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A REVISED AUGMENTED CUNTZ SEMIGROUP

LEONEL ROBERT and LUIS SANTIAGO

Abstract

We revise the construction of the augmented Cuntz semigroup functor used by the first author
to classify inductive limits of 1-dimensional noncommutative CW complexes. The original con-
struction has good functorial properties when restricted to the class of C*-algebras of stable rank
one. The construction proposed here has good properties for all C*-algebras: we show that the
augmented Cuntz semigroup is a stable, continuous, split exact functor, from the category of
C*-algebras to the category of Cu-semigroups.

1. Introduction

The Elliott classification program purports to distinguish “well behaved” sim-
ple nuclear separable C*-algebras up to isomorphism relying on essentially two
kinds of data: K-groups and the cone of traces. This classification program has
recently come almost to completion, culminating decades of research. In these
recent developments the Cuntz semigroup plays a key role as a tool to define
and exploit the regularity properties of the classifiable C*-algebras. When
looking into classifying non-simple C*-algebras, the Cuntz semigroup itself
becomes a good candidate for a classification invariant. One limitation of the
Cuntz semigroup, however, is that it may fail to capture the K-group for non-
unital C*-algebras. To remedy this, a variation on the Cuntz semigroup was
introduced in [10]. This ordered semigroup, which we call here the augmented
Cuntz semigroup, is built out of the Cuntz semigroup of the unitization of
the C*-algebra, resembling the way in which the K-group is built out of the
monoid of Murray-von Neumann classes of projections of the unitization of
the C*-algebra. The augmented Cuntz semigroup was used in [10] to classify
certain inductive limits of 1-dimensional noncommutative CW complexes.
Let Cu™ denote the augmented Cuntz semigroup functor. A shortcoming of
the construction of Cu™ given in [10] is that it yields a well behaved functor only
on the class of stable rank one C*-algebras. In the present paper we address this
issue by revising the definition of Cu™". More specifically, we change the way
in which formal differences of Cuntz semigroup elements are built. The new
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construction agrees with the old one for C*-algebras of finite stable rank. But
we are now able to establish the basic properties of the functor Cu™ in greater
generality. We show that Cu™ is a functor from the category of C*-algebra
to the category of Cu-semigroups (Theorem 4.4), that it preserves inductive
limits (Theorem 5.1), and that Cu™ is stable and split exact (Theorems 5.4
and 5.3). Further, we calculate Cu™(A) for A simple, separable, and pure
(Theorem 6.11). Again, we do this without assuming that A has stable rank
one. Under more restrictive hypotheses, although also circumventing the stable
rank one hypothesis, this calculation is obtained in [7, Appendix A].

This paper is organized as follows: §2 is devoted to preliminaries on Cu-
semigroups. In §3 we describe a “formal differences” construction for Cu-
semigroups, which we use to define Cu™ (A). In §4 we define Cu™(A) and
show, among other results, that it is a Cu-semigroup. In §5 we prove the
functorial properties of Cu~ mentioned above. In §6 we show that if A is
stably finite then Ky(A) and the cone of densely finite 2-quasitraces on A
can be read off of Cu™(A). Further, if A is simple and pure, Cu™~(A) can be
calculated in terms of K(y(A), the cone of densely finite 2-quasitraces on A,
and the pairing between these two invariants.

2. Preliminaries

Here we briefly recall some facts on abstract Cu-semigroups. The reader is
referred to [1] and references therein for more on this topic.

Let S be an ordered set such that every increasing sequence has a supremum.
Given x, y € S we write x < y if whenever y < sup,, y, for some increasing
sequence (y,)n, then there exists ngp € N such that x < y,,. We say then that
x is compactly contained in y, or way below y. An element e € § is called
compact if e < e.

Suppose now that S is an ordered semigroup with neutral element 0. Con-
sider the following properties on S:

00 0 is a compact element

O1 Every increasing sequence in S has a supremum.

02 For each x € S there exists an <-increasing sequence (x,), such that
X = supx,.

03 Ifx; < y; and xp < yr then x| + x; < y; + 0.

04 If (x,), and (y,), are increasing sequences then sup(x, +y,) = sup x, +
Sup yn.

In the literature ([1], [6]) a Cu-semigroup is typically understood to be a pos-
itively ordered semigroup (i.e., one for which 0 < x for all x € §) satisfy-
ing O1-04. Notice that such semigroups automatically satisfy O0. We will
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consider here ordered semigroups that are not necessarily positively ordered.
Instead, by a Cu-semigroup we shall understand an ordered semigroup that
satisfies axioms O0-0O4.

By a Cu-morphism we understand amap «: S — T between Cu-semigroups
that is an ordered semigroup morphism (preserves order and addition), pre-
serves neutral elements, the suprema of increasing sequences, and the compact
containment relation. These last two properties mean that if (x,);2, is an in-
creasing sequence in S then a(sup x,) = sup(x,) and if x, y € S are such
that x < y then a(x) < a(y).

The category Cu is defined as the category of Cu-semigroups with Cu-
morphisms. If A is a C*-algebra then its Cuntz semigroup Cu(A) is a Cu-
semigroup, [6, Theorem 1]. By [6, Theorem 2], the Cuntz semigroup func-
tor Cu(-) is a functor from the category of C*-algebras to the category Cu.
Moreover, this functor preserves inductive limits, [1, Theorem 2.1.10].

We will make use below of an additional axiom satisfied by the Cuntz
semigroup of a C*-algebra:

05 Forall x’ « x < yand w’ <« w such that x + w < y there exists z such
thatx' +z<y<x+zand v < z.

We some times refer to OS5 as the “almost algebraic order” axiom. That Cu(A)
satisfies OS5 as stated above is proven in [1]. A slightly weaker version, which
does not seem to suffice for our purposes, is proven in [14].

We call a positive element z € S full if oo - z := sup, nz is the largest
element of S.

3. The S.. construction

Throughout this section S is a positively ordered Cu-semigroup that satisfies
the almost algebraic order axiom OS5.

Recall that an element e € § is called compact if e < e. We denote the
subsemigroup of compact elements of S by S, i.e., S; ={e € §: e K e}. Let
us define on S x S, a relation as follows: (x, e) Zc (y, f) if forall ¥’ < x
there exists g € S, such that

X+ f+tg<Lyt+etg.

Since y is the supremum of a < -increasing sequence, once this inequality
holds we can then choose y' <« y such that x’ + f + g < y +e + g.
Thus, (x, e) 3¢ (v, f) if and only if for all x" < x there exist y/ < y and
g € S.suchthat x' + f + g < y' + e + g. Equipped with this observation it is
straightforward to check that the relation 3. is transitive. Another observation
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easily checked, and which we will use frequently, is that if x’ <. y for all
x' K xthenx S y.

By anti-symmetrizing <., we obtain an equivalence relation: we write
(x,e) ~ec (v, f)if (x,e) Zee (v, f) and (y, f) Zee (x,€). We denote the
equivalence class of (x,e) € § x S, by (x,e).

Let Sec = (S x S¢)/~cc. Let us endow S, with an order and an addition
operation. The order on S, is the one induced by the pre-order =.:

(x’e)g(yvf) 1f (xﬂe)jCC(y’f)'

Addition in S is defined in the obvious way:

x, o)+, f)=x+y, e+ f).

It is straightforward to check that addition is well defined and compatible with
the order. Thus, Sc. is an ordered monoid with neutral element (0, 0).

Given x € S let us denote (x, 0), the equivalence class of (x, 0), simply by
. Let us denote the neutral element (0, 0) by 0. If ¢ is a compact element then
e+ (0,e) =0,i.e., (0, e) is the additive inverse of e. We can thus write (x, e)
as X — e. This is the form in which we typically write the elements of S.:

Se={x—e:xeS, ec S}

Suppose that e € S; is an order unit of the semigroup S.. That is, for any
f € 8. we have f < ne forsomen € N. If f < ne, with f, e compact, then
f + f' = ne for some f’ € S, (a consequence of the almost algebraic order
axiom O9Y). It follows that every element of S.. can be expressed in the form
x —ne for some x € S and n € N. That is,

See={x—ne:xeS, neN}L
ExAMPLE 3.1. If § = N := N U {00} then S.c = 7 := Z U {o0}.

LEMMA 3.2. The map x +— X from S to S. is a surjection onto the set of
positive elements of S..

Proor. If 0 < x —ethene+ f < x+ f forsome f € S.. By O5,e+ fis
complementedinx+ f. Thatis, there exists x” € S suchthatx+ f = x'+e+ f.
Then x’ =x —e.

LEMMA 3.3. If x < ¥ and x' < x then there exists z € S such that x' < z
and7 =Y.

ProoF. Choose x” such that x’ <« x” <« x. Since x < Y, there exists
e € S such that x” 4+ ¢ < y + e. By O5, ¢ is complemented in y + ¢ and
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this complement may be chosen way above x’. That is, there exists z such that
z+e=y+eand x’ < z. Thus, z is as desired.

THEOREM 3.4. Every increasing sequence in S has a supremum. Moreover,
if (x,)o2, is an increasing sequence of positive elements in Sc. then we can
choose an increasing sequence (2,),2, in S such thatz,, < x, for all n and
sup,, x, = sup,, Zn.

ProOOF. Let (x,);2, be an increasing sequence in S... Given e € S, the
translation map x +— x+eis an ordered setisomorphism of S;.. Thus, applying
one such translation we may assume that x; > 0. Then, by Lemma 3.2, for
each n we can choose y, € S such thatx, =Y,.

We construct recursively sequences (z,), and (z),), in S satisfying that

(1) z, =Y, forall n,
(2) zn K zZpy1 K 7, forall n,
3) if y K yy, for some m then y < z,, for some n.

Let us first choose for each n a «-increasing sequence (¥, x)x < S such that
Yn = SUp; Yni- Set z; = 0 and z| = y;. Assume that z;, 2}, ..., 2,, 2, have
already been chosen. Since y,—; < ¥, = g, there exists e € S, such that
Yn—1.n+1+ € < 2, + e. We can thus choose z,41 < z,, such that y,_;, + e <
Zn+1 + e. Hence, y,-1, < Z,+1. Moreover, increasing z,4; along an «-
increasing sequence with supremum z,, we can arrange that y; , < Z,4 for
k =1,...,n—1 and also that z, < 2,4 (since z, < z,,). Now, using that
2z, =¥, < Y4 and Lemma 3.3, we choose 7, € S such that z,41 < z},_,

and z), +1 = Yn+1- We continue this process ad infinitum. The sequences (z,),
and (z),), obtained in this way satisfy (1), (2), and (3), above.

Observe that (z,,), is increasing. Let z = sup z,. Let us show that 7 =
supy,. Fix y,. Let y < y,,. Then y < z,, for some n and so y < z. Since this
holds for all y < y,,, we conclude that y,, < z. Thus, 7 is an upper bound for
the sequence (y,),. Suppose that w € S is such that y, < w for all n. Choose
7 < z.Then 7' K z, < Z, ~c Yyu for some n. Hence, 7’ Z¢c w. Since 7’ K z
is arbitrary, it follows that z .. w, as desired.

LEMMA 3.5. The map x +— X preserves suprema of increasing sequences
and the compact containment relation.

Proor. Let (x,), be an increasing sequence in S with x = sup x,,. Choose
z € S such that 7 = supX,. Since X, < x for all n, we have that 7 < x. Let
us prove the opposite inequality. Let x’ <« x. Then x’ < x,, for some n. Since
X, < Z, there exists e € S, such that x’ + ¢ < z + e. This shows that x < Z,
as desired.
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Let us now prove preservation of compact containment. Let x’, x € S with
x" & x. Suppose that x < supy,, where (¥,), is increasing. By Theorem 3.4,
there exists an increasing sequence (z,), in S such that supz, = supy, and
Zn <y, forall n. Set z = sup z,,. Since X < Z, there exist 7 < zand e € S,
such that x" + e < z’ + e. Then 7’ < z,, for some ny. Hence, x < Zng < Vng-
This shows that x’ < .

THEOREM 3.6. Let S be a positively ordered Cu-semigroup satisfying OS5.

Then the ordered semigroup S defined above is a Cu-semigroup also satisfying
05.

PrOOF. We have already proven the existence of sequential suprema in Se..

Let us prove O2. Given x — e € S., we can choose an <-increasing
sequence (x,), in § with supremum x. Since, by the previous lemma, the map
Z > z is supremum and < preserving, the sequence (X,,) is «-increasing and
has supremum X. Finally, the map z — z — e is an order isomorphism. Thus,
(x,;, — e) is «-increasing and has supremum x — e.

Let us prove O3. Translating the two sequences in this axiom by a suitable
e, with e € S., we nay assume that their terms are positive. Let (x,,) and (y,,)
be increasing sequences of positive elements in S... One inequality is clear:
since X, + 7y, < supXx, + supy, forall n,

sup(x, +y,) <supx, +supy,.
Using Theorem 3.4, choose an increasing sequences (z,), in S such that z,, <
X, and sup z,, = sup x,,. Similarly, choose (w,,) increasing and such that w,, <
y, and supw, = supy,. By O3 in S we have that

sup z, + sup w, = sup(z, + wy).

Passing to S, and applying that z — 7 is supremum preserving on the left
side, we get

supX, +supy, = sup(z, + w,) < sup(x, +,).
n n n n

Let us prove O4. Translating by a suitable e € S, we may again assume
that all the elements involved are positive. Suppose thatx; < X, andy,; < y,.
Then X; < X}, for some x} < x; and y; < Y5 for some y; < y;. By O4in S,
x, + y5, <K x2 + y2. Thus, using that z — Z preserves compact containment,

X1+7, <X%54+5 <X+ Y,.
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Finally, let us prove OS5. Translating by a suitable e € S., we may again
assume that all the elements involved are positive. Suppose that we have ele-
ments X,y,w € See suchthatx +w < y. Letx’ <« x" < x, w <K w”’ K w.

Then
x//+w//+e<y+e

for some e € S.. By O5 in S, there exists z such that w’ < z and
X +z+e<y+e<x"+e+z.

Passing to S, we find that ' +7 < ¥y < X + 7z and w’ < Z. This proves O5
in Sec.

Let «: S — T be a Cu-morphism. Since o maps compact elements to
compact elements, we have a map (x,e) — (x(x),a(e)) from S x S, to
T x T..

LEMMA 3.7. The map (x, ) — (a(x), a(e)) preserves the =.. relation.

PrOOF. Let (x, ) and (y, f) be pairsin S x S. such that (x, ¢) Zc. (v, f).
Letz < a(x). Choose x’ <« x suchthatz < a(x’) < a(x). Thenx'+ f+g <
y + e + g for some g € S.. Then,

z+a(f) +a(@ <alx) +a(f) +a(@ <ay) +ale) +a(g).

It follows that (x(x), a(e)) Zc (@ (), a(f)).

~

In view of the previous lemma, we can define ac.: Sec — T¢c by

(X —e) = a(x) —ale).
THEOREM 3.8. The map oec: Scc — Tec is a Cu-morphism.

Proor. Additivity, preservation of order, and preservation of O are straight-
forward to check.

Let us prove the preservation of sequential suprema. Translating by compact
elements, it suffices to consider sequences of positive elements. Let (x,,), be an
increasing sequence in Sc.. The inequality sup o (X)) < acc(SUpX;,) is clear.
Choose an increasing sequence (z,), € S such that supz; = supXx, and 7, <
X, for all n. Set z = sup z,. Since « is a Cu-morphism, sup, a(z,) = «(z).
Passing to S.. we get

Qe (Z) = sup aec(Z,) < sup aee(Xy,),

where we have used that the map x +— X is supremum preserving. Thus,
Qec(2) = sup e ().
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Finally, let us prove preservation of compact containment: Again translating
all the elements involved it suffices to deal with positive elements only. Say
-/

X L yin Se. Since y = supy y', there exists y/ < y such that x < .
Now, a(y’) < a(y). Hence,

dee(X) < 0t (V) = 2 (y) K a(y) = a(y),
where we have used that the map z +— 7 preserves <.

It is straightforward to check that S — S, @ — «. is a functor from the
category Cu to itself.

In [6, Theorem 2] it is shown that sequential inductive limits exist in the
category Cu. This is extended to arbitary inductive limits in [1] (see [1, The-
orem 2.1.10]). It follows from the proofs of these theorems that inductive
limits in the category Cu can be characterized as follows: Let (S;, a; ;)i jer
be an inductive system in Cu. A semigroup S with maps «; »: S; — S is the
inductive limit of (S;, ¢; ;); ; in the category Cu if and only if the following
two conditions are satisfied:

L1 Every element in S is supremum of an increasing sequence of elements
in Ui Oli,oo(Si)-

L2 If s',s,t € S;, for some i, are such that &; () < o 0(¢) and s’ K s,
then there exists j > i such that o; ; (s") < «; ;(1).

THEOREM 3.9. The functor S +— S, @ > o preserves inductive limits.

Proor. Let (S;,; ;);; be an inductive system with inductive limit
(S, ¢i.00)i- We must show that L1 and L2 above are satisfied after applying
the cc-construction.

Let us prove L1, i.e., that every element in S is the supremum of an
increasing sequence of elements in |_J; im((e; 00)cc). Let X — € € Scc. Every
compact element in § is the image of some compact element in some S;. So
there exists ¢ € S; such that o; »,(¢’) = e. Passing to the inductive system
(S, ®.1)jx=i>» we can find an increasing sequence (x,), C Uj%. im(a;, o)
such that x = sup x,,. Then x — e = supXx, — e, and the sequence (X, — e) is
contained in |, im((et;,00)cc)-

Letusprove L2. Letz’, z, w € (S;)cc be such that (0 o0 )ec (2) < (@i 00)cc (W)
and 7/ € z.Sayz =X —eandw =y — e, where x, y,e € S; and e is a
compact element. Then there exists x’ < x such that 7/ < X' —e. So it
suffices to assume that 77 = X’ — e. Choose x” such that x’ <« x” < x.
Then ¢ oo (x") + f < . 00(¥) + f, for some compact element f € S. There
exists j; > i and a compact f| € §; mapped into f by «; . By moving
the elements x” and x’ to S;, along the inductive limit, and relabeling them as
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x" and x’, we may assume that j; = i. Now & oo (X" + f1) < tticc(y + f1)-
Since § is the inductive limit of the system (S;, a; x) in the category Cu, there
exists j > i such that o; ;(x" 4+ f1) < o; ;j(y + f1). This readily implies that
(Oli,j)cc(f/ —e) < (ai,j)cc(y —e), as desired.

4. The augmented Cuntz semigroup
4.1. Definition and basic properties

Let A be a C*-algebra. We now turn to the definition of the ordered semigroup
Cu™(A), which we call the augmented Cuntz semigroup of the C*-algebra A.

We let Cu(A) denote the Cuntz semigroup of A, i.e., the set of Cuntz
equivalence classes of positive elements of the stabilization A ® % endowed
with a suitable order and addition operation (see [1] and references therein).
Since Cu(A) is a Cu-semigroup satisfying O5, we can apply the cc-functor from
the previous section to it thereby obtaining a Cu-semigroup (Cu(A))... We shall
denote by Cu,. the functor obtained by first applying the Cuntz semigroup
functor followed by the cc-functor. We thus write Cu..(A) and Cu..(¢), rather
than (Cu(A))CC and (Cu(¢)).c, although these mean the same thing.

Let A denote the forced unitization of A. Observe that [1] € Cu(A) is a full
compact element: for any compact e € Cu(A) there exists n € N such that
e < n[1]. It follows that

Cuee(A) = {[a] — n[1] : [a] € Cu(A), n e N}

Let 7: A — C denote the canonical quotient map. The Cu-morphism Cu(n)

from Cu(A) to Cu(C) = N gives rise to a Cu-morphism Cugc() from Cu(A) to

Cug.(C) = Z. We call Cug () the rank map on Cu, (A) and we alternatlvely

denote it by rank(-). Notice that under the identification of Cu(C) with N,

Cu(sr) assigns to a Cuntz class [a] € Cu(A), wherea € (A ® H') 1, the rank

of m(a) € . We also denote this number by rank(a), rank([a]), or rank([a]).
We define Cu™(A) as the kernel of the rank map on Cu,, (A), i.e.,

Cu™(A) := {[a]l — n[1] : [a] € Cu(A), n € N such that rank((a)) = n }.

We endow Cu™ (A) with the addition and the order from Cu,, (A).

Let i A — A denote the inclusion of A in A. This map induces an em-
bedding of Cu(A) as a subsemigroup (indeed, as an ideal) of Cu(A). Let
us regard Cu(A) as a subsemigroup of Cu(A) via this embedding. Observe
then that the rank map on Cu(ﬁ) is zero on Cu(A). It follows that the map

Cuce(A) 29 Cu.(A), induced by the inclusion of Cu(A) in Cu(A) ranges
in Cu™(A). We thus get a map Cuc.(¢): Cue.(A) — Cu™ (A),

Cui(A)dx —er—x—ecCu (A4).
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ProrosITION 4.1. Let A be a unital C*-algebra. Then the map Cuc(1):
Cucc(A) — Cu™(A) described above is an isomorphism of ordered semi-
groups.

PROOF. Since A is unital, A = A @ C via the homomorphism a + A1
(a + A1, A) (where 1 is the unit in A and 1 the unit in A). Let us identify A
with A @ C via this isomorphism. Observe then that A, as a subalgebra of /{,
is A x {0}, and that the quotient homomorphism A — C is (a, A) > A.

We have Cu(A) = Cu(A) x N (on the ri ght side order and addition are taken
coordinatewise). The set of compact elements of Cu(A) x Nis Cu.(A) x N. It
is straightforward to calculate that Cucc(ﬁ) = Cue(A) x Z. Further, the rank
map rank: Cue.(A) — 7 is simply ([a] — n[1],m) — m.In particular, the
subsemigroup of rank zero elements Cu™ (A) is (Cuc.(A), 0). This is precisely
the range of the map Cu.(¢): Cu,.(A) — Cu™ (A) described above. Indeed,
thismapisx —e — (x —e, 0).

ExamPLE 4.2. Recall that Cu(C) %_N. Thus, the preceding proposition
and Example 3.1 imply that Cu™ (C) = Z.

As remarked above, if x € Cu(A) then X in Cucc(ﬁ) has rank 0, and thus
belongs to Cu™(A). Let us define g: Cu(A) — Cu™(A) as qg(x) = X.

LEMMA 4.3. The map q is a surjection onto the positive elements of Cu™ (A).

Proor. Letz € Cu™ (fl) - Cucc(fi) be a positive element. By Lemma 3.2,
z = X for some x € Cu(A). Butrank(x) = 0, so x € Cu(A). Thus, g(x) = z.

THEOREM 4.4. Cu™ (A) is a Cu-semigroup. Moreover, it satisfies the follow-
ing additional axioms.

(i) For all x € Cu™ (A) there exists 7 > 0 such that x +z > 0.

(ii) For all x' K x there exists 7 such that x' + z < 0 < x + z. Moreover, if
x+y < O0forsomeyandy < y then z can be chosen such that y' < z.

ProoF. In Theorem 3.6 we have proved these properties for Cucc(A). We
show here that they pass on to Cu™(A). This is essentially a consequence of
the rank map being a Cu-morphism.

Let (z,), be an increasing sequence in Cu™ (A). Since rank(-) is supremum
preserving, the supremum of this sequence in Cuc.(A) has rank zero, i.e., it
belongs to Cu™(A). Hence Cu™(A) is closed under sequential suprema and
further the supremum of a sequence in Cu™ (A) agrees with the supremum of
the same sequence taken in Cucc(/i). It is now clear that O3 holds in Cu™(A),
given that it holds Cug, (A)

Let z € Cu™(A). Choose an «-increasing sequence (z,), in Cug (A)
with supremum z. Then suprank z, = 0. Since O is a compact element of
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7, rank z,, = 0 for large enough n, i.e., z, € Cu™(A) for large enough n. Since
the relation < taken in Cug, (A) is stronger than the same relation in Cu™"(A),
the sequence is also «-increasing in Cu™ (A). This proves O2.

Let us show that the restriction of the relation < in Cug. (A) to Cu™ (A)
agrees with the same relation in Cu™ (A). As already pointed out, one direction
is clear. Suppose that x, y € Cu™(A) are such that x < y in Cu™ (A). Choose
(Yu)n C Cucc(fi) that is <-increasing and with supremum y. As observed in
the previous paragraph, y, € Cu™ (A) for large enough n. Thus, there exists
no such that x < y,, < y, where « is taken in CuCC(A). Thus, x <« y in
Cuc (A). Axiom O4 in Cu™ (A) is now immediate from its holding in Cuc, (A).

Letus prove property (i). Letx = [a]—n[1] € Cu™(A), whererank(a) = n.
By the properties of the Cuntz semigroup functor under C*-algebra quotients
([5]), there exist [b], [c] € Cu(A) such that

n[1]1+ [c] = [a] + [b], in Cu(A).

Let z = [b] € Cu™(A), i.e., z is the image of [b] under the map g defined
above. Then, working in Cu..(A), we have

x+z=[a]l —n[1]+[b] = [a]l + [b] — nl =[c] > 0.

Finally, let us prove (ii). Let e = 1] e CuCC(A~). Let x’, x € Cu™(A) be
such that x’ <« x. Choose x” such that x’ < x” < x. Since [1] is a full element
in Cugc(A), there exists N € N such that x” < N[1]. By OS5 in Cu,, (A), there
exists w € Cug(A) such that x’ + w < N[1] < x” 4+ w. Set z = w — N[1].
Then

X +z<0<x"+z<x+z

From the fact that x’ and x both have rank 0 we deduce that z has rank O as
well, i.e., it belongs to Cu™ (A). Further, if y’, y are such that x + y < 0 and
y' <y, then

x" 4+ (y + NI1D < N[1].

By O5 in CuCC(A), w may be chosen such that y’ 4 N[1] < w,ie.,y <z So
z 18 as desired.

REMARK 4.5. If there is a greatest element in Cu™ " (A) (e.g., A is separable),
axiom (i) of the previous theorem boils down to saying that x + w = w for all
x € Cu™(A).

Weak cancellation in a Cu-semigroup is defined as follows: x +z < y + z
implies x < y for all x, y, z. The Cuntz semigroup of a C*-algebra of stable
rank one has weak cancellation, [14, Theorem 4.3]. This property, however,
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is not true in general for the Cuntz semigroup of a C*-algebra. On the other
hand, Cu™(A) always has weak cancellation:

COROLLARY 4.6. If x +z K< y +zin Cu™ (A) then x K y.

PrROOF. Let 7/ <« z and y’ < y be such that x + z < y’ + 7. Choose
w € Cu™(A) such that 7/ + w < 0 < z + w. Then

x<x+z+tw<y +7+rw <y Ky,

Let ¢: A — B be a homomorphism of C*-algebras. Let ¢: A — B de-
note the homomorphism obtained by applying the forced unitization functor.
This homomorphism gives rise to a Cu-morphism Cu(gﬁ): Cu(/i) — Cu(é).
Then, as shown in the previous section, we obtain a Cu-semigroup morphism
Cu(d;)cc: Cucc(ﬁ) — CuCC(B). It is not hard to deduce that Cu,, (q~5) preserves
the rank. In particular, it maps Cu™~(A) to Cu™(B). We define Cu™ (¢) as the
restriction of Cu(qz)CC to Cu™ (A). More concretely,

Cu™ (@) ([a] — nl1]) = [¢ ® id(a)] — n1].
(Here id is the identity on %, so that ¢ ® id: ARH - BRK.)
THEOREM 4.7. Cu™ (¢) is a Cu-morphism.

PrOOF. In the course of the prove of Theorem 4.4 we have shown that both
the suprema of increasing sequences and the compact containment relation in
Cu™ (A) agree with their counterparts taken in the larger ordered semigroup
Cuc.(A). It is then clear that the preservation of sequential suprema and of
compact containment by Cu™ (¢) follow from the same properties for the map
Cuec ((]3). But, indeed, Cu,, (¢3) is a Cu-morphism by Theorem 3.8.

4.2. Comparison with the original definition

Let us compare the definition of Cu™ (A) given above with the original defini-
tion in [10]. The main difference lies in the definition of the relation <., which
in [10] is taken as (x, €) ¢ (y, f) if

x+f+g<yte+g

for some compact element g. The rest of the construction is the same. Observe
that the relation used in [10] is a stronger relation, i.e., if (x, e) Z¢ (¥, f)
as in [10] then (x, €) 3¢ (v, f) as defined above. If these two relations are
the same in Cu(A) X Cu(ﬁ)c, then the two constructions of Cu™ (A) agree. In
Corollary 4.10 below we show that this is the case for C*-algebras of finite
stable rank. Thus, in this case the two constructions agree.



A REVISED AUGMENTED CUNTZ SEMIGROUP 143

Let us recall the definition of the stable rank of a C*-algebra. Let m € N
and let A be a unital C*-algebra. An m-tuple (ay, ..., a,) € A™ is called left
invertible if Z;”Zl b;a; = 1 for some (by, ..., b,) € A™. The C*-algebra A
is said to have stable rank at most m if the set of left invertible m-tuples is
dense in A™. This can be rephrased in the language of Hilbert C*-modules as
follows: A has stable rank at most m if the left invertible operators from A to
A™ are dense in the set of bounded operators from A to A™. The stable rank
of A is the least m with this property. If no such m exists then the stable rank
is infinite. For non-unital C*-algebras the stable rank is defined as the stable
rank of the unitization.

THEOREM 4.8. Let A be a unital C*-algebra of stable rank at most m < oo.
Let H and G be Hilbert C*-modules over A such that A"*' @ H = A ® G.
Then A" & H = G.

PrOOF. Let H = A"®H,sothat AQH' = A®G.LetV: ADG — ADH'
be a Hilbert C*-module isomorphism. Let us write V in matrix form:

(Vn VIZ) . ( B(A) B(G, A) )

Var Va B(A,H') B(G,H))

Recall that H = A" @ H. Letus write Vo; = (U;, U,), where Uy € B(A, A™)
and U, € B(A, H).LetU| € B(A, A™) be left invertible and ||U, — U{|| < 1.
Let V;, = (Uj, Uy). Now V;, is left invertible and || V;, — Vo] < 1. If we
replace V,; by V,, in the matrix of V we get V' suchthat |V —V'|| < 1. Thus V'
is an invertible adjointable operator. Thus, without loss of generality, we may

assume that V is an invertible adjointable operator such that V,; € B(A, H') is
left invertible. Let W € B(H’, A) be aleftinverse of V,;. Set (1—V;1)W = X.

Then X\ (Vh Vo) (1 Vi,
(0 1>(Vz1 V22>_(V21 sz)’
and 10N/ 1 VL[l -V, 10
(_VZI 1>(V21 V22)<0 1 ):(0 Vz/z)'

The map on the right side is still an invertible adjointable operator. It follows
that V), € B(G, H) is adjointable and invertible. Hence G = H as Hilbert
C*-modules, via the polar decomposition of V.

THEOREM 4.9. Let A be a unital C*-algebra of stable rank at most m < o0.
Ifx,y € Cu(A) are such that x + (m + D[1] < y 4+ [1] then x + m[1] < y.

ProOF. We rely on the Hilbert C*-modules picture of Cu(A) (see [6]).
Suppose that x = [H] and y = [G], where H and G are countably generated
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Hilbert C*-modules over A. Let E € H be a compactly contained submodule.
The assumption x + (m + 1)[1] < y 4 [1] implies that £ & A"t embeds as a
Hilbert C*-submodule in G @ A. Let ¢: E® A" ! — G @ A be an embedding.
Set E/ = ¢(0 @ A™*1)L. That is, E’ is the orthogonal complement of the
image of A”*!in G @ A. Since A"™*! is a projective module, we have that
E'®@A™! = G @ A. By the previous theorem, E’'@ A™ = G. Since E embeds
in E’ via ¢, E & A™ embeds in G. Hence [E] 4+ m[A] < [G]. Passing to the
supremum over all £ compactly contained in H we get [H] + m[A] < [G],
as desired.

COROLLARY 4.10. Let A be a C*-algebra of stable rank at most m < oo.
Let [a], [P] € Cu(A). Then [a] < [b] in Cucc(A) if and only if [a] + m[1] <
[b] + m[1] in Cu(A).

ProoF. Let [a'] <« [a]. Then, by the definition of Zeer [@1+ n[1] <
[b] + n[1] for some n € N. Since the stable rank of A is at most m, by the
previous theorem we have [a']+m[1] < [b]+ m[1]. Passing to the supremum

over all [a'] K [a], we get [a] + m[1] < [b] + m[1].

4.3. An example

Here we calculate Cu™ (Cy(R?)). Let S? denote the 2-dimensional sphere. Let
us recall the computation of the Cuntz semigroup of C(S?) obtained in [11].
Let V(C(S5?)) denote the Murray-von Neumann monoid of projections. Then

Cu(C(5%) = V(C(S?)) uLsc(S%, N)/~,

where ~ is defined such that n[1] € V(S?) and the constant function n €
Lsc(S?, N) are equivalent for all n = 0, 1,.... Addition on the right side
is as follows: within the sets V(C(S?)) and Lsc(S?, N) we simply use the
addition operation with which these sets are endowed. If [p] € V (C(5?)) and
f € Lsc(S?, N) is non-constant then [p] + f = rank(p) + f € Lsc(S2, N).
The order again need only be defined for [p] € V(C(5?)) and f € Lsc(S?, N):
f < [plif f <rank(p) and [p] < f if rank(p) < f and f is non-constant.
It is straightforward to calculate that

Cuec(C(5%) = Ko(C(S5?)) L Lsc(S*,Z)/~,

where ~ identifiesn[1] € Ko(C(S?)) and the constant functionn € Lsc(S?, Z)
foralln € 7.

Let us regard C(S?) as unitization of Co(R?) and S? = R? U {oo}. The rank
function on Cu,. (C (5?)) coming from this unitization is then rank ([ p]—[¢]) =
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rank(p) — rank(p) for [p] — [g] € Ko(C(S?)) and rank(f) = f(oo) for
fe Lsc(S2,Z). We thus get

Cu™ (Co(R?)) = Ko(Co(R?)) U Lsco(R?, Z)/~
>~ 7 uLsco(R?, Z)/~,

where ~ identifies 0 € Z with 0 € Lsco(R?, Z). Let us describe the order
and addition on the set on the right. Order: The elements of Z are pairwise not
comparable. They are greater than any non-zero function in Lsco(R?, Z) that is
non-positive and smaller than any non-zero function that is non-negative. The
order on Lsco(R2, Z) is pointwise. Addition: if n € Z and f € Lsco(R?, 7)
then n + f = f. Observe that the subsemigroup spanned by the positive and
negative elements is Lscy( RZ?, Z).

5. Properties of the functor Cu”™

By Theorems 4.4 and 4.7 of the previous section, A +— Cu™ (A), ¢ — Cu™ (¢),
defines a functor from the category of C*-algebras to the category Cu. Here
we investigate its properties.

5.1. Continuity with respect to inductive limits
THEOREM 5.1. The functor Cu™ is continuous, i.e., it preserves inductive limits.

PrOOF. Let (A;, ¢; ;)i jer be an inductive system of C*-algebras and
(A, ¢i 0)ier its inductive limit. Both the forced unitization functor and the
Cuntz semigroup functor are continuous, [1, Corollary 3.2.9]. Thus, we have
Cu(A) = h_II)l Cu(A;). Moreover, by Theorem 3.9, applying the cc-construction
still yields an inductive limit of Cu-semigroups: Cu,, (A) = h_r)n Cucc(/i,-).

For brevity of notation, let us set S = Cucc(A), S; = Cugc (A,-), and o; ; =
Cuc. (q;L ;). Each of the Cu-semigroups S; and the Cu-semigroup S carry a
rank map into Z. As argued in the definition of the functor Cu™(-) in the
previous section, the Cu-morphisms «; ; and «; o, map rank zero elements to
rank zero elements. So their restrictions to the rank zero elements form an
inductive system as well. In order to prove that the Cu-subsemigroup of rank
zero elements in S is the inductive limit of the Cu-subsemigroups of rank zero
elements in the S;s, we must show that conditions L1 and L2 of an inductive
limit in the category Cu are valid (see Section 3). This is quite straightforward:
Say X — e € § has rank zero. By L1 applied to the inductive limit § =
lim S;, we can choose an increasing sequence (X, — €)%, C |Jim(e; )
with supremum X — e. The terms of this sequence eventually have rank zero
(since 0 < 0 in Z). This proves L1. Condition L2 follows also from the same
condition in the inductive limit § = 111)1 S;, bearing in mind that the compact
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containment relation on the the set of rank zero elements agrees with the
compact containment relation on the larger set S restricted to the rank zero
elements (as argued in the proof of Theorem 4.4).

5.2. Split exactness

A projection p in a C*-algebra is called finite if it is not Murray-von Neumann
equivalent to a proper subprojection of itself. In terms of the monoid of Murray-
von Neumann classes, this is expressible as [ p vy~ +[¢Imvny = [plmyn implies
[¢Imvn = O for all [glvmyw € V(A). A unital C*-algebra is called stably finite
if any [plmww € V(A) is finite; equivalently, if n[1]yyn is finite for all n € N.

LEMMA 5.2. Let A be a stably finite unital C*-algebra and let x € Cu(A).
If x € Cuc.(A) is compact then x = [p] for some projection p € A Q .

Proor. We will make use of the characterization given in [3] of the compact
elements in the Cuntz semigroup of a stably finite C*-algebra. By [3, Propos-
ition 5.7], if A is unital and stably finite and [a] € Cu(A) is compact, then
0 is an isolated point of the spectrum of a. It follows, by functional calculus,
that we can choose a projection p such that [a] = [p]. It also follows that
if [a] + [b] is compact then both [a] and [b] are compact. Indeed, once O is
an isolated point of the spectrum of a @ b, it is also an isolated point of the
spectrum of a and b.

Let (x,), be a «-increasing in Cu(A) with supremum x. Since the map
Z > Z preserves sequential suprema, x, = x for all sufficiently large n.
Assume without loss of generality that this is the case for all n. Fix n. From
Xn+1 = X1 we get that x,, + k,[1] < x; + k,[1] for some k, € N. It follows
that x,, + k,[1] = x| + k,[1] is compact, and so, as remarked above, x,, = [p,]
for some projection p,. Moreover, by stable finiteness, we must have that
[p1] = [pn]- Indeed, if we write [p;] + [g] = [pn], with g a projection,
then [p] + k,[1] + [g] = [p1] + k,[1], which implies that [¢] = 0. Thus,
[p1] = [p,] for all n, and so x = [py].

THEOREM 5.3. Let

0 I AT A/l — 0

be a short exact sequence of C*-algebras. Apply the functor Cu”™ to it to get

Cu™ (1) =9 cu~(A) —=2, cu™ A/ D).

The following are true:
6)) IfA/I is a stably finite C*-algebra then im(Cu™ (1)) = Ker(Cu™ ().

(i1) If  splits then Cu™ (;r) is surjective and Cu™ (1) is an order embedding.
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PROOF. (i) Let us first go over some notation: We denote by 7: A — Af/vl
the unital extension of . Further, we also denote by 7 the homomorphlsm
# ® id from A AR K to A/l /I ® J¢. The same conventions apply to 7. Finally,
we identity AJl /1 with A /I and regard I as a subalgebra of A.

From 7 ot = 0 we get that Cu™ (;r) oCu” (¢) = 0. Therefore, im(Cu™ (1)) C
Ker(Cu™ (r)). Next we show the opposite inclusion.

Let [a] — n[1] be an element of Cu™(A) mapped to 0 by Cu™ (7). That is,
[7(a)] = n[1] in CuCC(A/I) Since n[l] is compact, we have by Lemma 5.2
that [ (a)] is a compact element of Cu(A /I). From the definition of =, this
means that [77 (a)] + k[1] = n[1] + k[1] for some k € N. Let us replace [a] by
[a]+ k[1] and n by n + k, which does not change [a] —n[1], so as to now have
[7(a)] =n[l]in Cu(ﬁ /1). Since 7 (a) is Cuntz equivalent to a projection and
we have assumed that A /1 is stably finite, 0 is an isolated point of the spectrum
of 7 (a), [3, Proposition 5.7]. Hence, for a suitable choice of a strictly positive
f € Co(RY), 7(f(a)) is a projection. Let @’ = f(a). Then [a’] = [a] (since
we have chosen f strictly positive) and 77 (a’) is a projection. Let us simply
rename a’ as a and assume that Ji (a) is a projection. Now 7 (a) and 1, are
Cuntz equivalent projections in (A/I) ® J7. Since A/I is stably finite, 77 (a)
and 1, are Murray-von Neumann equivalent. In a stable C*-algebra, if p, g
are Murray-von Neumann equivalent projections then there exists a unitary
u in the unitization of the algebra such that upu* = ¢; moreover u may be
chosen in the connected component of the identity. (Proof: If || p —¢g|| < 1 this
is well known. From this we deduce the case when p and ¢ are homotopic.
But in a stable C*-algebra Murray-von Neumann equivalent projections are
homotopic.) Applying this fact to 7 (a) and 1,, we obtain a unitary u in the
unitization of (A/I) ® J such that um (a)u* = 1, and u is in the connected
component of the identity. Since u is connected to the identity, it has a lift
to a unitary v in the unitization of A ® 9. Set v*av = a; € A ® . Then
[a] = [a1] and 7 (a;) = 1,,. The latter implies that a; € [ ® . Thus,

[a] = n[1] = [a1] = n[1] € im(Cu™ (1)),

as desired.

(ii) Let A: A/I — A be a homomorphism such that 7 o A = id4,;. Then
Cu™ () o Cu™(A) = idcy~(a/1), which implies that Cu™ (v) is surjective.

Let us prove that Cu™ (¢) is an order embedding. We maintain the conven-
tions introduced in the first paragraph of the proof of (i). Leta, b € I® 9 be
posmve elements such that [a] — n[1] and [b] — n[1] belong to Cu™(A) and
Ta] — n[1] < [b] = n[1]. Then rank(a) = rank(b) = n (these are the ranks
of their images in % by the canonical map I ® % — J) and [a] < [b] in
Cu, (A). We will show that [a] < [b] in Cucc(f). Choose [a'] « [a]. Then
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there exists k € N such that [a’] + k[1] < [b] + k[1] in Cu(fi) Suppose that
we have shown that [a’] + k[1] < [b] + k[1] in Cu(I) Since [a’] « [a] has
been chosen arbitrarily, we conclude that [a] < [h]in CuCC(I ). It thus suffices
to show that if [a] < [b] in Cu(A) and rank(a) = rank b = n, then [a] < [b]
in Cu(l). We prove this next.

We may assume without loss of generality thata = 1,,+a’ andb = 1,,+ 7/,
for some selfadjoint elements a’, b’ € I ® J7. Let ¢ > 0. Since [a] < [b] in
Cu(A), there exists x € A ® ¥ such that (a — e/2)y = x*x and xx* < Mb
for some M > 0. By the almost stable rank one property of A ® J# ([2,
Lemma 4.3.2]) there exists a unitary u € (A~ ® %)~ such that u™(a — &) u <
Mb.

Consider the elements

uy=@Gom)u) e (ARK)” and a; = wub)auul) el K.

We have 77 (uu?) = 1, which implies that uu7 is a unitary in the unitization
of I ® . Thus, a and a, are unitarily equivalent in I ® J, which implies
that [(a — ¢)+] = [(a; — €)+] in Cu(f). From u*(a — ¢);u < Mb and the
definition of u| we get that uj(a; — e);u; < Mb. Thus, on one hand we have
that [(a — €),+] = [(a; — €)4] in Cu(i), and on the other hand we have that
ui(ay - e)+uir < Mb. We show next that [(a; — €)4] = [uj(ar — &)yui]
in Cu(/). In fact, we will show that a and a; are approximately unitarily
equivalentin / ® 9 (with unitaries chosen in the unitization of this C*-algebra).

Applying A o 7 on both sides of ui(ar — &)yu; < Mb, and using that
(X om)(u) = uy, we get that uil,u; = 1,, i.e.,, u; commutes with 1,. We

also have that . 5
(Aom)(a)) = (Aom)(a) = 1,.

This implies that a; = 1, + a] for some selfadjointa] € I ® 7. Let us choose
an approximate unit (e, ) € I of I. For each A and k € N define

Upk = ln + (ul - 1,1)(8)\ ® lk)
Then v, ; belongs to [ ® 9 for all A and k. We have
vy = Lya) + (uy — 1,) (e ® ly)a; — uyaj,

as A,k — oo. Here we have used that (¢, ® 1x)a] — aj as A,k — oo.
Similarly, we deduce that v}  a; — uja;. Since u; — 1, and e; ® 1; commute
with 1,, it is clear from its definition that v, ;, commutes with 1, for all X, k.
Since I ® % has almost stable rank 1 ([2, Lemma 4.3.2]), for each A, k there
exists a unitary w;_x in the unitization of I ® 9 such that Vs x —wi klvaklll <
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1/k. Then
wy paywix = uiajuy  and  wjlwy e = 1y, as A,k — oo.

It follows that w} ;aiw; x — ujaiu;. So a and a; are approximately unitarily
equivalent in I ® J. We now have

(@ — &)y ~cu (a1 — &)y ~cy uy(ar — &)yu; < Mb,

where the Cuntz comparisons are all taken in I ®%.Since ¢ > 0is arbitrary,
we conclude that [a] < [b] in Cu(]).

5.3. Stability

THEOREM 5.4. Let A be a C*-algebra. The inclusion A — A ® J (in the top
corner) induces an isomorphism of ordered semigroups Cu™ (A) - Cu™ (A ®

X).

Proor. Consider the inductive limit

By the continuity of Cu™ with respect to inductive limits, it suffices to show
that the inclusion in the top corner A < M>(A) induces an isomorphism at
the level of Cu™. We prove this next.

Let us first assume that A is unital. By Proposition 4.1, the map Cuc(¢):
Cue.(A) — Cu™(A) is an isomorphism. Similarly, the inclusion of M;(A) in
M, (A)™ induces an ordered semigroup isomorphism Cu(¢): Cue.(M3(A)) —
Cu™(M;(A)). We thus have the diagram

Cuec(A) ——— Cuec(M>(A))

l |

Cu™(A) —— Cu™~ (M(A))

where the horizontal arrows are induced by the inclusion A +— M>(A) ap-
plying the functors Cu..(-) and Cu™. It is known that A < M>(A) induces
an isomorphism in Cu (see [6, Appendix 6]). This in turn implies that the top
horizontal arrow is an isomorphism from Cu,.(A) to Cu..(M>(A)). It follows
that the bottom horizontal arrow is an isomorphism as well.
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The non-unital case is reduced to the unital case as follows. Let A be a
non-unital C*-algebra. Consider the diagram

0 A A~ C 0

Ll

0—— My(A) —— Mr(A™) —— M(C) —— 0,

where the rows form short exact sequences that split and the vertical arrows
are the natural inclusions. Applying the functor Cu™ we get

0—Cui(A)) ———— CuiA™) — Cu” (©) —— 0

| | l

0 —— Cu”"(M2(A)) —— Cu" (M(A™)) —— Cu~ (M,(C)) —— 0.

A diagram chase, as in the proof of the five lemma, using the exactness of
the rows of this diagram (in the sense of Proposition 5.3 (i) and (ii)), and that
the two rightmost vertical arrows are isomorphisms, shows that Cu™(A) —
Cu™ (M3 (A)) is an isomorphism.

From the stability of Cu™ we derive the following proposition, which will
be needed later on:

PROPOSITION 5.5. Suppose that A is o-unital. Let x, y € Cu(A) be such
that q(x) < q(y) in Cu™ (A). Let z € Cu(A) be a full element (i.e., such that
00 - 7 is the largest element in Cu(A)). Then for every x' < x there existn € N
and y' < y such that x’ +nz < y' +nz.

ProoF. Let z = [c], where ¢ € A ® J is full. Let C = ¢(A ® ¥ )c.
Then C ® 7 = A ® J/ by Brown’s theorem. This isomorphism induces
isomorphisms Cu(A) = Cu(C) and Cu™(A) = Cu™(C). Let x, y, z € Cu(C)
denote the images of x, y, z via the isomorphism of Cu(A) and Cu(C). We
claim that g(x) < ¢(¥) in Cu™ (C). Indeed, consider the following diagram:

Cu(A) —— Cu(A® ¥) «—— Cu(C ® #) «—— Cu(C)

l" l” l” l"
Cut™(A) — Cu(AQ H) «—— Cu™ (C® H) «— Cu~(C).

All squares in this diagram commute. This is straightforward to check for the
first and third squares. The middle square commutes since the horizontal maps
are induced by an isomorphism at the C*-algebra level. It thus suffices to prove
the proposition for ¥, y, z, in Cu(C). Let x” < x. From g(X) < ¢(y) we get
that x’ + n[1] < ¥y’ + n[1] in Cu(C), for some y' « y and some n € N. We
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can now “project” all the terms of this inequality to the ideal Cu(C) in Cu(é ).
This operation is more explicit in the Hilbert C*-modules picture of the Cuntz
semigroup: given a Hilbert C*-module H over a C*-algebra B and a o -unital
closed two-sided ideal I, the map on the Cuntz semigroup [H] +— [HI] is
well defined, additive, order preserving, and supremum preserving; see [5, §2
and Theorem 5]. Applying the map [H] + [H C]in the inequality x" +n[1] <
y' 4+ n[1] we get x" + nz < y’ + nz. This proves the proposition.

6. Compact elements and functionals

Here we investigate the compact elements and functionals on the augmented
Cuntz semigroup.

6.1. Compact elements

Let A be a C*-algebra. Let V(A) denote the semigroup of Murray-von Neu-
mann classes of projections in A® % . Given a projection p € AQJY, we denote
by [pluun the element in V (A) with representative p. Since the Murray-von
Neumann equivalence relation is stronger than the relation of Cuntz equival-
ence, the map V(A) 2 [plywy > [p] € Cu(A) is well defined. Further, this
map ranges in the subsemigroup of compact elements of Cu(A).

Recall that

Ko(A) = {[plyon —n[lyon : p € A®R K, rank(p) =n ).
We thus have a map
Ko(A) 3 [pluoy — nlllyon = [p] — nl1] € Cu™(A). (6.1)

It is easy to show that this is a well defined additive map.

A unital C*-algebra is called stably finite if n[1]y,n5 + [glarony = B[ pron
implies [¢g]lywy = 0 in V(A). If A is stably finite, then Ky(A) is an ordered
group under the order induced by the image of V(A) in Ky(A).

Let Cu™(A). denote the set of compact elements of Cu™ (A), i.e., the set of
x € Cu”(A) such that x < x.

THEOREM 6.1. Let A be a C*-algebra. Then Cu™ (A). is a group such that
ifx+yeCu(A)thenx,y € Cu” (A).. Moreover, if A is stably finite, then
Cu™(A). = Ky(A) as ordered groups via the map (6.1).

PrROOF. Let us show that Cu™ (A). is a group. Since compact elements form
a subsemigroup containing 0, it suffices to show that every compact element
has a compact additive inverse. Let x € Cu™ (A).. By Theorem 4.4 (ii), there
exists y € Cu~(A) such that x + y = 0. Since 0 < 0, there exists y' < y
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such that x + y" = 0. Thenx + y = 0 < 0 = x + y’. We conclude by weak
cancellation (Corollary 4.6) that y = y’. Hence, y is compact, as desired.

Suppose that x + y is compact. Choose x” < x such that x’ +y = x + y.
By weak cancellation, we get that x’ = x. Hence, x is compact, and similarly,
y is compact.

Suppose that A is stably finite. Let x € Cu™ (A) be compact. Since the
relation < in Cu™ (A) is the restriction of the same relation taken in Cuc, (A), x
is compactin Cu,, (A) Translation by n[l ]in Cucc(A) is an order 1somorphlsm
Hence, x = ¢ — n[1], where ¢ € CuCC(A) is compact and lifts to e € Cu(A)
By Lemma 5.2, there exists p € A ® 9 such that e = [p]. It follows that
X = [p] —n[1], i.e., x is in the range of the map (6.1).

Finally, let us show that the map (6.1) is an order embedding. Suppose that
[p1—n[11 < [g] — n[1], where p, g € A® 3 are projections of rank n. Then
[p1 < [q1. Since [ p] < [p], thisimplies that [ p]+m[1] < [g]+m[1] for some
m. Cuntz subequivalence of projections agrees with Murray-von Neumann
subequivalence. We thus get that [plyon + m[1pon < [g@laony + m[1]p0ns
which in turn implies that [ playon —2[1aeny < [9]aon —1[1] 40N, as desired.

6.2. Functionals

Let S be a positively ordered Cu-semigroup. A map A: S — [0, oc] is called
a functional if it maps O to 0, it is additive, order preserving, and preserves
the suprema of increasing sequences. It is called densely finite if A(x) < oo
whenever x <« y for some y € S. If S = Cu(A), then the densely finite
functionals are in bijective correspondence with the densely finite 2-quasitraces
on A, as well as with the densely finite rank functions, [8].

Let A:Cu™(A); — [0, oo] be a densely finite functional. Our goal is to
extend it to all of Cu™ (A). Let x € Cu™(A). We know, by Theorem 4.4 (i),
that there exists z > 0 such that x + z > 0. Moreover, since 0 <« 0, we can
choose z such that z < z’ for some z'. Then A is finite on z. Let us define

Ax) :=A(x 4+ z2) — A(2) € (—00, 00]. (6.2)

Clearly, this is the only possible way to extend A additively to Cu™ (A).

LEMMA 6.2. Let A:Cu™ (A)L — [0, 0o] be a densely finite functional. The
extension of A to Cu~ (A) defined above is additive, order preserving, and
preserves the suprema of increasing sequences.

PRrOOF. Let

P ={zeCu (A, :z <K 7 forsome 7 }. (6.3)
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Letx € Cu™(A). Let us show first that A(x), defined as in (6.2), is independent
of the choice of z, as long as x 4+ z > 0 and z € P. Suppose that 7 is another
element with these properties. Then

Mx+2)+rE@Z)=rx+z+7) =r(x+7)+ ).

Hence, A(x +2) — A(z) = A(x + ) — A(Z).
Suppose that x < y in Cu™ ' (A). Choose z € P such that x 4+ z > 0. Then
X +2z<y-+zandso

Ax)=A(x+2) —22) KA +2) —r2) =A0).

Thus, A is order preserving.
Let (x,), be an increasing sequence in Cu™ (A). Choose z such that x| +z >
Oand z € P. Then

sup A(x;) =supA(x; +z) — A(z) = A(supx; + z) — A(z) = A(supx;).

Additivity of the extension of A is handled similarly.

Let R := RU{oo}. Let Fy(Cu~(A)) denote the set of A: Cu~(A) — R that
are additive, preserve 0, sequential suprema, and are densely finite. We endow
Fy(Cu™(A)) with the topology such that a net (A;); converges to A if

limsup A; (x) < A(y) < liminf A;(y) forall 0 < x < y.

Given x € Cu™(A) we get a function Xx: Fo(Cu™(A)) — R defined by
X(A) = A(x) forall A € Fyp(Cu™(A)).

LEMMA 6.3. The function X is linear and lower semicontinuous.

Proor. Let A; — A. Choose z € P such that x + z > 0 and z > 0, where
P is the set defined in (6.3). Choose 0 « 7' < z such that x +z" > 0 (it exists
by the compactness of 0). Then

Ax +7') — A(z) <liminf A; (x + z) — limsup A;(z)
= liminf A; (x).

Passing to the supremum over all z” < z on the left side we get that A(x) <
liminf A; (x). That is, x is L.s.c.

Recall that the map g: Cu(A) — Cu™(A), defined as g(x) = X is an
onto Cu-morphism (Lemma 4.3). It follows that A +— A o g is an embedding
of Fy(Cu™(A)) into Fy(Cu(A)). The topology on Fy(Cu™(A)) that we have
defined above is precisely the one induced by the topology on Fy(Cu(A)) via
this embedding.
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LEMMA 6.4. Suppose that A is o-unital. Let L:Cu(A) — [0, 0] be a
functional that is finite on a full element of Cu(A). Then X factors through q,
e, A =MAo q, where X € Fy(Cu™(A)).

PrOOF. Let z € Cu(A) be a full element such that A(z) < oco. Let us shows
that if x,y € Cu(A) are such that x < y in Cu™(A) then A(x) < A().
Let x" <« x. By Proposition 5.5, x’ + nz < y + nz for some n. It follows
that A(x") < A(y). Passing to the supremum over all x’ <« x, we get that
A(x) < A(y). We can thus define )1(7) = A(x), for x € Cu(A). Additivity,
preservation of order, and preservation of 0, are readily passed from A to A.
Let us show that A preserves sequential suprema: Suppose that (x,), is an
increasing sequence in Cu™ (A).. By Theorem 3.4, there exists an increasing
sequence z, € Cu(ﬁ) such that 7, < x,, for all n and Sup z,, = sup x,,. Since
0 < rank(z,) < rank(x,) = 0, we must have that rank(z,,) = O for all n, i.e.,
z, € Cu(A). Then

X(supxn) = A(supz,) = supr(z,) < sup A(x).

Hence, A(supx,) < supi(x,). The opposite inequality is straightforward.
Thus, A preserves sequential suprema. We have thus defined a densely finite
functional A on Cu”™ (A)4 suchthat A = Xq. Extending itto Cu™ (A) asin (6.2),
we obtain a functional in F(Cu™ (A)).

Let A be a functional on Cu(A) meeting the assumptions of the previous
theorem, so that it arises as A = A o q, for A € Fy(Cu™ (A)). Letx € Cu™(A).
Then we can define a pairing of A and x: (A, x) := A(x). If every densely
functional on Cu(A) factors through ¢, then we can define this pairing on all
Fp(Cu(A)) x Cu™(A). This is the case when the primitive spectrum of A is
compact. We summarize the situation in the following theorem:

THEOREM 6.5. Let A be a o -unital C*-algebra with compact primitive spec-
trum. Then the densely finite functionals on Cu™ (A) are in bijection with the
densely finite functionals on Cu(A) via the map A — A o q. Moreover, given
x € Cu™ (A) the function X: Fy(Cu(A)) — R defined as X(1) = (A, x) for all
A € Fy(Cu(A)) is additive and lower semicontinuous.

ProOF. Let z = [a] € Cu(A) be the class of a strictly positive element
of A. Then z is full, i.e., co - z is the largest element of Cu(A). Choose a
< -increasing sequence (z,), with supremum z. Since the primitive spectrum
of A is compact, z, is full for large enough n. We thus find z,, that is full and
such that every densely finite functional on Cu(A) is finite on z,. It follows
that every densely finite functional on Cu(A) factors through ¢ by the pre-
vious lemma. This proves the first assertion of the theorem. The second part
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follows from Lemma 6.3 and the agreement of the topologies on Fy(Cu(A))
and Fy(Cu™ (A)).

6.3. Simple pure C*-algebras

A C*-algebra is said to be pure if its Cuntz semigroup is almost unperforated
and almost divisible, [16, Definition 3.6(i)]. Let us recall the definition of these
properties: A Cu-semigroup S is called almost unperforated if (k + 1)x < ky
implies x < y forall x, y € S and k € N. Almost unperforation is equivalent
to the property of strict comparison, defined as follows: for all x, y € Cu(A)
and e > 0if A(x) < (1 —e)A(y) for all A € F(S) then x < y. S is called
almost divisible if for all x’, x € S with x’ <« x,and n € N, there exists y € §
such that ny < x and x” < (n 4+ 1)y. C*-algebras that tensorially absorb the
Jiang-Su C*-algebra are pure, [13].

Let us denote the cone of densely finite functionals F(Cu(A)) simply by Q.
Recall that Q may also be regarded as the cone of densely finite 2-quasitraces
on A. For the remainder of this section, A denotes a simple, separable, pure C*-
algebra such that Q # {0} (whence, A is stably finite). Our goal is to calculate
Cu™ (A). We accomplish this in Theorem 6.11 below. This calculation, under
the additional assumption that A has stable rank one, is obtained in [10]. We
follow closely the same arguments, while circumventing the stable rank one
assumption.

LEMMA 6.6. Cu™ (A) is simple in the sense that for every nonzero z €
Cu™ (A)4 we have that 0o - 7 is the largest element of Cu™ (A).

ProoF. The order ideals of Cu(A) that are closed under addition and se-
quential suprema are in bijection with the closed two-sided ideals of A, [4].
Since A is simple, the lemma is true for Cu(A): if z € Cu(A) is nonzero then
oo - 7 is the largest element of Cu(A). But Cu(A) is mapped onto Cu™ (A)
by the Cu-morphism ¢, Lemma 4.3. This readily implies the lemma. More
explicitly, suppose that y € Cu™(A) and z € Cu™(A)4, with z # 0. Then
y < x for some x > 0. Let x, z € Cu(A) be lifts of x and z along g. Then
X < 00 - Z,yielding that y < x < 00 - z, as desired.

Let us call an element x € Cu~ (A) soft if for each x’ <« x there exists a
nonzero z € Cu~(A), such that x" 4+ z < x. (This definition is well suited for
Cu™(A) with simple A, but should be amended in the nonsimple case.)

LEMMA 6.7. The soft elements form an absorbing subsemigroup: if x,y €
Cu™ (A) and y is soft then x + y is soft.

ProOF. If w <« x + y then w < x 4+ ¥’ for some y' < y. Find z > 0
nonzero such that y +z < y. Thenw +z < x+y +z < x + y.
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LEMMA 6.8. Each x € Cu™ (A) is either soft or compact and not both.

Proor. Let x” <« x. Choose x” € Cu~'(A) such that x’ <« x” « x. Find
z = 0 such that x’ + z < x < x” + z, Theorem 4.4(i). If z = 0 then
x = x” &« x, s0 x is compact. If it is the case that z # 0 for all x’ < x then x
is soft.

If x is both soft and compact, then x + z = x, with z positive and nonzero.
Since densely finite functionals are finite on compact elements, A(z) = O for
any A € Q. By the simplicity of Cu™(A), z is full. Hence A = 0, which
contradicts our assumption that Q # {0}.

Let Lsc(Q, R) denote the set of functions f: Q — R that are lower semi-
continuous, linear, and map O to 0. We have shown in Theorem 6.5 that
% € Lsc(Q, R) for every x € Cu™ (A). Let Lsc(Q)++ denote the functions in
Lsc(Q, R) that are strictly positive on the nonzero functionals. By the simpli-
city of Cu™(A), if x € Cu™(A), is nonzero then X € Lsc(Q), .

We will make use of the calculation of Cu(A) (see [15, Theorem 6.2]). Here
are the main facts that we will need:

Fact 1: Every element of Cu(A) is either compact or soft (same definition as
above).

Fact 2: The map x +> X is an isomorphism of the semigroup of soft elements
in Cu(A) with Lsc(Q) .

LEMMA 6.9. The map x +— X is an ordered semigroup isomorphism from
the set of positive soft elements in Cu™ (A) 4 to Lsc(Q) 4.

PrOOF. Recall that x = q/(-;) for all x € Cu(A). Further, by Fact 2 above,
X +—> X is an isomorphism from the soft elements of Cu(A) to Lsc(Q) 4.
It thus suffices to show that g: Cu(A) — Cu™ (A). is an ordered semigroup
isomorphism from the subsemigroup of soft element of Cu(A) to the sub-
semigroup of positive soft elements in Cu™ (A). We prove this next.

Suppose that y € Cu(A) is soft. Let x’ < ¢(y). Choose y' <« y such that
x" < q(y') (recall that ¢ is a Cu-morphism). Choose a nonzero w > 0 such that
¥+ w < y. Then x" 4+ g(w) < ¢(y). Further, we cannot have ¢ (w) = 0, for
otherwise w = 0, which implies that w = 0 (by strict comparison of Cu(A)).
Thus, g maps soft elements of Cu(A) to soft elements of Cu™"(A).

To see that g is an order embedding on the soft elements, recall that every
functional on Cu(A) factors through ¢. Hence, ¢(y) = y for all y € Cu(A).
Further, Cu(A) 3 y +— § € Lsc(Q) . is an order isomorphism on the soft
elements (Fact 2 recalled above). Thus, ¢ is an order embedding.

Finally, let us prove surjectivity: any x € Cu™ (A)4 has a lift in Cu(A). If
the lift is compact, then x is compact, since g preserves <. Thus, soft elements
in Cu™ (A) lift to soft elements in Cu(A).
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LEMMA 6.10. Let Cu™ (A)sf denote the set of soft elements in Cu™ (A).
(1) Forall x,y € Cu~(A), with x soft, x < y implies x < y.
(ii) The map x > X is an isomorphism from Cu™ (A)g fo Lsc(Q, R).

ProoF. (i) Let x, y € Cu™(A) be such that ¥ < y and x is soft. Choose
a sequence of functions f, € Lsc(Q). that are finite-valued, continuous,
and with supremum the function equal to infinity on all Q except 0. By the
isomorphism of the set of positive soft elements in Cu™~(A) with Lsc(Q) 4+,
there exists an increasing sequence of positive soft elements (z,,),, in Cu™ (A)
such that z, = f,. Since

xX+oo=y4+o00=0020

and 0 € Cu™ (A) is compact, there exists n such that x4z, > Oand y+z, > 0.
Setz = z,. Then x +z < y +Z. Since x +z and y + z are soft and positive, we
have x +z < y+zinCu™(A),. Let x’ < x. Let us show that x' +z < x + z.
Choose x” such that x’ <« x” <« x. Since x is soft, there exists a nonzero
w > 0suchthat x” +w < x. Then x”" +w + z < x + z. In Lsc(Q) 4+, we
have Z <« W + Z, since w is strictly positive and Z is continuous and finite. It
follows that z < z + w in Cu™ (A). Hence,

Xtz x"+(w+z)<x+z<y+z.

/

By weak cancellation (Corollary 4.6), x
all x” <« x, we conclude that x < y.

(ii) It is clear from (i) that x + X is an order embedding. Let us prove
surjectivity. We have already shown that the functions in Lsc(Q)4+ are in
the range of this map. Any function in Lsc(Q, R) can be expressed in the
form g — f, where f,g € Lsc(Q);+ and f is continuous and finite. (If
h € Lsc(Q, R), then 4 is bounded from below on any compact base of Q by
lower semicontinuity. Choose fy € Lsc(Q)4+ continuous. Then the desired
decomposition is i = (h + Cfy) — Cfo, with C > 0 sufficiently large.) It thus
suffices to show that if f € Lsc(Q) is continuous and finite then — f is in
the range of the map x +— X.Lete > 0. Choose x, y € Cu™ (A) positive, soft,
suchthat X = fand y = ¢f. We have (1 + &) f <« (1 4+ 2¢)f in Lsc(Q),+
(since f is continuous, finite, and strictly positive). Hence x + y < x + 2y.
Using Theorem 4.4 (ii), choose w € Cu™"(A) such that

< Y. Passing to the supremum over

x+y+w<0<x+2y+w.
Set z = y + w. Then z is soft, since y is, and

—(I+2)f<z<—(1+e)f.
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Applying the construction of z for ¢, = 1/2", withn = 1, 2, ..., we obtain a
sequence (z,), of soft elements such that Z,, is increasing and has supremum
— f. Since the z,, are soft, the sequence is increasing in Cu™ (A) (by (i)). Letting
z = sup z, we have 7 = — f, as desired.

Let Cu™(A). and Cu™ (A)g denote the subsemigroups of compact and soft
elements respectively. By Lemma 6.8, Cu™ (A) is the disjoint union of these
two subsemigroups. By Theorem 6.1, Cu™ (A). is isomorphic to Ky(A) via
the map (6.1) (recall that our assumptions on A imply that it is stably finite).
By Lemma 6.10, Cu™ (A)j is isomorphic to Lsc(Q, R) via the map x — %,
where Q = Fyp(Cu(A)). Let us define a bijection

Cu™(A) - Ko(A) uLsc(Q, R)

by combining these two isomorphisms:

[p] —[q] = [plmon — [g)uun € Ko(A), if [p]l—I[g] € Cu™(A).,
x = % € Lsc(Q, R), if x € Cu™(A)gs.

(6.4)

We obtain a map from K((A) to Lsc(Q, R) by first regarding x € Ko(A)

as a compact element in x € Cu™ (A) and then finding X € Lsc(Q, R). Let us

continue to denote this map with a hat: Ky(A) > x — X € Lsc(Q, R). We

can now endow K((A) U Lsc(Q, R) with an order and an addition operation

as follows: On the sets Ko(A) and Lsc(Q, R), these are already defined. Let
x € Ko(A) and f € Lsc(Q, R). We define

x+ f:=%+ f € Lsc(Q, R).

We define f < xif f <xandx < fifx+h = f forsome h € Lsc(Q) 4.

THEOREM 6.11. Let A be a simple, separable, pure C*-algebra such that
Fy(Cu(A)) # {0}. Then the map defined in (6.4) is an isomorphism of ordered
semigroups.

PrOOF. We have already shown that this map is bijective and an isomorph-
ism when restricted both to the subsemigroups of compact elements and of
soft elements. It remains to show that it is additive and an order embedding.

Let x, y € Cu™(A) with x soft and y compact. Then x + y is soft. So the
map is additive by the definition of addition on K¢(A) U Lsc(Q, R).

Suppose that the image of x is less than or equal to the image of y, i.e.,
X < y. Then, by Lemma 6.10, x < y.

Suppose on the other hand that the image of y is less than the image of x.
By the definition of the order in the codomain, this means that § + 7 = &,
where i € Lsc(Q),. Let z € Cu™(A), be a soft element such that 7 = A.
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Then y + z is soft and y + Z = x. Hence, y + z = x, by Lemma 6.10. Since
z 2 0, we have that y < x.

EXAMPLE 6.12. Let % denote the Jacelon-Razak C*—algeb_ra, [9]. Then
Cu(#") = [0, oo] and Ko(#") = {0}. Thus_,Cu“(‘W’) = {0} u R. Notice that
the neutral element is 0 € {0} and not 0 € R, which is soft.

The calculation of Cu™(A) in Theorem 6.11 applies to simple Z-stable,
projectionless C*-algebras. Moreover, in this case Cu™ (A) agrees with the
original construction in [10], since these C*-algebras have finite stable rank
(see §4.2), as we now show.

THEOREM 6.13. Let A be a simple, projectionless, & -stable C*-algebra.
Then the stable rank of A is at most two.

Proor. By [12, Corollary 3.2], A almost has stable rank one, in the sense
that A is contained in the closure of the invertible elements of A. Let us show
that if A almost has stable rank one then it has stable rank at most two. Let
(a1 1+ay, ar-1+ay) € A X/I,Whereocl, o € Canday, a; € A. Our goalisto
show that they are in the closure of the left invertible pairs in A x A. By a small
perturbation, we may assume without loss of generality that («;, ) # (0, 0).
Multiplying the vector (¢; - 1 + a;, @z - 1 4 ay) by a suitable invertible scalar
matrix, we may further assume that (g, op) = (1, 0). The pair now has the
form (1+4ay, ay), witha;, a; € A. But, by the almost stable rank one property,
a, is in the closure of the invertible elements in A. Let @&, € A be invertible.
Then (1 4 a», a,) is left invertible, with left inverse (0, a, 1), This proves the
theorem.
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