Ato My (A).

Choose xg, x1, X2, ... to be a dense set in (0, 1). Let D be a C*-algebra
constructed as an inductive limit D = lim(D;, v; ;), where D; = M5, (A),
i >0andv;;+1(f) =0 (f)B s (f). (o extends to My (A) for any k. Here we
still denote it by ¢.) A similar construction can be found in [5, Lemma 6.1].
The perturbation coming from Remark 4.2 (by changing the pair %, % into
% -4, % + 8, respectively, with small § > 0) shows that the inductive limit
has real rank zero. Since the connecting maps always induce the zero map on
K-groups, we have K; (D) = 0, and it follows from Theorem 3.1 of [7] that
the inclusion vy », of Dy = A into D can be approximated arbitrarily well by
homomorphisms with finite dimensional range.

Then for any finite set /' C A and ¢ > 0, there existi and a homomorphism
n: A — D; with finite dimensional range such that ||vo; (f) — n(f)|l < € for
all f € F. Since vy ; is of the form id & p for some homomorphism p, this
completes the proof.
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